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Abstract—In this paper, we study transmission of a memoryless Laplacian source over three types of channels: additive
white Laplacian noise (AWLN), additive white Gaussian noise
(AWGN), and slow flat-fading Rayleigh channels under both bandwidth compression and bandwidth expansion. For this purpose,
we analyze two well-known hybrid digital–analog (HDA) joint
source–channel coding schemes for bandwidth compression and
one for bandwidth expansion. Then we obtain achievable (absolute-error) distortion regions of the HDA schemes for the matched
signal-to-noise ratio (SNR) case as well as the mismatched SNR
scenario. Using numerical examples, it is shown that these schemes
can achieve a distortion very close to the provided lower bound (for
the AWLN channel) and to the optimum performance theoretically
attainable bound (for AWGN and Rayleigh fading channels) on
mean-absolute error distortion under matched SNR conditions.
In addition, a non-linear analog coding scheme is analyzed, and
its performance is compared to the HDA schemes for bandwidth
compression under both matched and mismatched SNR scenarios.
The results show that the HDA schemes outperform the non-linear
analog coding over the whole CSNR region.
Index Terms—Additive white Laplacian noise (AWLN) channel,
bandwidth compression/expansion, hybrid digital–analog (HDA)
codes, joint source–channel coding, non-linear analog coding.

I. I NTRODUCTION

W

E consider the problem of sending a memoryless Laplacian source over average-power limited additive white
Laplacian noise, additive white Gaussian noise and slow flatfading Rayleigh channels for both bandwidth compression and
bandwidth expansion cases. Motivation of our study comes
from the fact that Laplacian density function has been widely
used to characterize the distribution of the higher frequency
transform coefficients, e.g., Wavelet and non-DC DCT (discrete
cosine transform) coefficients, in video and image coding [1]–
[6]. Extensive analyses demonstrate that the DCT coefficients
of the differential signal obtained after motion estimation have
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a Laplacian distribution [7], [8]. In addition, a Laplacian density
better approximates the distribution of speech samples [9],
[10]. As for the channel, while AWGN is a good model for
thermal noise, some studies show that the noise experienced
in most radio channels, is non-Gaussian. Considerable interest
in non-Gaussian noises recently, motivated us to consider a
non-Gaussian noise, in addition to the Gaussian one (see, for
example, [11]–[15]).
It is well-known that separate design of source and channel
coding is optimal for a point-to-point transmission of analog
source signals like image and sound [16], where the analog
signal is first encoded based on the desired rate-distortion
pair. Then, the capacity-approaching channel codes are applied.
If both the source encoder and the channel encoder perform
well, the separated designed system can achieve the optimal
performance theoretically attainable (OPTA). Although the
main advantage of these systems is that the source coding and
the channel coding can be performed independently, infinite
complexity and delay are imposed to the system due to the
long block lengths required by the source and channel codes
to perform optimally. Moreover, there are two disadvantages
associated with these digital systems: the threshold effect and
the leveling-off effect. The system achieves a good performance
at the designed channel signal-to-noise ratio (CSNR), but its
performance degrades when the true CSNR falls below the
designed CSNR (the threshold effect) and its performance does
not improve when the true CSNR goes beyond the one used in
the design (the leveling-off effect).
By jointly designing the source and channel codes, the
threshold effect can be remedied, but the leveling-off effect
at high CSNRs is still a problem. On the other hand, analog
coding systems do not suffer from the leveling-off effect.
Moreover, it is well known that under some circumstances,
for example, point-to-point transmission of a Gaussian source
over an AWGN channel under matched bandwidth, a simple
analog communication with optimal scaling factors at the encoder and the decoder is optimal [17], [18]. But whenever
the source and channel bandwidths are not equal, these linear
analog systems do not perform well. Recently, several nonlinear source-to-channel mappings have appeared in the literature, first proposed by Shannon [19] and Kotel’nikov [20],
which have acquired a new interest because of the low delay
and complexity compared to the separated schemes [21]–[26].
Furthermore, in [27] a low complexity bandwidth compression
mapping for a point-to-point communication is proposed, and it
is extended to scenarios such as parallel AWGN and Rayleigh
fading channels [28] or the Wyner-Ziv scenario [29] with nearly
optimal performance. The performance of these systems for
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bandwidth compression can be described as follows. First the
n-dimensional source sample is projected or mapped directly
onto the surface of dimension k using mathematical functions.
Then, the decoder should bring the k-dimensional sample
which is transmitted through the noisy channel back into the
source space with as little distortion as possible. Most of the
works done in this area have focused on the ML decoding,
because of its good performance at high CSNRs [21], [23], [24],
but at low CSNRs, the ML decoding experiences explicit degradation. In [25] and [26] it is shown that by using the minimum
mean square error (MMSE) decoding and numerically optimizing the parameters for each CSNR, the system can achieve
a performance very close to the theoretical limit even at low
CSNRs.
In order to exploit the advantages of both digital and analog
systems, many HDA schemes have been proposed in the literature [30]–[39]. These systems do not suffer from the threshold
effect and the leveling-off effect. Also, they usually have a
better performance compared to the purely digital or analog
systems. According to the Shannon’s lossy JSCC theorem [16],
in order to obtain the OPTA bound on the achievable distortion
for sending a Laplacian source, calculation of the Laplacian
rate-distortion function as well as the capacity of the channel
are needed. Berger in [40] calculates the rate-distortion function
for a Laplacian source based on the magnitude-error criterion.
Note that we are not aware of any closed-form solution for
calculating the rate-distortion function for a Laplacian source
based on the MMSE distortion measure. For this purpose,
we should apply the iterative Blahut–Arimoto algorithm to
obtain the rate-distortion function of arbitrarily distributed input symbols, e.g., Laplacian distributed symbols, numerically
[41]. Also, [42] derives an upper bound on the rate-distortion
function based on the MMSE distortion measure for arbitrary
sources. On the other hand, in contrary to the Gaussian and flatfading channels, there is no closed-form formula for the capacity of non-Gaussian channels. In order to find the capacity
of a Laplacian noise channel, we use an upper bound stated
in [43].
In this paper, we analyze hybrid digital–analog coding
schemes for sending a Laplacian source over average-power
limited AWLN, AWGN and slow flat-fading Rayleigh channels. We obtain the achievable minimum mean-absolute error
(MMAE) distortion regions of the HDA schemes under both
bandwidth compression and bandwidth expansion for matched
and mismatched SNR conditions and compare their performance with a non-linear analog system. We are not aware of
any prior work on HDA schemes for transmitting a Laplacian
source.
The rest of this paper is organized as follows. In Section II,
we present the system model and clarify the problem. In
Section III, first a lower bound on the achievable distortion is
obtained for an AWLN channel. Then, two well-known HDA
schemes are analyzed and their performances are compared
with the non-linear analog coding under bandwidth compression for both matched and mismatched SNRs. Another HDA
scheme is analyzed for bandwidth expansion over an AWLN
channel under both matched and mismatched SNR conditions.
Similar analyses for AWGN and slow flat-fading Rayleigh
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Fig. 1. System model: Sending a source over a point-to-point channel.
(a) System model for AWLN and AWGN channels. (b) System model for a
fading channel.

