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Abstract—In this paper, we analyze and obtain performance of a multilevel Optical Code Division Multiple Access
(OCDMA) system with Variable-Weight Optical Orthogonal
Codes (VW-OOCs) under the same-bit-energy assumption. The
exact error-probability of this system is derived for the Generalized VW-OOCs (codes with arbitrary cross-correlation) which is
necessary for the optimum design of multilevel OCDMA systems.
We show that the bit power has an important role on determining
the performance of codes with different weights. Furthermore, the
results reveal that the performance of low-weight codes depends
on the weight of the low-weight codes and the code-weight ratio of
two classes. Moreover, our exact analytical model has resulted in
more accurate performance analysis than the upper bound in [12].
We have found that the accuracy of the upper bound decreases
when the number of simultaneously transmitting high-weight
codes increases.
Index Terms—Equal-energy, optical code division multiple access, quality of service (QoS), variable weight.

I. INTRODUCTION

T

HE recent developments of internet and communication
networks have caused in a dramatic increase in data
traffic. As a result, the user demand for high speed-high quality
services with lower costs has also increased. The optical networks have become efficient alternatives in order to resolve
the need for high data-rates and cost effective transport system.
Meanwhile, the use of Optical Code-Division Multiple Access
(OCDMA) has been introduced in order to support the growing
demand of data traffic in optical access networks [1]–[3] and
also as the optical label in optical packet and burst switching
networks [4]–[6]. However, new applications such as High-Definition Television (HDTV), e-learning, video conferencing,
interactive gaming, have created diversified data traffic. Consequently, the support of multirate and differentiated-Quality
of Service (QoS) transmission is becoming one of the essential challenges for future optical networks. Multi-Length
OOC (ML-OOC), Variable-Weight OOC (VW-OOC), and
Multi-Length Variable-Weight OOC (MLVW-OOC) have been

Manuscript received September 07, 2012; revised November 26, 2012; accepted February 01, 2013. Date of publication March 07, 2013; date of current
version April 10, 2013. This work was supported in parts by Iran National Science Foundation (INSF).
The authors are with the Optical Networks Research Laboratory (ONRL),
Advanced Communications Research Institute (ACRI) and the Department of
Electrical Engineering, Sharif University of Technology, Tehran, Iran (e-mail:
beyranvand@ee.sharif.edu; nezam@ee.sharif.edu; jasalehi.@sharif.edu; marvasti@sharif.edu).
Digital Object Identifier 10.1109/JLT.2013.2250914

