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Abstract: Adaptive thresholding methods have proved to yield a high signal-to-noise ratio (SNR) and fast convergence in
sparse signal recovery. The robustness of a class of iterative sparse recovery algorithms, such as the iterative method with
adaptive thresholding, has been found to outperform the state-of-art methods in respect of reconstruction quality, convergence
speed, and sensitivity to noise. In this study, the authors introduce a new method for compressed sensing, using the sensing
matrix and measurements. In our method, they iteratively threshold the signal and project the thresholded signal onto the
translated null space of the sensing matrix. The threshold level is assigned adaptively. The results of the simulations reveal that
the authors’ proposed method outperforms other methods in the signal reconstruction (in terms of the SNR). This performance
advantage is noticeable when the number of available measurements approaches twice the sparsity number.

1 Introduction
Compressed sensing (CS) [1–3] has grown in importance to
become one of the most widespread problems of interest due to its
various applications. Greedy algorithms, such as orthogonal
matching pursuit (OMP) [4], and compressive sampling matching
pursuit (CoSaMP) [5] were among the first algorithms used for
sparse recovery. Later, algorithms with the concept of l1approximation of the l0-norm dominated the performance of greedy
algorithms (LASSO solution algorithms [6]). Other l0-minimisation
approaches such as hard-thresholding-based algorithms, including
iterative hard thresholding (IHT) [7, 8], iterative method with
adaptive thresholding (IMAT) [9], reweighted least squares (RLS)
methods [10], smoothed L0 (SL0) [11], l0-zero attracting
projections (l0 ZAP) [12], and attractive iterative thresholding
(AIT) [13] were observed to yield high efficiency in sparse
recovery. The general CS problem formulation is as follows:
min
s.t.

| | x||0
y = Φx,

(1)

where Φ is the sensing (measurement) matrix, y is the
measurement vector, and x is the main signal assumed to be sparse.
In this paper, we develop a new sparse recovery method with
adaptive thresholding. The method is named as iterative null space
projection method with adaptive thresholding (INPMAT). We
elaborate on the superiority of our method in specific scenarios.
The remaining of the paper is organised as follows. In Section
2, we introduce INPMAT. In Section 3, we present the noise
analysis. In Section 4, we present the simulations and discuss the
results. Finally, we conclude the paper in Section 5.

2

INPMAT procedure

Algorithm 1 (see Fig. 1) describes the procedure of INPMAT. Each
iteration index in the algorithm is denoted with i, where i increases
by 1 at the end of each iteration. The index i is initially set to 0. Let
xi denote the signal recovered at the end of the ith iteration. As a
warm-start, we initialise x with the least square solution as
x0 = Φ† y to facilitate algorithm convergence. Let T i denote the
diagonal matrix, which indicates the support of the recovered
signal on its diagonal in the ith iteration. 1's on the diagonal show
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that the elements are non-zero, and 0's show that the elements are
zero. Let I( . ) denote the indicator function of the expression inside
the parentheses; i.e. it returns 1 if the expression inside the
parentheses is true and returns 0 otherwise. The variable thr
contains the thresholding level. In our algorithm, the thresholding
level is the largest component of the previous signal outside its
support (thr ← max ( | (I − T i − 1)xi − 1 | )), based on which the new
thresholding matrix in the next iteration is defined as
T i ← diag(I( | xi | ≥ thr). The variable thr is initialised as
thr = max ( | x0 | ) because the support size grows one by one at
each iteration, and it is initially assumed to be 1 (picking up the
largest component at the beginning). In each step, we first project
the signal resulting from the previous iteration ( xi) onto the
subspace created by the eigenvectors of the diagonal matrix T i.
This is equivalent to confining the signal support to the indices of
the non-zero elements on the diagonal of the matrix T i. Thus, the
support of the thresholded signal is determined by T i. We look for a
thresholded signal si with the property T isi = si which satisfies
Φsi = y; i.e., we require si to be as close to x as possible.
Therefore, we have T isi = si → ΦT isi = Φsi → Φ(T isi) = (ΦT i)si.
Thus, the effective matrix operating on si could be considered as
ΦT i at the ith iteration; i.e. T i is absorbed by Φ. This vector is
realised as si = (ΦT i)† y. In Algorithm 1 (Fig. 1), ΦT i (in front of
si = (ΦT i)† y) denotes the matrix which contains only those
columns of Φ with element indices equal to 1 on the diagonal of
T i . ΦTi ∈ ℝm × | Ti| and because |T i | ≪ m (thanks to the sparsity
assumption), the SVD complexity is reduced significantly. Let M
denote the expander function; i.e. M(s) maps the vector of size i to
the vector of size n by filling the support indices with elements of s
and inserting zeros outside the support. Thus, si could be achieved
†
with far less complexity as si = M(ΦT iy). Let SΦ = {x: y = Φx},
and N(Φ) denotes the null-space of Φ. It is obvious that
SΦ = Φ† y + N(Φ); si is the closest solution with a sparsity number
equal to the dimension of the subspace formed by T i to the set SΦ.
The reason is that, given the support, we only need to apply a
pseudo-inverse to find the sparsest solution which has the
minimum local distance to SΦ. Therefore, si is the closest point to
SΦ which belongs to the subspace induced by T i. The update
605