channels are provided in Section IV. Section V summarizes the
paper.
II. P ROBLEM S TATEMENT
In this paper, sending an analog source over an additive-noise
channel is analyzed where three different types of channels
are considered: AWLN, AWGN and Rayleigh fading channels.
The block diagram of our setup, with encoder input/output
variables, is depicted in Fig. 1.
Let X be a zero-mean Laplacian source with E(|X|) =
Δ √
(1/λx )(λx = ( 2/σx )) that has the following probability density function (PDF):
fX (x) =

√
2
λx −λx |x|
1
e
=√
e− σx |x| .
2
2σx

(1)

The source data sequence X n = {X(1), X(2), . . . , X(n)} is
encoded to ϕ(X n ) = V k where the encoder function is defined
as ϕ : Rn → Rk and the bandwidth compression/expansion
ratio is defined by r = k/n. The transmitted sequence V k is
average-power limited to P . The encoder communicates the
coded sequence to the decoder through a discrete memoryless
channel. In this paper, we consider three types of channels. In
an AWLN channel, there is a zero-mean Laplacian noise with
Δ √
E(|W |) = (1/λw )(λw = ( 2/σw )), distributed according to
the following PDF:
√
2
λw −λw |w|
1
e
=√
e− σw |w| .
(2)
fW (w) =
2
2σw
For the AWGN channel, there exists an additive white Gaussian
2
noise W ∼ N (0, σw
). A slowly flat-fading Rayleigh channel
can be described by the following equation:
Y =Vh+W
where h is the fading coefficient of the channel between the
source and the destination, modeled by a Rayleigh distribution,
2
). Fig. 1(b) shows the
and W is a Gaussian noise W ∼ N (0, σw
model of this channel.
Based on the channel output sequence, Y k ∈ Rk , the den .
coder makes an estimate of the source sequence X n as X
n
 to an acceptable degree of
It produces the source estimate X
fidelity, D. The measure of the fidelity is the average distortion
criterion, i.e.,
n

1  

d X(j), X(j)
Δ= E
n j=1
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where d(X(j), X(j))
is the absolute distortion measure and Δ
is the mean-absolute error (MAE). The reconstructed signal can
n = ψ(Y k ), where the decoder function ψ
be described by X
is a mapping ψ : Rk → Rn .
III. HDA S CHEMES U NDER BANDWIDTH C OMPRESSION /
E XPANSION OVER AN AWLN C HANNEL
In this section, we analyze our setup under bandwidth compression and expansion for an AWLN channel. As the bench
mark, we apply the Shannon’s separation theorem to obtain a
lower bound on the achievable distortion.

2
is the
where P is the channel input power constraint and σw
noise power. Since the
differential
entropy
of
the
AWLN
equals
√
to ln(2e/λw ) = ln( 2eσw ) nats, for the capacity of an AWLN
channel, we have:

2
2
π P + σw
P + σw
1
1
ln
.
≤ CAW LN (P ) ≤ ln
2
2
2
σw
2
eσw
(6)

By using the right hand side (RHS) of (6) and also by applying
Shannon’s Lossy JSCC theorem [16], R(D) ≤ rC(P ), a lower
bound on the achievable distortion can be obtained as follows:
σx
DLB -AW LN = √
2

A. Theoretical Limit (Shannon’s Bound)
Shannon’s source–channel separation theorem states that to
obtain the optimal performance in a point-to-point communication system, data compression and error correction can be optimized separately and performed sequentially in tandem. This
scheme achieves the optimal performance asymptotically as the
delay and the complexity become unconstrained [16, Th. 21].
As a result, all achievable power-distortion pairs (P, D) can
be obtained by combining the rate-distortion region and the
channel capacity region. The OPTA can be derived by equating
the rate-distortion function of the source to the capacity of the
channel.
Rate-Distortion Function: According to [40], for a Laplacian source with E(|X|) = 1/λx and mean-absolute distortion
 = |X − X|,
 the rate-distortion function can
measure d(X, X)
be described by:
− ln(λx D)
0

R(D) =

0<D<
D ≥ λ1x .

1
λx

(3)

Channel Capacity: For an additive non-Gaussian channel
with input power constraint, it is hard to drive a closed-form
formula for its capacity. Here, we consider an upper bound as
well as a lower bound on the channel capacity. If we define an
entropy power of a random variable X as below:
Δ

Ne =

1 2h(X)
e
2eπ

(4)

then, the capacity of an additive non-Gaussian channel will
satisfy [43]:
1
ln
2

2
P + σw
2
σw

DAW LN =

1
≤ Cnon-Gaussian (P ) ≤ ln
2

λw λw −
λx λw −

2
P + σw
Ne

(5)



2λx
a

λx 2
a

1 + ln λw +
+

−

a2

a λw −

λw −

λw λx

λx 2
a

λx
a

 


λx 2
a

λw +


0

P
2
σw

− r2

.