introduced to provide multirate and differentiated-QoS transmission in the OOC-based OCDMA systems [7]–[12]. The
basic principles of these variable-weight codes are: 1) identical
power in every optical pulse and 2) variation of the weights of
optical codes without deteriorating their cross-correlation functions [11], [12]. Therefore, low-weight codes always carry less
power per bit duration, and have lower autocorrelation peak.
Hence, the performance of low-weight codes (in terms of error
probability) is lower than high-weight codes. Moreover, laser
sources have a power limitation in the sense that the amount of
optical power generated per bit is limited. However, this limitation is not considered in the same-chip-power assumption in
VW-OOC. In [12], a modified version of variable-weight codes
has been proposed in which the powers of transmitted bits are
equal for various codes. Under such bit-power limitation, the
chip power of each variable-weight code depends on the code
weight in use. In this system, which is referred to as multilevel
OCDMA, in addition to the code parameters (code length, code
weight, cross-correlation), the chip-power ratio of lower- and
higher- weight codes affects the system performance.
Generally, the design of OCDMA systems is an optimization
problem among the code parameters and the characteristics of
the desired class of service. In [13], a framework was proposed
to optimally design an ordinary OOC based OCDMA. In this
framework, code parameters such as code-weight, code-length
and maximum cross-correlation
are computed optimally
to minimize the error-probability subject to a fixed transmission rate and number of users, or alternatively, to maximize the
number of users subject to a fixed error-probability and transmission rate. The reported results revealed that the optimum
value of is 2 and 3 [13]. This optimum designing framework
can be generalized to the design of both ordinary and multilevel
VW-OCC based OCDMA.
In [12], the code parameters and the power levels of equal-energy OCDMA were designed for only the same-chip-power constraint. Nonetheless, an optimal multilevel OCDMA can be designed if the code parameters, the number of transmitting power
levels, and the values of power levels are computed by solving
an optimization problem. To this aim, the exact error-probability
of multilevel OCDMA with generalized OOCs is necessary. It
is worth mentioning that the generalized OOC, i.e., codes with
, in comparison with ordinary OOC are preferable due
to its better performance and greater number of available codewords [13].
The performance of equal-energy OCDMA was first analyzed
in [12] by obtaining an approximate upper bound for the error-
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probability of 1-D MLVW-OOCs. Chen, et al. [14] improved
this error-probability upper bound with an approximation model
for both 1-D and 2-D codes. Furthermore, the exact performance
analytical model for 1-D and 2-D codes has been derived in
[15]. However, this exact performance analytical model was
proposed for codes with cross-correlation functions of at most
one (i.e.,
).
In this paper, we shall develop a new analytical model for the
performance of 1-D and 2-D codes with cross-correlation functions of at most three (i.e.,
). This exact model is beneficial to solve the optimization problem of designing multilevel
OCDMA systems under the same-bit-energy assumption. In addition, the model is also essential for power-sensitive applications, such as service monitoring and fiber-fault surveillance in
optical networks and sensor identification in fiber-sensor systems [16], [17].
The remainder of this paper is organized as follows: Section II
presents the multilevel signaling and the equal-energy multilevel OCDMA systems. In Section III, the exact performance
analysis for multilevel OCDMA system is derived. Section IV
is devoted to numerical discussion and comparisons between the
exact and upper bound performance analysis. Finally, the paper
is concluded in Section V.
II. AN OVERVIEW ON MULTILEVEL SIGNALING AND
EQUAL-ENERGY MULTILEVEL OCDMA SYSTEM
Multilevel signaling has been proposed to improve the performance of 1-D OOC based OCDMA systems and to support multiclass transmission [11]. In a typical M-level OCDMA
system, users are divided into M classes and users of each class
transmit at a different power level. Two structures were proposed to be employed for the receiver of multilevel OCDMA
system, namely, asymmetric and symmetric [11]. The asymmetric receiver of each class is an ordinary AND logic receiver
in which the input hard-limiter is designed based on the power
level of the class. On the other hand, in symmetric structures,
instead of the input-hard limiter, an interference cancellation
block is employed which is designed based on optical logic
gates such as optical AND, OR and XNOR elements.
In asymmetric multilevel OCDMA system, optical energy
is unfairly divided among high and low power users, and
clearly high-power users have a better performance. In order
to improve the performance of low-power users without using
complex symmetric receiver structures, in [12] the equal-energy multilevel system was introduced.
In equal-energy multilevel OCDMA, the code weight of lowpower users is greater than that of high-power users, hence,
variable-weight optical orthogonal codes are required. Variableweight optical orthogonal codes in both 1-D and 2-D OCDMA
systems have been introduced to support different QoS [7]–[10].
In an ordinary variable-weight OCDMA system, high-weight
codes have a better performance (lower probability of error, ).
However, in equal-energy multilevel systems, the performance
of low-weight codes can be improved by choosing appropriate
values for power levels and code weights. Let
,
denotes the ceiling function,
and
are the power
where
level of class 1 and class 2 users, respectively
. Then,
at the receiver of high-power users (class 2 users), there must
be at least low-power interfering pulses to generate one hit.

The probability of error of class 1
in both one-level and
multilevel system are the same which can be computed by using
the equations given in [11] and [16] for 1-D and 2-D OCDMA
systems, respectively. On the other hand, due to the suppression
of low-power interfering pulses at the receiver of class 2, the
evaluation of the probability of error in class 2
is different
than
.
There are three approaches in the literature to obtain
[12],
in equal-energy
[14] and [15]. In [12], an upper bound for
1-D OCDMA system was derived. The upper bound was evaluated for optical codes with arbitrary cross-correlation
.
of both 1-D
Chen, et al. [14] obtained a lower bound for
and 2-D OCDMA systems; and recently Yang et al. [15] accurately evaluated
. The accurate performance analyses was
presented for 1-D and 2-D OCDMA systems based on optical
codes with
, [15]. In the present paper, we analyze accurately the performance of equal-energy 1-D and 2-D OCDMA
systems based on the generalized OOC, ., optical codes with
and
. It is worth mentioning that the accurate
performance analyses of OCDMA with
and
is
necessary to optimally design equal-energy OCDMA systems.
As shown in [13], the optimal design of OCDMA system is an
optimization problem among OCDMA parameters such as code
weight
, code length
, cross-correlation
, the tolerable probability of error
, and the number of simultaneously
transmitting users
. It was shown that the optimum value
of
is between 1 and 3 (i.e.,
[13].
III. PERFORMANCE ANALYSIS
In the previous studies, the performance of multilevel
OCDMA system has been evaluated considering only the effect
of Multiple Access Interference (MAI). In this paper as well
we only investigate MAI effect as our paper is focused on
the derivation of accurate
for OCDMA with
and
. Furthermore, our MAI analyses can be generalized to the
effects of other types of noise, such as laser beat noise, shot
noise, and thermal noise by utilizing the results of [19], [20].
The error probability of low-power user in multilevel
VW-OOC based OCDMA,
, was analyzed for on-off
keying (OOK) modulation, and
was obtained as follows
[12],