Proof: The proof is straightforward, using the definitions of the
†
matrices (Φ†Φ)T i) and ΦT i (elimination of the zero terms in the
product). □
Let sip = M −1(si); sip ∈ ℛi. Thus, the projection of si onto the
null space can be carried out as: (I − (Φ†Φ)T i)sip = (I − P)sip
(shrinking the dimension from n to i). This format reduces the
complexity of forming the product required for projection at each
step ((Φ†Φ)T i rather than (ΦT i)†(ΦT i)). Once, at the beginning, the
projection matrix is computed and cached via only one pseudoinverse calculation. From there on, we have a copy of the main
projector. We only need to limit it to the determined columns.
Finally, adding the translation (correcting term) to the result of the
projection, it is easy to see that the update equation is as follows:
xi + 1 = x0 + (I − (ΦT i)†ΦT i)si
†

= x0 + si − (Φ†Φ)T iΦT i y
†

equation (projection step) is then devised as follows for correcting
si to satisfy Φx = y:
xi + 1 = si + Φ†Φ(x − si)

(2)

si = x is a fixed point of (2) if xi + 1 converges to x. The constraint
y = Φx forces the solutions of l0-norm minimisation to fall in the
translated null space of Φ, i.e. SΦ. si ∉ SΦ unless it is the
intersection of the subspace induced by T i and SΦ. In order to
correct si to satisfy the CS constraint, the residual x − si is
projected onto the range of the sensing matrix Φ, and the result
Φ†Φ(x − si) is added as a correcting term to the sparsified solution
si in order to produce xi + 1 so that Φxi + 1 equals y. This added term
affects the sparsity of si, and therefore xi + 1 may not be the sparsest
solution of the equation Φx = y. That is why we iteratively
continue projection and thresholding until we reach a fixed point
(the intersection of or at least a point which minimises the distance
between the desired thresholding subspace and SΦ). This
simultaneously promotes sparsity and the satisfaction of the CS
constraint. Rephrasing (2) and knowing that Φx = y, we obtain
xi + 1 = si + Φ† y − Φ†Φsi

(3)

However, the first estimate is x0 = Φ† y. Again, after
rearranging and rephrasing, we obtain
xi + 1 = x0 + si − Φ†Φsi

(4)

= x0 + (I − Φ†Φ)si

(5)

This is actually the projection of the closest thresholded signal to
SΦ onto SΦ. We iteratively continue these steps until the stopping
criterion is satisfied. The stopping criterion is as follows:

†

(10)