(7)

B. Uncoded Transmission
In this scheme, the encoder transmits the scaled version of
the source signal (aX), scaled to its power constraint. Then,
at the receiver, the decoder makes the MMAE estimation of
the source signal based on the observation Y = aX + W . The
MMAE estimator of X can be expressed as follows (see the
Appendix):

λx
(λw − λax )|y|
1
a + λw e
sgn(y).
ln
x
AW LN =
λx
aλw − λx
a + λw
(8)
This estimation for the case that λw = λx /a results in the MAE
distortion given in (9-a), shown at the bottom of the page, and
when λw = λx /a, the distortion of the analog layer will be:
DAW LN =

3
.
4λx

(9-b)

Distortion derivations can be found in the Appendix. Note
that (9-b) is a continuous continuation of (9-a). In fact, λw =
λx /a is a common divisor of the numerator and the denominator in (8).
C. Bandwidth Compression
For the AWLN channel with bandwidth compression, we
first analyze two well-known hybrid digital–analog joint
source–channel coding schemes and obtain their achievable
MMAE distortions for both matched and mismatched CSNRs.

+ λ2w

λx



a

∞
λx
a

1+

In this paper, our aim lies on analyzing HDA schemes that can
achieve a distortion very close to this distortion lower bound.


λx 2
a

λw +

π
e

e−λw y

λx
λx
+ λw e(λw − a )y ln
a

λx
λx
+ λw e(λw − a )y dy
a

(9-a)
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Fig. 2.

HDA-I scheme for bandwidth compression.

Then, we analyze a non-linear analog coding scheme for comparison.
1) HDA-I Scheme: In this subsection, we apply a two-layer
HDA scheme with bandwidth compression, similar to the HDA
schemes proposed in [36] and [38]. Fig. 2 shows the block
diagram of this scheme. The transmission power is split into
two parts Pa = tP and Pd = (1 − t)P for uncoded and coded
transmission, respectively. Hence, we split the Laplacian source
sequence X n into two parts. The first k samples of the source
sequence, denoted by X k1 , are scaled by a constant a, a ∈ [0, 1],
to satisfy the channel power constraint (E aX k1 2 = ktP ); so
the transmitted sequence is V k1 = aX k1 . In the second part, the
remaining (n − k) samples of the source sequence, denoted by
, are encoded using a separate source–channel coding
X n−k
2
approach and V k2 , assumed to have a Laplacian distribution
with an average power of Pd = (1 − t)P , will be transmitted.
The channel input is a superposition of coded and uncoded
transmission layers and is expressed as V k = V k1 + V k2 . The
channel output at the receiver is given by Y k = V k + W k .
At the receiver, the digital part is first decoded by treating V k1
n−k denote the decoded sequence.
as additional noise. Let X
2

k
V 2 ,

chosen by channel encoder according to J, is
k
subtracted from Y k and the result, V 1 , is used to form an
MMAE estimation of sequence X k1 . Finally, both estimates are
k , X
n−k ], which is an estimate
 n = [X
multiplexed yielding X
1
2
of X n . The overall coding rate of this scheme is r = k/n < 1
channel uses per source sample. The overall MMAE distortion
of this scheme is the weighted sum of the distortions of the
digital and analog parts [38]. Note that, in general, a single
stream digitally encoded approach is optimal. However, the
digital stream described in the paper is not optimal, as the input
symbols are assumed to be Laplacian distributed which is not
capacity-achieving for the AWLN channel. This sub-optimality
can be partly compensated by the additional analog stream.
Distortion of the Digital Layer: In order to find the distortion
of this layer, we first obtain a lower bound on the capacity of
the AWLN channel where the channel input, V , has Laplacian
distribution with mean zero and variance P . The lower bounding arises due to the use of Laplacian distributed channel input
symbols, which are not capacity-achieving.
Then,
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CL = I(V ; Y )
= h(Y ) − h(Y |V )
= h(Y ) − h(V + W |V )

(a)

= h(Y ) − h(W )

√
(b)
= − fY (y) ln (fY (y)) dy − ln( 2eσw )

(10)

where (a) follows from the assumption that W is independent
of V and (b) follows from the fact that the differential entropy of the Laplacian PDF, fX (x) = (1/2)λx e−λx |x| , equals
to ln(2e/λx ) nats. Since we assume that W and V are independent, PDF of the channel output is the convolution of the
corresponding PDFs:
fY (y)
= fV (v) ∗ fW (w)
√

√

⎧
√
√
2
2 − P2 |y|
⎨ σw P2
− P2 e− σw |y|
2(P −σw ) σw e

 √2
=
P
⎩ 1
− P |y|
2P
2 + |y| e

√
P =
 σw
√
P = σw
(11)

By applying Shannon’s lossy JSCC theorem [16], we can combine the rate-distortion function, given in (3), and the capacity
lower bound, given in (10) to obtain an upper bound on the
achievable distortion as follows:


σx rd fY (y) ln(fY (y))dy+ln(√2eσw )
.
(12)
Du = √ e
2
Since the signal of the analog layer is treated as a noise for
decoding the message of the digital layer, we set its CSNRd and
rd (coding rate of the digital part) as the following: CSNRd =
2
+ tP ) and rd = k/(n − k) = r/(1 − r). With(1 − t)P/(σw
2
= 1/CSNR = 1/α
out loss of generality, we set P = 1 and σw
where α is the actual CSNR of the channel. For the distortion
of this layer, we have:
Dd-AW LN (α)
r
σx 1−r
=√ e
2





fY (y) ln(fY (y))dy+ln e


1
2(t+ α
)

.

