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Spatial Frequency Multiple Access Technique in
Three-Dimensional Integral Imaging
Zahra Kavehvash, Khashayar Mehrany, and Saeed Bagheri

Abstract—The trade-off between the aliasing in integral imaging
(II) and the level of interference among adjacent elemental images is mathematically studied in this paper. It is then shown that
the multiple-access techniques successfully used in communication
systems, e.g. frequency-division multiple access (FDMA), can be invoked to ease the trade-off. Implementation of spatial FDMA technique in three-dimensional II is discussed together with its nonidealities and limitations. Elemental images of three toy cars and
their corresponding three-dimensional image are finally provided
to demonstrate the superiority of the here-proposed spatial FDMA
technique.
Index Terms—Frequency-division multiple access (FDMA),
integral imaging (II), resolution, three-dimensional imaging.

I. INTRODUCTION
NTEGRAL IMAGING (II) is a likely candidate for massive commercialization of the future three-dimensional display technology in the coming decades. There are however some
obstacles in the way of its progress. An important one is the
trade-off between interference and aliasing noise [1], which is
usually more challenging and crucial in a three-dimensional
imaging system than the trade-off between resolution and field
of view in a conventional two-dimensional imaging systems.
On one hand, the number of elemental images formed by the
lens-array should be increased to ensure better angular sampling
and thus warrant a high quality three-dimensional image. On
the other hand, the number of elemental images should be decreased to ensure that each one gets enough pixels on the display
device. Otherwise, the resolution of each elemental image and
thus that of the three-dimensional image would be degraded. For
instance, each elemental image formed by a 50 50 lens-array
on a typical display device with 2000 4000 pixels gets 20
40 pixels only and is thus of low-quality. Some interesting suggestions such as applying dynamic barriers [2], switching of the
elemental lenses [3], using telecentric relay system [4], curved
lens array [5], [6], a 2000-scanning-line video system [7], or
computational synthetic aperture [8] to name a few, have been
made to address this issue. All of the aforementioned studies;
however, still suffer from the constrains imposed by the interference/aliasing trade-off [1] as they have failed to challenge the
trade-off itself. The aim of this manuscript is to partly overcome
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the trade-off by trying to undermine the unwanted interdependence between the size of elemental images and the number of
lens lets in the array.
In view of the fact that the source of the problem lies in the
unwanted interference of elemental images formed in three-dimensional II systems, it is appealing to consider each elemental
image as a spatial signal sharing a spatial channel and then invoke multiple-access techniques successfully used in communication systems to allow the simultaneous presence of a plurality
of users- in our case elemental images. Although some of the
previous works [8] have in essence employed the idea of timedivision multiple-access technique, the ideas of the frequencydivision multiple-access (FDMA) and code-division multipleaccess (CDMA) techniques remain to be noticed. Most recently
the possibility of using the FDMA technique in 3D II system is
proposed [9]. Here, the mathematics of the interference-aliasing
trade-off is presented in detail and then a novel architecture is
proposed to materialize using the FDMA technique. Different
spatial carrier frequencies are allocated to each elemental image
to make their spatial distribution separated from each other.
In this fashion, frequency-modulated elemental images are allowed to interfere with each other on the display device because they can be later separated with negligible interference.
As shown in the following section, easing the unwanted interference by employing the proposed architectures, the performance
of II is bound to boost as the number of elemental images can
be increased without degrading the quality of formed images.
This manuscript is organized as follows. Section II explains
the basic trade-off between the interference and aliasing in
three-dimensional II systems. Section III is devoted to the
here proposed architecture. Section IV justifies the proposed
technique by presenting some examples. Finally, Section V
concludes the paper.
II. INTERFERENCE-ALIASING TRADE-OFF IN
THREE-DIMENSIONAL II
The reconstruction stage in a typical II system is schematically shown in Fig. 1. The elemental images are displayed on a
display device placed at a distance from the lens array. They
correspond to a striped arrow and has no overlap with each other.
The observer’s viewpoint is located at a distance behind the
lens array and once each elemental image is projected through
the exit pupil of its corresponding lens, the final image is formed
at a distance behind the viewpoint.
It is obvious that the available bandwidth for each elemental
, on the display device, is a function of
image;
, and reads as follows:
its pixel size;
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Fig. 1. Reconstruction stage in a conventional II system producing an image
of a striped arrow.