Thus, we can avoid calculating (ΦT i)† and the product (ΦT i)†(ΦT i)
at each iteration; instead, we refer to the cached copy of the
projector (Φ†Φ) calculated at the beginning and confine it to the
desired columns. This is one strategy to speed up algorithms that
use pseudo-inverse projections.
2.1 Geometric interpretation
In this section, we argue that if instead of using the pseudo-inverse,
we fix T i and project the current signal onto T i and SΦ iteratively;
the result of the iterations converges to the solution derived by the
pseudo-inverse, i.e. si [14]. The iterative approach to estimating si
(the closest solution to SΦ with sparsity number i) does not have
the complexity involved in computing the pseudo-inverse.
Theorem 1 proves that the iterative method which could be used
instead of the pseudo-inverse projection converges to a locally
optimal point.
We have provided the version of INPMAT which utilises
iterative projections to arrive at the pseudo-inverse solution. The
iterations are straightforward and do not need singular value
decomposition [14]. We can even limit the number of desired
iterations required for convergence to the point si in order to
enhance the speed of our algorithm, while the final signal-to-noise
ratio (SNR) is the same as the SNR achieved by the pseudo-inverse
approach as depicted in the simulations. We consider all idimensional subspaces, and we show that projecting xi onto each
of these subspaces followed by projecting back onto the SΦ yields a
new solution to y = Φx whose components outside the support
shrink; i.e. | | (I − T i)xi + 1 | |22 ≤ | | (I − T i)xi | |22.
Theorem 1: Two-step projections onto the i-dimensional support
subspace T i and SΦ lead to a decrease in the contraction operator;
i.e. | | (I − T i)x j + 1 | |22 ≤ | | (I − T i)x j | |22.
Proof: Using the Pythagorean theorem, we have

| | y − Φxk | |22 ≤ ϵ

(6)

Note the two phrases following the update equation
(xi + 1 = x0 + (I − (ΦT i)†ΦT i)si) in Algorithm 1 (Fig. 1). It is
evident that Φ†si = (ΦT i)†(ΦT i)si. Now, let PT i = (Φ†Φ)T i denote
the matrix Φ†Φ only on the columns with indices of the active
elements on the diagonal of T i; i.e. (Φ†Φ)Ti ∈ ℝn × | Ti|.
Corollary 1:

| | (I − T)xi | |22 = | | xi − xi + 1 | |22 + | | xi + 1 − Txi | |22

†

(7)

(11)

Similarly
| | x j + 1 − T i x j | |22 = | | T i x j − T i x j + 1 | |22 + | | (I − T i)x j + 1 | |22

(12)

Thus
| | (I − T i)x j | |22 = | | T i(x j − x j + 1) | |22

(ΦT i)†ΦT isi = (Φ†Φ)T iΦT i y
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(9)

= x0 + M(ΦT i y) − (Φ†Φ)T iΦT i y

Fig. 1 Algorithm 1: INPMAT

(8)

+ | | (I − T i)x j + 1 | |22 + | | x j − x j + 1 | |22

(13)
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(14)
⇒ | | (I − T i)x j | |22 ≥ | | (I − T i)x j + 1 | |22
Therefore, the contraction operator is decreasing over the
sequence of x j.
2.2 Algebraic interpretation
Corollary 2: Let ζ denote the set of all diagonal matrices with
diagonal entries equal to 0 or 1. The objective in (2) is convex w.r.t
T over ζ for fixed x and also w.r.t x for fixed T .
Proof: Convexity w.r.t x is obvious because the objective is
quadratic in x if we fix T . Now, we assume that x is fixed. Tr is a
convex operator; therefore, it is enough to show that the first term
is convex in T . Let t = [t1, …, tn] denote the diagonal of T . Now, if
we define h(t) = ∥ (I − T)x ∥22, then the Hessian could be
calculated as Hii(h([t])) = xi2, Hi j = 0, ∀ i ≠ j. The Hessian is a
diagonal matrix with positive entries on the diagonal. Thus, the
Hessian is positive-definite, and the proof is complete. □
In addition to the contraction operator (I − T)x, we also wish to
make the solution sparser. Thus, we regularise the residual defined
above with Tr(T) to make the solution sparser. As a result, the
objective function we minimise in this paper is as follows:
min

T ∈ ζ, x ∈ SΦ

2
2

∥ (I − T)x ∥ + λTr(T)

(15)