(13)

fY (y) is given in (14), shown at the bottom of the next page.
Distortion of the Analog Layer: For obtaining the distortion
of this layer, the following power constraint should be satisfied
E aX1 2 = t which results in:

t
a
.
(15)
=
λx
2
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2
Considering this constraint and also by setting σw
= 1/α,
distortion of this layer will be as (16-a) and (16-b), shown at
the bottom of the page.
√
√
The distortion in (16-a) is valid for the case that α = 1/ t.
When this condition is not satisfied, the distortion of this layer
will be:

3σx
Da-AW LN (α) = √ .
4 2

(16-c)

√
this layer equals to E(|X|) = 1/λx = σx / 2. Since the digital
layer cannot be decoded, it is treated as additional noise√
for the
α∗ =
analog
layer
and
thus
for
the
overall
distortion,
when
√
1/ t, we will have:
σx
DHDA-I -1(AW LN ) (mis) = rDa-AW LN (α∗ ) + √ (1 − r)
2
(18-a)
in which
α∗ =

Thus, the overall distortion can be calculated as:
DHDA-I(AW LN )
=

rDa-AW LN (α) + (1 − r)Dd-AW LN (α)
r 43σ√x2 + (1 − r)Dd-AW LN (α)

√
α =
√
if α =

if

√1
t
√1 .
t

(17)
By minimizing DHDA-I(AW LN ) with respect to coefficient
t, the optimal power allocation will be obtained. Since the
closed-form formula for t cannot be obtained, we use numerical
analysis. The optimal power allocation coefficient, t, which
minimizes (17) for σx = 1 and r = 1/2 is depicted in Fig. 4.
The achievable distortion for this case is demonstrated in
Section III-E.
Performance of HDA-I Scheme Under Mismatched SNR: In
this part, we evaluate performance of the HDA scheme in the
presence of an SNR mismatch. Here, the code is designed to be
2
, but the actual noise
optimal for a channel noise variance σw
des
2
variance is σwtr . This may model the realistic situation in which
2
. So,
the encoder does not know the actual noise variance σw
tr
2
we design the encoder for a fixed noise variance σwdes . The
HDA coding scheme outperforms the separation based digital
scheme in the presence of mismatched SNR. This is because
of the fact that the latter scheme suffers from the threshold and
leveling-off effects. We investigate this problem in two cases:
2
2
> σw
: In this case, the digital part, because
Case 1— σw
tr
des
of the threshold effect cannot be decoded. So, the distortion of

1
1−t+

1
αtr

.

(18-b)

√
√
(α∗ is the CSNR for this case). When α∗ = 1/ t, the distortion of this scheme can be calculated by:
σx
3σx
DHDA-I -1(AW LN ) (mis) = r √ + √ (1 − r).
4 2
2

2
2
Case 2— σw
< σw
: In this case, the actual SNR is better
tr
des
than the designed SNR, thus the digital part can be decoded
correctly. So, the achievable distortion will be as follows:

DHDA-I -2(AW LN ) (mis)
=

rDa (αtr ) + (1 − r)Dd (αdes )
r 43σ√x2 + (1 − r)Dd (αdes )

√
αtr =

√
αtr =

α

1
2

1−

1
α

(14)
1
2

1−


1
α


√ 

√ √
1
2
√
√2 )
1
+
ln
α
+
2α
+
α(
α
−
t
t
α
⎜
t
Da-AW LN (α) = σx ⎝ √ 
+
−




 √


2
2
√
√
√
√
√
√
2
2t
α − √1t
α + √1t
α − √1t
t 2
α + √1t
α−
in which

A=
0

√

2α−

√2 
v
t 


ln

(19)



⎛

2 √
+ 2α e
t

√1
t
√1
t

2
2
where αtr = 1/σw
and αdes = 1/σw
.
tr
des
Here, by using the optimal power allocation coefficient that
we obtained for the matched SNR case and also by numerical analysis, we obtain the distortion of the stated scheme
under mismatched SNR condition. The result is shown in
Section III-E.
2) HDA-II Scheme: In this scheme, similar to the one proposed in [36], instead of splitting the source sequence into two
parts, the symbols of X n are quantized and the source coding
index and the quantization error are transmitted via coded and
uncoded layers. The block diagram of this scheme is depicted in
Fig. 3. Here, first the coded layer sends the source coding index,

⎧
⎞
⎛


2
 2
⎪


−
1
⎪
1 |y|
t+ α
(1−t)
(
)
t+
⎪
−
|y|
2
α
1−t
⎪
⎠ if t =
− 1−t
e
⎨ 2 1−2t− 1 ⎝ t+2 1 e
(
α
α)
fY (y) =
⎪
⎪
 − √ 2 |y|
 
⎪
⎪
⎩ 1 1 1 1 + 1 + |y| e 1+ α1
if t =
2
α
1+

∞ 

(18-c)

2 √
+ 2α e
t

√

2α−

√2 
v
t 

e−

√

2α
v

d
v

⎞
√1
t

⎟
2 A⎠ , (16-a)

(16-b)

ABBASI et al.: SENDING A LAPLACIAN SOURCE USING HDA CODES

Fig. 3.

2549

HDA-II scheme for bandwidth compression.

I, to the channel encoder which produces a k-dimensional
channel symbol S kI , with power (1 − t)P where t ∈ [0, 1] is
the power allocation coefficient for the analog layer, similar
to the one in HDA-I scheme. Then the quantized source is
n
reconstructed at the encoder as X̃ , and is subtracted from X n
n
to form a quantization error, E . The linear encoder which is a
mapping of Rn → Rk , scales the first k components of the E n
by a constant a, in order to produce the output V k with power
2
tP (E V k = ktP ). The outputs of the coded and uncoded
layers are superimposed and result in Y k = S kI + V k , which is
transmitted over the channel. The channel output at the receiver
is given by Rk = Y k + W k .
At the receiver, the received sequence is given to the channel
decoder. The discrete output J, is sent in parallel to two
branches. The
first branch is the source decoder which results
ˆ n . The second one is the channel encoder which
in vector X̃
chooses the channel symbol S kJ according to J. This symbol is
k

subtracted from Rk and results in V̂ . Then, an MMAE estimak
k
tion of the quantization error, Ê , based on the observation V̂
is formed and the remaining (n − k) components are filled with
n
n
ˆ n and results in
zeros to produce Ê . Finally, Ê is added to X̃
n