(1)
indicates the number of class t interfering users and
denotes the probability that the class i desired user gets
interference hits from a class t user such that:

where

(2)
where denotes the code length and indicates the number of
wavelengths in 2-D OCDMA system. In 1-D OCDMA system,
is set to 1. The evaluation of
is not straightforward, and
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all marked chips of the desired user are hit at least by one
interfering pulse is computed by
as shown below [21]:

(3)
where
represents the probability that marked chips are
hit by low-power interfering pulses generated by
class 1
interfering users, and
denotes the probability that
marked chips are interfered by high-power interfering pulses
received due to the presence of
class 2 interfering users.
Furthermore,
and
in (3) are defined as

(7)
In [15],
was recursively related to
property of union of events as follows:

using the

(4.a)
(4.b)
where denotes the number of hits occurred in the th marked
chip of the desired class 2 user. Generally,
can be computed by using the same approach employed to obtain
, while
the evaluation of
due to the multilevel property of the interference pattern is complex. In [12],
was approximately
computed using the following upper bound,
(5)

(8)
to compute
for
In what follows, we generalize
both 1-D and 2-D OCDMA systems with
and 3. First,
we show that
can be generalized to obtain
of ordinary
one-level OCDMA system with
and .
In Appendix, the generalized
is derived as,

Furthermore, Chen, et al. [14] employed a Markov chain
method and derived another approximation for
which
recently Yang, et al. [15] showed that the Chen’s relation [14]
is a lower-bound for
. Yang, et al. [14] presented a recursive
method to accurately derive
for 1-D and 2-D OCDMA
system with
. This relation is given by [15],

(9.a)

(9.b)
(6)
where
is a recursive function denoting the number of
all interference patterns generated by low-power interfering
users in which each marked chip is hit by at least low-power
pulses, and
has the same definition as
. However,
these parameters are slightly different;
, unlike
,
does not satisfy (2) but obeys the relation
. Hence, by comparing this relation and (2), we
have

where denotes the number of interfering users that generate
hits. Note that in the above equations, for the sake of simplicity,
we assumed that if

, then

show that by using the generalized
system, for an ordinary OOCs with

. In Appendix, we will
, the of an OCDMA
is obtained as,

. These notational differences are

due to [13] and [18]. In the rest of the paper, in order to avoid
as the hit probability.
confusion, we use
It is worth mentioning that
was first introduced
by Azizoglu, et al. [21] to analyze the performance of 1-D
OCDMA systems for
. The number of patterns in which

(10)
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Surprisingly, (10) is the same as the relation obtained in [18] by
using a Markov chain method. In the next subsections, we will
try to evaluate the generalized
. First, we drive
of
OCDMA system with
and then the results are extended
to obtain
of the system with
.
A. Derivation of

in an OCDMA System With

In order to evaluate the probability of error for class 2 users in
both 1-D and 2-D OCDMA systems with
, it is sufficient
to compute the corresponding
function as follows:

(11)
is computed recursively based on
from the property of union of events. First,
and
are obtained, then the results are
extended to derive
. Similar to (8), we have

where

(12)
is the number of interference patterns in which the
where
first chips have exactly one hit and the other chips have at least
one hit. Hence,
is defined as,

It is worthy to note that the right-hand side of (13) represents
the number of states that the first chip has exactly one hit and the
other chips have at least one hit. Furthermore, in this equation,
the first term counts all states in which the first chip is interfered
by one pulse of the group 1 users, while the second term shows
all states that the first chip is hit by one pulse of the group 2
users. Note that in the states shown by the second term, when
one of the pulses of a group 2 user hits the first chip, the remaining pulse is considered as a group 1 user. Thus, as it can
be seen in the second term, the number of group 1 users was
increased to
. Similarly,
can be obtained as,