We denote the objective in (15) with f (x, T) . In fact, the INPMAT
algorithm is designed to minimise this objective function.
It is worth noting that INPMAT alternatively minimises f (x, T)
over x, and T . When T (the thresholding subspace is fixed), it
minimises over x either by the pseudo-inverse projection ((ΦT i)† y)
or by the iterative approach as in Theorem 1. The iterative
approach is guaranteed to converge to si because with T fixed,
f (x, T) is convex w.r.t x and has a global minimum. Therefore, the
descent property of the contraction operator in the iterative
approach results in convergence. The null space projection step
projects the minimiser (si) onto SΦ in order to find the closest point
in SΦ to the minimiser. When x is fixed, the algorithm updates the
thr variable and minimises over T (T i is the thresholding matrix
required for sparsifying). The algorithm gradually picks up the
main components of the signal x and shrinks those outside the
support. Adaptive thresholding based on the residual outside the
support is believed to accelerate the algorithm. A similar approach
based on the iterative method with adaptive thresholding (IMAT) is
also found in [15, 16]. It is obvious that setting λ to ∞ leads to
minimising the l2-norm of the signal x. Thus, we start with the best
l2-norm solution for x; i.e. we set x = Φ† y. We then shrink λ and
find the solution for each problem, after which we set the updated
solution as the starting point for the next iteration, which leads to
sparsifying the sequence of solutions for each problem (increasing
the support size by 1 at each iteration is equivalent to decreasing
λ). Algorithm 2 is the modification of the pseudo-inverse part of
Algorithm 1 (Fig. 1) using an iterative implementation. Now, we
prove the convergence of the two algorithms:
Algorithm 2: INPMAT with iterative approach instead of pseudoinverse projections
j←0
while j ≤ Maxit do
j

i j

s ←Tx
x j + 1 ← x0 + (I − Φ†Φ)s j
= x0 + (I − (ΦT i)†(ΦT i))si
†
†
= x0 + M(ΦT i y) − (Φ†Φ)T iΦT i y
j← j+1
end while
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Theorem 2: Let the minimum distance between SΦ and all the
subspaces induced by the set of matrices in ζ which do not intersect
SΦ be denoted by ∈. Further, let k be the sparsity number of the
sparsest element in SΦ which is denoted by x*. Also, denote the
diagonal matrix on the diagonal of which the support of x* is
determined with T*. The optimal solution of minimisation (2) is
then (x*, T*) if 0 < λ < (ϵ2 /k).
Proof: First, it is worth noting that the set ζ contains 2n elements.
Now for all 1 let Ti denote the ith element in ζ. We consider all the
following optimisation problems each defined by one of the
matrices in
ζ: ∀i: 1 ≤ i ≤ 2n → Pi: min ∥ (I − Ti)x ∥22 + λTr(Ti)
x ∈ SΦ

(16)

Now, let xi∗ and f i∗ denote the minimiser of Pi and f (xi∗, Ti)
respectively. In fact, the xi∗ s are the minimisers of the first term in
Pi s since the second term is independent of the variable x. We
know that xi∗ ∈ SΦ. We consider two cases for the support of xi∗:
2

I. supp(xi∗) = diag(Ti): In this case |(I − Ti)xi∗| 2 = 0, therefore, we
have: f i∗ = λTr(Ti) but according to our assumption
supp(xi∗) = diag(Ti) which reaches us to the conclusion that
f i∗ = λ | supp(xi∗)|. In fact, the cardinality of support of xi∗ shows its
sparsity and we have assumed the sparsest xi∗ ∈ SΦ is x∗ with the
sparsity
equal
to
k.
This
means:
|supp(xi∗) | ≥ k → λ | supp(xi∗) | ≥ λk. One can easily find
f (x∗, T ∗) = λk by substitution. We can complete the above
inequalities as follows:
f i∗ = λ | supp(xi∗) | ≥ λk = f (x∗, T ∗)
(17)
II. supp(xi ) ≠ diag(Ti): For all such xi∗s, the term is non-zero due
to the assumption. Now, let ϵ2 denote the minimum value for
2
∥ (I − Ti)xi∗ ∥2on indices i relating to those xi∗ s in case II. By
choosing 0 < λ < (ϵ2 /k) we can easily see
∗

2

f i∗ = ∥ (I − Ti)xi∗ ∥2 + λTr(T i)
2

≥ ∥ (I − Ti)xi∗ ∥2 ≥ ϵ2 > λk = f (x∗, T ∗)