X̂ which is an estimate of X n . The coding rate of this system
is r = k/n < 1 channel uses per source sample.
In order to calculate the overall MMAE distortion of this
scheme, we ideally assume that the effect of both source
decoders at the encoder and the decoder are the same. So the
distortion of this scheme is restricted to the distortion of the
uncoded layer. Since we split the vector E n into two parts,
we can find the overall distortion as the weighted sum of the
distortions of these two parts [38].
If we let the quantization error have a Laplacian distribution
with zero mean [1], [44], the mean of its absolute can be
obtained by replacing rd = r, and CSNRd = (1 − t)P/(tP +
2
2
) in (12) and also by setting P = 1 and σw
= 1/α, as
σw
follows:
E|E| = Dd(HDA-II(AW LN )) (α)



σx r fY (y) ln(fY (y))dy+ln e 2(t+ α1 )
. (20)
=√ e
2
where fY (y) is given in (14).
The analog part of this scheme is very similar to the analog
part of the HDA-I, except here we transmit quantization error
instead of a part of signal through uncoded transmission. So, in

(16-a) and (16-c) we have σe instead of σx , and since the quantization error has Laplacian distribution, the
√ standard√deviation
,
equals
to
2/λe = 2E|E| =
of
the
quantization
error,
σ
e
√
2Dd(HDA-II(AW LN )) . Therefore, for the distortion of this
layer we have:
Da(HDA-II(AW LN )) (α)
= Dd(HDA-II(AW LN )) (α)D́a(HDA-II(AW LN )) (α),

(21)

in which:
D́a(HDA-II(AW LN )) (α)


√ 

√ √
2
α
α + 1t 1 + ln
α − √2t
2α
t +
= 
+



2

2
√ √
√
√
t
α − √1t
α + √1t
α − √1t
√
α
− 
(22-a)
 √
2 A
√
t
α + √1t
α − √1t
and A is given in (16-b). When α = 1/t, we get
3
D́a(HDA-II(AW LN )) (α) = .
4

(22-b)

Thus, the overall distortion can be obtained by:
DHDA-II(AW LN )
= (1 − r)Dd(HDA-II(AW LN )) (α)
+ rDa(HDA-II(AW LN )) (α)
= (1 − r)Dd(HDA-II(AW LN )) (α)
+ rDd(HDA-II(AW LN )) (α)D́a(HDA-II(AW LN )) (α).
(23)
By numerical analysis, it is easy to show that the minimum
distortion is obtained when t is very close to zero.
Performance of HDA-II Scheme Under Mismatched SNR:
By using similar analysis that we applied in Section III-C1 for
the HDA-I scheme, we obtain the following results:
2
2
> σw
:
Case 1— σw
tr
des
DHDA-II -1(AW LN ) (mis)
σx
σx
= √ (1 − r) + r √ D́a(HDA-II(AW LN )) (α∗ ),
2
2
where α∗ is given in (18-b).

(24)
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At the decoder, first the received symbol is de-normalized
and then the MMAE decoder makes an MMAE estimation of the received symbol based on the observation Y =
√
Tα (MΔ (X)) + γW as follows:
 +∞
1
x̂M M AE f(Y |X) (y|x)fX (x)dx
=
(27)
fY (y)
2
where
f(Y |X) (y|x) = √

1
−
e
2γσw

√
2|y−Tα (MΔ (X))|
√
γσw

+∞
f(Y |X) (y|x)fX (x)dx.
fY (y) =

(28)

(29)

−∞

Fig. 4. The optimal power allocation coefficient, t.
2
2
Case 2— σw
< σw
:
tr
des

DHDA-II -2(AW LN ) (mis)
= (1−r)Dd(HDA-II(AW LN )) (αdes )
+ rDd(HDA-II(AW LN )) (αdes )D́a(HDA-II(AW LN )) (αtr ),
(25)
2
2
where αtr = 1/σw
and αdes = 1/σw
.
tr
des
The optimal power allocation, t, for the mismatched condition is shown in Fig. 4.
3) Non-Linear Analog 2:1 Coding Scheme: Fig. 5 shows
the block diagram of this scheme. First, the encoder maps the
source samples X = {Xi }2i=1 onto the spiral-like curve, for
which its parametric formula is as follows [26]:

s1 =

Δ
πθ

In order to find the estimation, we should first obtain fY (y).
Since f(Y |X) (y|x) is discontinuous and non-linear, because
of MΔ (·), we should calculate it numerically. Discretizing x
using a uniform step and finding the mapped value for each
discretized point and finally calculating f(Y |X) (y|x), respectively, is an approximate way to do this task. So with this
approximation, the calculation of fY (y) only needs multiplications and additions. Then, we can find the MMAE estimation by calculating the discrete median of f(Y |X) (y|x)fX (x)/
fY (y). For obtaining the minimum distortion, we numerically optimize the parameters Δ and α jointly for each
CSNR:
!
{Δopt , αopt } = arg min E|X − X̂| .
(30)
Note that under the mismatched SNR, since the actual variance
of the noise may not be known at the encoder, we should
optimize the parameters Δ and α for a given CSNR.
D. Bandwidth Expansion

sin(θ)sign(θ),
(26)