(14)
where
counts all the states in which the first and second
chips have exactly one interference and the other chips have at
least one hit. In the right-hand side of (14); the first term represents all the states that the two chips are hit by two individual
pulses of group 1 users. The second term shows all the states
in which one chip is hit by a group 1 user, and the other one
is hit by one pulse of a group 2 user. The third term shows all
the states that one chip is hit by one pulse of a group 2 user and
the other one is hit by one pulse of another group 2 user. Finally, the forth term shows all the states that both chips are hit
by two pulses of an individual group 2 user. Pursuing the above
approach,
is given in (15),

It should be noted that (8) can be interpreted the same as (12).
By generalizing the approach used in (8),
is evaluated as,

(13)
is the number of permutations
and
where
interfering users have to occupy positions and all positions
have exactly hits. It should be noted that all interfering pulses
must be equal to the number of available positions which is
. Moreover,
denotes the number of interfering users
which have one interfering pulse, and indicates the number
of interfering users which interfere with two pulses. Hence, the
number of all interfering pulses are
which must be equal
to
(i.e.,
. For the sake of simplicity,
in the rest of the paper, the users with one and two interfering
pulses are referred as group 1 and group 2 users, respectively. In
Fig. 1(a), the relation between
and
have been
illustrated schematically.

(15)
denotes the number of permutations of
In (15),
group 1 and group 2 users to occupy chips in which all chips
have exactly one hit.
The number of permutations can be obtained recursively as
follows:

(16)
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Fig. 1. Relation of (a)

The recursive relation of
rived by using (12) as follow:

and

, and (b)

and

and

is de-
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.

of a group 2 interference, and the last term counts the number of
patterns in which the first chip is hit by two pulses of two group
2 interferences. In Fig. 1(b), we demonstrate a simple pattern for
each term in (18) in order to understand the derivation of
.
Continuing the above procedure,
can be derived as follows,

(17)
represents the number of interference patterns in
where
which the first chips have exactly two interferences and the other
chips have at least two interferences. Therefore,
is defined as:

Considering the same approach employed in (13),
obtained as follows:

can be

(18)
where the first term shows the patterns in which the first chip is hit
by two group 1 interferences; the second term represents the patterns that the first chip is hit by a group 1 interference and one pulse

(19)
where the right-hand side of (19) counts all interference patterns
in which the first two chips have exactly two interferences and
the other chips have at least two interferences. The first term

1578

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 31, NO. 10, MAY 15, 2013

shows the patterns in which the first two chips are hit by four
group 1 interferences; the second term represents the patterns
that the first two chips are hit by three group 1 interferences and
a pulse of a group 2 interference, and so on. Obtaining the other
is derived as follows,

where
is the number of permutations of group
1 and group 2 interferences to occupy positions and to generate two-level interference patterns (i.e., patterns in which all
positions have exactly two hits). Furthermore, out of positions have one hit before interfered by group1 and group2
interferences. As shown in Fig. 2(b),
is evaluated
as (22), shown at the bottom of the page. In general, we can obtain
recursively by continuing the above procedure as (23),

(20)
where
as follows,

as shown in Fig. 2(a) is obtained recursively

(21)

(23)
In (23),
denotes the number of permutations that
group 1 and group 2 interferences have to occupy positions with exact
hits. Generalizing (21), we have (24),
shown at the bottom of the page, where
is the
general form of
. Also,
where denotes the number of positions with hits. By generalizing (22),
is obtained as (25), shown at
the bottom of the page, where
is the modified computed
as (26), shown at the bottom of the page. By utilizing the above

(22)

(24)

(25)

(26)
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Fig. 2. Evaluation of (a)

and (b)
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.

formulations, the exact value of
is computed, and by employing (4a), the exact
can be obtained. In the next subsection, we will extend the above formulations to obtain
of
OCDMA with
.
B. Derivation of

in an OCDMA System With

As described in the previous subsection, to obtain the probability of error for class 2 users in both 1-D and 2-D OCDMA
systems, the corresponding
function should be derived. For
the case of OCDMA systems with
is evaluated as
follows:
(27)
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where denotes the number of interfering users hitting three
marked chips of the desired user, and
can
be derived following the same procedure applied to obtain
. For the case
2,
is obtained
as follows:

Continuing the above approach, we have:

(28)
where
follows:

is given in (9b) and

is obtained as

(30)
where
is obtained by generalizing
(24) as (31), shown at the bottom of the page. In (31),
is obtained by generalizing (25) as (32),
shown at the bottom of the page. In (32),
is computed using
the generalized (26). It should be noted that in (31) for the case
and
, the extended version of (22) can be
used. At this point, we can use the above relations to compute
the probability of error of multilevel OCDMA with
.
IV. NUMERICAL SIMULATIONS AND COMPARISONS