(18)

where the first equality is the definition of f i∗s, the first inequality
is based on the fact that λ and Tr(T i) is positive, the second
inequality is based on the definition of the ϵ, the third inequality is
based on the upper bound considered for λ and the final equality is
discussed before. We can see that in both cases which cover all
possible cases the support of xi∗s could take f (x∗, T ∗) ≤ f i∗ and this
is true for whatever the value of i is. This concludes that (x*, T*)
(which is the sparsest element in SΦ or in other words the sparsest
vector of interest) is the solution to 2 which finalises the proof. □

3 Noise analysis
In this section, we analyse how the reconstruction quality varies
w.r.t additive noise power. In the general noisy model, we can
assume that the CS model is modified as follows:
y = Φx + ϵ

(19)

Let ϵ denote the i.i.d Gaussian noise vector which is added to the
observation vector. Let ϵ ∼ N(0, σ 2 I).
Theorem 3: We assume that Φ satisfies k-restricted isometry
δk,
i.e.
∀k-sparse
property
with
constant
x ∈ ℛn : (1 − δk) | | x | |2 ≤ | | Φx | |2 ≤ (1 + δk) | | x | |2,
then
the
variance of the output noise could be bounded as
607

Fig. 2 Sampling rate is fixed at 50%. The input SNR varies in the range −50 to 40 dBs. The output is the SNR values achieved by different methods

1
1
σ 2 ≤ Var(ϵout) ≤
σ2
1 + δk
1 − δk

Proof: Because Φ satisfies k-RIP with constant δk, we conclude
that
1
1
| | x | |2 ≤ | | Φ† x | |2 ≤
| | x | |2
1 + δk
1 − δk

(22)

(23)

A similar analysis of ΦT i leads to the same result for the noise
term in si. Applying the triangle inequality and using the result in
(22), the noise term in xi can be bounded as
2
| | ϵ | |2
(24)
1 − δk
We notice that the threshold is non-increasing, and as a result,
we always work with at most k-sparse signals. In other words, the
recovered support size never exceeds the sparsity of the main
signal. Thus, we always can take advantage of the RIP property,
and the following bound is established:
0 ≤ | | ϵout | |2 ≤ 2 | | Φ†ϵ | | ≤
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(25)

We have shown in Theorem 2 that the recovered signal converges
to the original signal. If we denote the initial SNR as SNR0, and the
output SNR as SNRout, we have the following:
SNRout ≥ SNR0 + 20log

The spectral norm of (I − Φ†Φ) is 1 because it is a projection
matrix. This means the noise term in the (Φ†Φ)si is not amplified
or weakened by the projection matrix. Therefore, we can consider
two noise sources for the update equation in Algorithm 1 (Fig. 1):
(i) the noise term in x0 and (ii) the noise term in si. The noise term
in the x0 is as follows:
x0 − x = Φ† y − x = Φ†(Φx + ϵ − Φx) = Φ†ϵ

2 2 2
σ,
1 − δk

(21)

It is worth noting that property (21) holds for each and every set of
k columns of Φ and Φ† because we are working with k-sparse
signals. Therefore, we claim that if the sensing matrix Φ satisfies
the restricted isometry property (RIP) condition, then calculating
the si in Algorithm 1 (Fig. 1), it is acting on at most k-sparse
signals (because the support gradually increases in size until
convergence, or rather, λ gradually decreases in f (x, T)), and as a
result we can establish the following bounds for the noise term in
the output
1
1
| | ϵ | |2 ≤ | | Φ†ϵ | |2 ≤
| | ϵ | |2
1 + δk
1 − δk

Var(ϵout) ≤

(20)

1 − δk
,
2

(26)

which shows that for small values of δk the recovery SNR does not
fall by 6 dB of the initial SNR; however, it could be very large
depending on the sensing matrix and the reconstruction quality of
the algorithm. The achieved bound, however, is simply a lower
bound. In simulations, we will see that the reconstructed SNRs are
not necessarily restricted to this bound; they are usually larger.