In this subsection, we analyze a well-known HDA scheme
and calculate its achievable distortion under matched and misHere, Δ is the distance between two neighboring spiral arms matched SNRs.
1) HDA Scheme: Here, we analyze a HDA scheme that is
and θ is the angle from the origin to the point (s1 , s2 ) on the
the dual of the HDA-I scheme analyzed for bandwidth comparspiral. This mapping is done by the function θ̂ = min(θ̂1 , θ̂2 ) =
ison. The HDA scheme is depicted in Fig. 6. First, the Laplacian
MΔ (X), which maps each pair of source samples in R2 to
source sequence X n is quantized. Then the quantized index I
the closest point on the spiral and results in θ̂ [24]. θ̂1 and
with power
is fed to the channel encoder and results in V k−n
d
θ̂2 representing X mapped in each of the spiral arms can be
P . Simultaneously, the quantized source is reconstructed as
n
expressed as follows:
X̃ d and then subtracted from X n to produce the quantization
 error vector. This vector is scaled in order to satisfy the channel
2
2
Δ
Δ
n 2
= nP ) and results in V na . Finally,
x1 − θ sin θ + x2 − θ cos θ
, power constraint (E aE
θ̂1 = arg min
π
π
θ≥0
the transmitted sequence is obtained by multiplexing these two
 vectors as V k = [V n , V k−n ].
2
2
a
d
Δ
Δ
At the decoder, first the received vector Y k = V k + W k
θ̂2 = arg min
x1 + θ sin θ + x2 − θ cos θ
.
π
π
θ<0
is demultiplexed. The vector Y k−n
corresponding to V k−n
d
d
is fed to the channel decoder followed by the source decoder
ˆn
In order to give a degree of freedom to the system, an and results in X̃ d . The vector Y na corresponding to V na is fed
invertible function, defined as Tα (ε) = sign(ε)|ε|α , is applied to the MMAE decoder which obtains an MMAE estimation
n
on the output θ̂. Then the normalization factor is applied in based on the observation Y a . Finally, these two vectors are
n
order to satisfy the channel power constraint.
superimposed and results in X̂ which is the final estimate of
s2 =

Δ
πθ

cos(θ).
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Fig. 5.

System model for the non-linear analog transmission scheme.

Fig. 6.

HDA scheme for bandwidth expansion.
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X n . The overall coding rate of this system is r = k/n > 1
channel uses per source sample.
For calculating the overall distortion, similar to the HDA-II
scheme of bandwidth compression, if we assume that the digital
part can be decoded perfectly with no error, the distortion of
the analog part will determine the final distortion. If we model
the quantization error with a zero mean Laplacian variable [1],
[44], the mean of its absolute can be obtained by replacing rd =
2
in (12) and also by setting P = 1 and
r − 1, CSNRd = P/σw
2
σw = 1/α, as follows:

2
= 1/α in (9-a), (9-b) we obtain a function of
and setting σw
α, r and λe for the distortion of this part. Since we know that
1/λe = E|E| = Dd(HDA- exp(AW LN )) , for the overall distortion of the proposed HDA scheme when α = 1, we get:

DHDA- exp(AW LN ) (α)
= Da(HDA- exp(AW LN )) (α)
= D́a(HDA- exp(AW LN )) (α)Dd(HDA- exp(AW LN )) (α).
(33)

E|E| = Dd(HDA- exp(AW LN )) (α)

√ 
σx (r−1) fY (y) ln(fY (y))dy+ln e α2
=√ e
2

(31)

D́a(HDA- exp(AW LN )) (α) is given in (34-a), shown at the
bottom of the page. The distortion of this part when α = 1
equals to

where
⎧ √
√
√
1
√ −√2α|y| 
⎪
− 2|y|
α
⎨
2αe
−
2e
1
1− α )
fY (y) = 2(
 √
⎪
1
⎩1
+ |y| e− 2|y|
2

2

D́a(HDA- exp(AW LN )) (α) =
if α = 1
if α = 1.

In order to calculate the distortion of the analog part, we can
use the equations (9-a) and (9-b); except in these equations we
will have λe instead of λx . By considering the power constraint
E aE 2 = 1 which results in
a
1
=√
λe
2

(32)

3
.
4

(34-b)

The calculation of the achievable distortion for mismatched
condition is very similar to the bandwidth compression analysis
and is omitted.
E. Numerical Results for an AWLN Channel
In this subsection, we first evaluate the performances of the
HDA schemes under bandwidth compression for both matched
and mismatched CSNRs over an AWLN channel and compare
their performances with each other and also with the nonlinear analog coding scheme. It should be stated that since

√
√

√
√
α( α − 2) (α + 1) 1 + ln( 2 + 2α)
α
√
√
√
√
√
+
−
F
( α − 1)2
( α + 1)( α − 1)2
( α + 1)( α − 1)2

√
D́a(HDA- exp(AW LN )) (α) =

in which

F =

∞ √
0

2+

√

2α e(

√


√
2α− 2)v̂

ln

√

2+

√

2α e(

√

 √
√
2α− 2)v̂
− 2αv̂
e

dv̂

(34-a)
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Fig. 7. Performance of the stated schemes for transmitting a Laplacian
source over an AWLN channel with bandwidth compression under matched
CSNRs.

uncoded scheme is delay free, the performance comparison in
terms of only the achievable distortion is not completely fair.
In fact, based on applying capacity achieving codes in the full
digital or in the proposed HDA schemes, there would be infinite
delay. To have a fair comparison, the performance of a practical
HDA scheme should be compared with that of the analog
scheme, which could be a topic of another research work. In
addition, we evaluate the performance of the HDA scheme
under bandwidth expansion for both matched and mismatched
CSNR.
Bandwidth Compression: Fig. 7 provides the performance of
the HDA schemes and also non-linear analog one for r = 1/2
and σx = 1 under matched SNR. It is clear that by using the
optimal power allocation coefficients stated in Section III-C
for the HDA schemes, these schemes can achieve a distortion
very close to the distortion lower bound, DLB -AW LN , in (7).
But, the performance of the non-linear analog coding scheme is
worse than the HDA ones.
Also, the achievable distortion of these schemes for mismatched CSNRs when r = 1/2, σx = 1 and the designed SNR
equals to 10 dB is shown in Fig. 8. It can be seen that the
performance of the HDA-I scheme is superior to the HDA-II
scheme over the entire range of SNRs and the performances of
these two HDA schemes are better than the non-linear analog
one under mismatched SNRs.
As we observed, both HDA schemes perform similarly under matched CSNR condition; but their performances under
mismatched CSNR condition are different. We can relate this
difference in the performances of these two HDA schemes to
the leveling-off effect. As it is stated earlier, a fully digital transmission scheme (i.e., digital tandem source–channel coding
scheme) achieves a good performance at the designed CSNR,
but the system performance does not improve when the true
CSNR goes beyond the one used in the design. The presented
HDA schemes exploit the advantages of both digital techniques
and analog transmission, where HDA-I scheme sends k out
of n samples of the source sequence in the analog layer and
HDA-II scheme transmits its quantization error in the analog
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Fig. 8. Performance of the stated schemes for transmitting a Laplacian
source over an AWLN channel with bandwidth compression under mismatched
CSNRs when the designed CSNR is set to be 10 dB.