(29)

In order to validate the derived formulas on the probability
of error, we should compare the error probabilities obtained in
this paper with the error probabilities upper bound derived in
[12]. The use of
1-D double-weight codes
is considered here. It should be noted that the error probability
of the high-weight codes,
, in both the approximation model
in [12] and the exact model in this paper are identical. Therefore,

(31)

(32)
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Fig. 3. Same-bit-energy, hard-limiting error probabilities,
, of the
low-weight codes versus the number of simultaneously transmitting
for
and
.
high-weight codes

Fig. 4. Same-bit-energy, hard-limiting error probabilities,
, of the
low-weight codes versus the number of simultaneously transmitting low-weight
for
and
.
codes

we only compare the error probabilities of the low-weight codes,
, in the approximation and exact models.
Fig. 3 shows the hard-limiting probability of error,
, of
1-D doublethe low-weight codes in the
weight codes versus the number of simultaneously transmitting
high-weight codes
under the same-bit-energy assumption,
. The dotted curve is based on
where
calculation derived from [12] and the solid curve is based on the
exact formulation derived in this paper. As depicted in Fig. 3, as
or
increases, there are more interfering codes, and
therefore the probability of errors begin to degrade. Hence, to
acquire a satisfactory performance the number of active users
should be limited. As an example for
the number
of active class 1 and class 2 users should be limited by 10 and 5,
respectively, otherwise, the desired
of
will be deteriorated. Furthermore, the solid and dotted curves agree initially
when
is small but as
increases, the solid curves become worse. Therefore, the performance upper bound is more
accurate when the number of users decreases.
Fig. 4 illustrates the hard-limiting probability of error,
, of
the low-weight codes in the
1-D double-

Fig. 5. Same-bit-energy, hard-limiting error probabilities,
, where
low-weight codes versus code weight
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, of the
.

weight codes versus the number of simultaneously transmitting
low-weight codes
under the same-bit-energy assumption,
where
, and
. Therefore,
the probability of errors are shown for different values of
.
As shown in the figure, for a fixed
, the probability of
increases, because there are more inerror get worse as
terfering code. In addition, by decreasing , the probability of
error gets worse. This is due to the fact that the interfering highweight codes must contribute at least c hits onto the marked
chips of the low-weight code in order to constitute one complete hit after the hard-limiter. As a result, by increasing c, the
number of interfering high-weight codes required to contribute
a hit is increased.
Fig. 5 shows the hard-limiting error probabilities,
, of the
1-D doublelow-weight codes in the
weight codes. In this figure, we consider the weight of class
1 users, i.e.,
, as a constant parameter. Then
is plotted
, and
is chosen as a variable less than
as a function of
. We have chosen
in the range of 3 to 14, and
. Furthermore, the total number of users in both
. The dotted curve is
classes is 40, and
based on
calculation derived from the performance upper
bound of the 1-D low-weight codes. The solid curve is based
on the exact formulation derived in this paper. As depicted in
this figure, by increasing , the performance of class 2 users is
improved.
V. CONCLUSION
In this paper, we have analyzed the effect of the same-bit-energy double weight codes in OCDMA systems with differentiated-QoS. We derived the exact performance analysis for
VW-OOCs with cross-correlation greater than 1 by modeling
the multilevel interference patterns. We showed that the bit
power has an important effect on determining the performance
of codes with different weights. From our analysis, we have
found that the performance of low-weight codes depends on
the weight of the low-weight codes and the code-weight ratio
of two classes. We have shown that the performance of the
low-weight codes is always improved when the code-weight
ratio increases. In addition, our exact analytical model has
resulted in more accurate performance analysis than the upper
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bound in [12]. We have found that the accuracy of the upper
bound decreases when the number of simultaneously transmitting high-weight codes increases.

Similarly, the probability of error can be evaluated as,

APPENDIX
In this Appendix, we show that the procedure introduced by
Azizoglu et al., [21] can be generalized to OCDMA systems
with
. As mentioned, Azizoglu et al. [21] derived the
probability of error of the OCDMA system with
as
follows:

(A.4)

(A.1)
By substituting (A.3) into (A.4), we get,
Substituting

in (A.1), we have:

(A.2)
of the
We can generalize the above approach to obtain
OCDMA with
and . First, the corresponding function, i.e.,
, is derived as,

(A.5)

Using the same procedure for

(A.3)

, we have,

(A.6)
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