4

Simulation results

We implemented our simulations for two general cases. First, we
assumed we know the sparsity number and implemented all the
methods including our method. For this case, we have provided
two types of figures. First, we fixed the input SNR, varied the
number of measurements, and plotted the output SNR versus the
number of measurements. In the other type of figure, we plotted the
output SNR versus the input SNR while keeping the number of
measurements fixed. We also plotted all the figures mentioned
above for the case when we do not have knowledge of the sparsity
number. Some of the methods such as AIT require knowledge of
the sparsity. Therefore, we only provide comparisons with AIT for
the case in which the sparsity is known. We briefly summarise our
observations as follows: We observe that when working with a
small number of measurements (approaching twice the sparsity
number), our method outperforms other methods in reconstruction
as shown in Figs. 2, 3, 4a, and 5a. When we increase the number of
measurements, all methods perform similarly and give high SNR
values. This can be observed in Figs. 4c and 5c. Therefore, the
dominance of INPMAT manifests itself for low sampling rates as
shown in Figs. 3, 4a, 5a and 6. In Figs. 6a and b, the input SNR is
fixed as 40 dB. The output SNR is computed for all methods versus
the sampling rate. INPMAT achieves the highest SNR values. It
reconstructs signals with high SNR even for a sampling rate of
∼20%, while the performances of other methods fall for even
larger sampling rates.
IET Signal Process., 2018, Vol. 12 Iss. 5, pp. 605-612
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Fig. 3 Output SNR vs. Sampling rate. Signal size is n = 700. Sparsity number equals 80 (Input SNR is high)
(a) Focusing on comparison of INPMAT and AIT family, (b) Performance of different methods

In Fig. 7, we notice that the phase transition curve for our
method lies above the one for LASSO; i.e. the LASSO phase
transition curve lies below the 50% success rate phase transition
curve of INPMAT [17], which shows the resistance of our method
in recovery to the noise level in the input. We have provided
comparisons between INPMAT and different versions of AIT and
l0ZAP in a separate figure to prevent confusion and to avoid
displaying several plots in the same figure. As shown in Figs. 3a
and b, INPMAT is more robust than AIT and l0ZAP in
reconstructing the signal with fewer observations than the
dimension of the signal. AIT and l0ZAP require more observations
to obtain high SNR in reconstruction. They start reconstructing
when the number of observations approaches 600, whereas
INPMAT starts to yield high SNR with as few as 120 observations.
They are also more time-consuming, as illustrated in Table 1. For
example, when the sparsity number is 40, AIT and l0ZAP take
IET Signal Process., 2018, Vol. 12 Iss. 5, pp. 605-612
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about 7.4 s while INPMAT takes about 0.1008 s owing to the ideas
we used to accelerate the reconstruction. One can also find the last
row in this table, which represents the iterative implementation of
the pseudo-inverse which is faster than INPMAT. This is obvious
by comparing the first and last rows in the table. In Fig. 3, we have
fixed the number of observations as 350 and the sampling rate as
50% and investigated the SNR of each method for low input SNR
ranging from −50 to 40 dB. We have noticed that INPMAT only
slightly outperforms other methods, and its superiority is not as
remarkable as its superiority at higher input SNR ranges. For
instance, for an input SNR of 0 dB, it is ∼1 dB higher than other
methods. Each simulation has been run 50 times and averaged over
all the repetitions. In Figs. 8a–d, we have compared the
reconstruction power of the proposed method at various sampling
rates for the two sensing methods of random sampling (RS) and
Gaussian measurements. We can clearly see that when the available
measurements are small, THE RS method exhibits better
609

Fig. 4 Output SNR versus input SNR for different sampling rates. Sparsity
number is known. Signal size is n = 700. Sparsity number equals 40
(a) Sampling rate is 20%, (b) Sampling rate is 28.6%, (c) Sampling rate is 42.8%

reconstruction than Gaussian measurement. In Fig. 8a, where the
sampling rate is 25%, we can see that the Gaussian measurement
method of sensing fails to reconstruct the signal, whereas RS
reconstructs the signal and achieves 80 dB as the output SNR for
an input SNR of 160 dB. At a sampling rate of 37.5%, the
Gaussian measurement method performs better but still cannot
match the RS performance. For instance, in Fig. 8b, for an input
SNR of 150 dB, the RS sensing method performs is 70 dB above
that of the Gaussian measurement method. For sampling rates
610