Fig. 9. Performance of the HDA scheme for transmitting a Laplacian source
over an AWLN channel for the bandwidth expansion with matched and mismatched CSNRs. The designed CSNR for mismatched condition is set to be
10 dB.

layer. Since the analog layer in the HDA-II scheme scales the
quantization error (compared with scaling the source samples
in HDA-I scheme), its performance does not improve when
CSNRtr ≥ CSNRdes . Note that the overall distortion is the
weighted sum of the distortions of the digital and analog layers.
The distortion of the analog part of HDA-II scheme, in contrast
to the HDA-I scheme, contains the distortion of its digital
layer because of the variance of the quantization error; Thus,
when the true CSNR goes beyond the designed CSNR, the
performance of HDA-I scheme does not improve as much as
that of the HDA-I scheme.
Bandwidth Expansion: The performance of the HDA
scheme under bandwidth expansion for both matched and
mismatched SNR when r = 2, σx = 1 and designed CSNR =
10 dB is depicted in Fig. 9. As it is shown, the performance of
this HDA scheme is very close to the lower bound on distortion
under the matched condition.
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where Γ is as follows:

IV. P ERFORMANCE OF THE HDA S CHEMES OVER
AN AWGN AND A S LOW F LAT-FADING
R AYLEIGH C HANNEL

Γ=

In this section, we want to evaluate the performance of
the HDA schemes over AWGN and slow flat-fading Rayleigh
channels.
A. AWGN Channel
Similar to the AWLN channel, we should first obtain the
OPTA bound on the achievable distortion. As we know, the
capacity of the AWGN channel with input power P and
2
2
noise variance σw
equals to C(P ) = (1/2) ln(1 + (P/σw
))
(nats/source sample). By applying Shannon’s lossy JSCC theorem [16] and also by combining this capacity and the ratedistortion function, given in (3), the OPTA bound on the
achievable distortion can be obtained as follows:
σx
DOP T A-AW GN = √
2

1+

.

B. Slow Flat-Fading Rayleigh Channel
Some assumptions that we consider for this channel are as
follows:
1) Both the transmitter and receiver are aware of the channel
distribution information (CDI).
2) Channel state information (CSI) is only available at the
receiver.
According to [45], capacity of the flat-fading Rayleigh channel when CDI is known at both the transmitter and the receiver
and CSI is known at the receiver only will be:

1
CRayleigh =
ln(1 + γ)fΓ (γ)dγ
2
=

1
exp
2

1
CSNR

E1

⎛
DAW GN =

2σw ⎝
√
a2 σ x π

DOP T A-Rayleigh
r
σx
= √ exp −
2
2

1
CSNR



∞
e

2
σw
2
a2 σx

(37-a)

√

− aσ2y
x


−K 2



K = erfc−1

2
erfc(x) = √
π

∞
x

1
2

erfc

e−t dt
2

σw
y
−√
aσx
2σw

1
CSNR

E1

1
CSNR

. (38)

The calculation of the MMAE estimation of the source signal
for the Rayleigh channel based on the observation Y = ahX +
W is similar to the AWGN channel, except in (36) wherever we
have a, for the Rayleigh fading channel we will have ah.
Now, by using the OPTA bound and also the distortion of
the uncoded part for the AWGN and slow flat-fading Rayleigh
channels, we can obtain the achievable distortions of the HDA
schemes for both bandwidth compression and expansion under
matched and mismatched CSNRs. Since these calculations are
very similar to the AWLN channel, they are omitted here.
Instead, the optimal power allocation coefficient, t, for AWGN
channel is shown in Fig. 4 and also some numerical results for
AWGN and Slow Flat-Fading Rayleigh Channels are shown in
Section IV-C.
C. Numerical Results for AWGN and Slow Flat-Fading
Rayleigh Channels
The performances of the HDA schemes and the non-linear
analog scheme over an AWGN channel for σx = 1, r = 1/2
for bandwidth compression and r = 2 for bandwidth expansion
are depicted in Figs. 10–12, respectively. Also, Figs. 13–15
show the performances of the stated schemes over the Rayleigh

√  σ2 √ 
σw π a2wσx2 + aσ2yx
−
e
erfc
aσx

0

in which

ln(1 + γ)fΓ (γ)dγ

r
σx
= √ exp − exp
2
2

(35)

Then, the calculation of the MMAE distortion is needed. It is
given in (36), shown at the bottom of the page, The proof is
similar to the proof of achievable distortion over the AWLN
channel and is omitted due to limited space.

(37-b)

∞
En (x) = 1 (e−xt /tn )dt, (x > 0, n = 0, 1, . . .) is the expo2
nential integral function [46], and CSNR = 2σh2 (P/σw
) is
the average SNR of the channel at the receiver. Here,
we assume that h is a random variable with distribution
2
2
fh (h) = (h/σ 2 )e−(h /2σh ) (h ≥ 0).
According to the Shannon’s lossy JSCC theorem, we can
obtain the OPTA bound by equating the rate distortion function given in (3) to the channel capacity given in (37-a)
as follows:

− r2

P
2
σw

P h2
2
σw

+e

√
2 2y
aσx

erfc

σw
y
+√
aσx
2σw

σw
y
+√
aσx
2σw



⎞
dy ⎠

(36)
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Fig. 10. Performance of the stated schemes for transmitting a Laplacian
source over an AWGN channel with bandwidth compression under matched
CSNRs.

Fig. 11. Performance of the stated schemes for transmitting a Laplacian
source over an AWGN channel with bandwidth compression under mismatched
CSNRs when the designed CSNR is set to be 10 dB.

fading channel when σh2 = 1. For both channels, under mismatched CSNRs, designed SNR equals to 10 dB. As it can be
observed, we have similar behavior, as observed over an AWLN
channel, for both AWGN and Rayleigh fading channels.