Fig. 5 Output SNR versus input SNR for different sampling rates. Sparsity
number is unknown. Signal size is n = 700. Sparsity number equals 40
(a) Sampling rate is 20%, (b) Sampling rate is 28.6%, (c) Sampling rate is 42.8%

above 50%, their performances tend to become similar, and both
achieve similar SNR values as shown in Figs. 8c and d.
In order to mitigate the noise effect, we use the Tikhonov
regularisation; i.e. we use the solution to the following
minimisation problem as the starting point:
x0 = arg min | | y − Φx | |22 + μ | | Γx | |22 ,
x

(27)
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Fig. 6 Input SNR is fixed to 40 dBs. The output SNR is plotted versus sampling rate for two cases in which the sparsity is either known or unknown. The
signal size is n = 700, sparsity number is equal to 40
(a) Sparsity number is unknown, (b) Sparsity number is known

Fig. 7 Comparison of INPMAT phase transition curve with LASSO phase transition curve. The horizontal axis represents the normalised sparsity number.
The vertical axis represents the normalised dimension

Table 1 Computational runtime (in seconds) for different sparse recovery methods. Signal size = 700
Method
Sparsity = 40
Sparsity = 60
Sparsity = 80
Sparsity = 100
INPMAT
SL0
IMATCS
CoSaMP
LASSO
OMP
L_0ZAP
NHalf
NHard
NSCAD
NSoft
INPMATit

0.1008
0.2625
0.4254
1.3337
0.0179
0.0008
7.4130
7.4316
7.4433
7.4602
7.5166
0.0893

0.1699
0.2607
0.3869
1.2399
0.0794
0.0015
7.4204
7.4660
7.4864
7.5126
7.5692
70.1397

where Γ in (27) is set to In × n in our setting. Choice of μ (the
regularisation parameter) is investigated in [18, 19]. Table 1 shows
the computational runtimes achieved by different methods
implemented for various levels of sparsity. We notice that LASSO,
SL0, IMATCS, and OMP are faster and more robust in comparison
to the other methods. When the sparsity number is smaller, the
runtime for INPMAT is also small and can compete with the
aforementioned fast methods. When the sparsity number increases
and as a result the number of samples required to be processed
increases, the runtime achieved by INPMAT slightly increases. The
input signal is of size 700. We have fixed the available number of
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0.2726
0.2492
0.3781
1.2344
0.4383
0.0009
7.5133
7.5645
7.5942
7.6420
7.7082
0.2126

0.3555
0.2528
0.3791
1.2556
0.4695
0.0008
7.2008
7.2717
7.3203
7.4041
7.4539
0.3090

Sparsity = 150
0.7728
0.2627
0.4393
3.5310
0.5051
0.0008
7.44
7.7997
8.1240
8.4316
8.4891
0.5993

observations as 300 (43%) and varied the sparsity number of the
input signal. For a sparsity number equal to 40, the runtime is
0.1008 s which is of the order of SL0 and OMP. It is even faster
than LASSO, which needs 0.0379 s. For larger sparsity numbers,
such as 150, the runtime achieved by INPMAT is 0.8155 s, while
SL0, LASSO, and OMP maintain their small order of
computational complexity. The original signal is of size 700, and
the number of measured samples is 150 in this simulation. The
runtimes are measured on a MacBook Pro with a 2.7 GHz Intel
Core i7 processor.
611

Fig. 8 Comparison of Gaussian measurement sensing matrix with RS method in reconstruction
(a) 25% measurements, (b) 37.5% measurements, (c) 50% measurements, (d) 75% measurements

5

Conclusion

We have introduced a new sparse signal recovery algorithm for CS,
RS. The simulation results have shown that this sparse recovery
method outperforms well-known methods such as LASSO, OMP,
SL0, and IMAT in terms of the SNR. A variation of this method
which does not depend on computing the pseudo-inverse at each
step and works iteratively is more robust and faster in comparison
to the other mentioned methods. The simulation results imply that
RS sensing measurement significantly outperforms Gaussian
measurement. The improvement is more significant at lower
sampling rates where there are few observations available.
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