V. C ONCLUSION
In this paper, we studied the transmission of a Laplacian
source over three types of channels: additive white Laplacian noise (AWLN), additive white Gaussian noise (AWGN)
and slow flat-fading Rayleigh channels under both bandwidth
compression and bandwidth expansion by analyzing hybrid
digital–analog coding schemes. Numerical results showed that
these schemes can achieve a distortion very close to the lower
bound on the achievable distortion (for the AWLN channel) and
also to the OPTA bound (for the AWGN and Rayleigh channels)

Fig. 12. Performance of the HDA scheme for transmitting a Laplacian source
over an AWGN channel for the bandwidth expansion with matched and
mismatched CSNRs. The designed CSNR for mismatched condition is set to
be 10 dB.

Fig. 13. Performance of the stated schemes for transmitting a Laplacian
source over a Rayleigh fading channel with bandwidth compression under
matched CSNRs.

under matched SNR conditions. We also obtained the achievable distortion regions of the stated schemes under mismatched
SNR conditions. Moreover, we analyzed the performance of
the non-linear analog scheme for bandwidth compression and
compared its performance with the HDA ones and showed
that over the entire CSNR region, the HDA schemes perform
superior to the non-linear analog coding scheme under both
matched and mismatched SNR conditions.
A PPENDIX
Calculating the MMAE Estimation of X: Let X be a zero
Δ √
mean Laplacian source with E(|X|) = 1/λx (λx = 2/σx )
and W be a zero mean Laplacian noise with E(|W |) = 1/λw
Δ √
(λw = 2/σw ), distributed according to (1) and (2). Our aim
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Fig. 14. Performance of the stated schemes for transmitting a Laplacian
source over a Rayleigh fading channel with bandwidth compression under
mismatched CSNRs when the designed CSNR is set to be 10 dB.

lies on making the MMAE estimation of the source signal (X̂)
based on the observation Y = aX + W . According to [47], this
estimate is the median of the conditional density f(X|Y ) (x|y),
∞

x̂
f(X|Y ) (x|y)dx =
−∞

x̂

1
f(X|Y ) (x|y)dx = .
2

(39)

For calculating f(X|Y ) (x|y), we should first calculate the conditional density f(Y |X) (y|x) as follows:
f(Y |X) (y|x) =

λw −λw |y−ax|
e
.
2

(40)

Using the Bayes’ theorem, we obtain f(X|Y ) (x|y),
f(X|Y ) (x|y) = 

f(Y |X) (y|x)fX (x)
.
f(Y |X) (y|x)fX (x)dx

(41)

Fig. 15. Performance of the HDA scheme for transmitting a Laplacian source
over a Rayleigh fading channel for the bandwidth expansion with matched and
mismatched CSNRs. The designed CSNR for mismatched condition is set to be
10 dB.

Replacing (40) in (41) we obtain:
a2 λ2w − λ2x
2

f(X|Y ) (x|y) =

if 0 < x̂ <

|y|
a

.
− λx e−λw |y|
(42)

y
λx e2λw y −aλw e(λx +aλw ) a

λx −aλw

y
λx −aλw e(λx −aλw ) a

if

y
a

y
a

(43a)

y
a

(43b)

if x̂ < 0

(43c)

< x̂ < 0

(44a)

if x̂ >

y

λx +aλw e(λx −aλw ) a
λx +aλw

λx −aλw

aλw e−λx



Substituting (42) in (39) yields the three estimators of
X for y > 0 given in (43a)–(43c), shown at the bottom of
the page.
At (43a), x̂ always lies in the interval (0, (y/a)). x̂ in
(43b) never satisfies the constraint x̂ > y/a and (43c) satisfies
the constraint x̂ < 0, if λw < λx /a and (aλw e(λw −(λx /a))y −
λx )/(aλw − λx ) > 0. So the estimator in (43a) is the MMAE
estimate of X. Also, when y < 0, we have the estimators given
in (44a)–(44c), shown at the bottom of the page. Similar to the

⎧
λ
λ − x y
⎪
aλw e( w a ) +λx
1
⎪
ln
⎪
aλw −λx
aλw +λx
⎪
⎪
⎪
⎨
λ
− ( λw + x ) y
a
−λx e−2λw y
x̂ = − aλw1+λx ln aλw e
aλw −λx
⎪
⎪
⎪
⎪
( λw − λx ) y
⎪
⎪
⎩ aλ 1+λ ln aλw e aλ −λa −λx
w
x
w
x

⎧
⎪
1
⎪
⎪
λx −aλw ln
⎪
⎪
⎪
⎨
1
x̂ = λx +aλ
ln
w
⎪
⎪
⎪
⎪
⎪
−1
⎪
⎩ λx +aλ
ln
w

e−(λw |y−ax|+λx |x|)

y
a

(44b)

if x̂ > 0

(44c)

if x̂ <
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case of y > 0, the (44a) is the MMAE estimation. So, for the
MMAE estimation of X, we have:

λx
1
λx + aλw e(λw − a )|y|
x
=
ln
sgn(y). (45)
aλw − λx
λx + aλw
Calculating the MMAE Distortion: For calculating the distortion of the MMAE estimation of X, we will have:
D = E|X
  − X̂|
=
|x − x̂|f(Y |X) (y|x)fX (x)dx dy
+∞ +∞
(x − x̂)f(Y |X) (y|x)fX (x)dx dy
=
−∞ x̂
+∞ x̂

+

(−x + x̂)f(Y |X) (y|x)fX (x)dx dy

−∞ −∞
+∞ +∞

λw λx −(λw |y−ax|+λx |x|)
xe
dx dy
4

=

−∞ x̂
+∞ x̂

−

λw λx −(λw |y−ax|+λx |x|)
xe
dx dy
4

−∞ −∞
+∞ +∞

−

x̂f(X|Y ) (x|y)fY (y)dx dy
−∞ x̂
+∞ x̂

+

x̂f(X|Y ) (x|y)fY (y)dx dy.

(46)

−∞ −∞

Finally, by using (39), the MMAE distortion stated in (9-a) and
(9-b) will be obtained.
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