Fig. 2. Angular sampling interval and its relation to the lens pitch in the typical
II system shown in Fig. 1.

where
refers to the pixel size of the display device. The
,
available bandwidth of each elemental image;
is on the other hand related to the maximum angular frequency
, which; in accordance
at the exit pupil of each lens;
with Fig. 1, corresponds to the angle of the cone of light leaving
, in the Fourier domain
the lens;

fact that the perceived image is in effect formed by different
elemental image samples with the angular sampling interval of
. In accordance with Fig. 2, the angular sampling
, can be expressed in terms of the lens
interval;
pitch;
(6)

(2)
Moreover, the following geometrical relation is held between
the maximum angular frequency at the exit pupil of each lens;
, and the angular frequency bandwidth of the formed
:
image;
(3)
correThis fact can be easily verified by noting that
, in the Fourier
sponds to the observer’s angle of view;
domain.
It is thus straightforward to substitute (1) and (2) into (3) and
express the angular frequency bandwidth of the formed image;
, in terms of the pixel size of each elemental image
and the geometrical parameters of the II system:
(4)
Now, since the spatial frequency bandwidth of the formed image
as seen by the viewer at distance , and the size of the formed
, and
, respectively,
image are
the space-bandwidth product of the final image hereafter decan be written as
noted by
(5)
which interestingly coincides with the SBP of each elemental
image on the display device. Given that the quality of the
viewed image is determined by its space-bandwidth-product,
. There are however
it is desirable to increase
two restrictions capping the maximum achievable space-bandwidth-product. On one hand, the unwelcome aliasing artifacts
are sure to appear on the formed image if the final SBP;
, gets increased beyond a certain level set by
the Nyquist-Shannon sampling theorem. This is due to the

and

gives

out
:

the

angular

Nyquist

sampling

rate;

(7)
The final space-bandwidth-product of the formed image should
therefore be always smaller than or at most equal to the Nyquist
rate and for this reason the following inequality should be held:
(8)
Clearly, this inequality demands the reduction of the lens pitch.
To prevent the unwanted interference between the adjacent elemental images that can deteriorate the quality of the final image;
on the other hand, the elemental images should not overlap with
each other. In a conventional II system; therefore, the maximum
size of elemental images is limited to the lens pitch and the maximum achievable SBP of each elemental image on the display
device is
(9)
Once again, since the final SBP of the final image is equal to the
SBP on the display device we have
(10)
Contrary to the demand of the previous condition imposed by
the aliasing effect, the above inequality favors the increase of
the lens pitch.
The best achievable space-bandwidth-product is therefore
obtained under the optimum condition of setting the right-hand
sides of those inequalities, i.e. the upper bounds in (8) and (10),
equal to each other. The trade-off between the interference
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and the aliasing is in this fashion balanced and the optimum
lens pitch and its corresponding SBP are respectively given as
follows:
(11)

Since the interference between distant elemental images is negligible, each elemental image does not need its own specific spatial frequency and thus the number of spatial harmonics
could be smaller than the number of elemental images,
.
A. Implementation and Analysis

which results in the following value for the optimum output
space-bandwidth-product,
:
(12)
It is unfortunate that even the abovementioned optimum SBP is
not enough for many practical applications and either the interference or aliasing should be tolerated in the system. Mostly;
however, the interference sets the tighter upper-bound on the
space-bandwidth-product and thus it is desirable to have its corresponding restriction relaxed. To this end, the size of each elemental image should be allowed to increase beyond the lens
pitch, but not at the expense of image quality being deteriorated by the unwanted interference between the neighboring
elemental images. This is not possible in the conventional II
system, where each elemental image is to be directly displayed
on the display device. In the next section a modified II reconstruction system is proposed by using the idea of FDMA technique. The elemental images are modulated in the frequency domain and are allowed to have overlap with each other.
III. PROPOSED FDMA STRUCTURE
It is a well-known fact in a telecommunication system that
different users can simultaneously transmit their time-domain
signals in the same channel by using the FDMA technique, i.e.
allocating specific carrier frequencies to each user. Here, along
the same line, the spatial frequency-domain signal of each elemental image is assigned a specific spatial frequency on the
display device and is thus allowed to overlap with its adjacent
elemental images. The maximum size of the elemental image is
therefore not limited to the lens pitch and can be increased to
ease off the interference upper bound on the space-bandwidthproduct. There are however four major points to discuss in this
section. First, the feasibility of allocating specific spatial frequencies to different elemental images should be demonstrated
in II systems, where incoherent light is to be used. Second, the
mask resolution limit incurred because of a particular non-ideality in the proposed structure should be further studied. Third,
the maximum level of allowed interference to ensure that there
are no unwanted aliasing effects should be determined. Finally,
the possible effects of using frequency modulated elemental images, which have higher spatial frequency components, should
be considered. Their presence will cause unwanted quantization
noise if there are not enough pixels available to display the modulated elemental images.
It is assumed throughout this section that an array of
lenses is employed to reconstruct the three-dimensional scene.
Obviously, there are as many elemental images as there are
lenses in the structure. The size of the display device is
and there are
pixels available. The angular Nyquist sam, is set by choosing the appropriate lens
pling rate,
number of spatial
pitch. It is also assumed that we have
with
and
.
harmonics,

The structure to be used for implementation of the spatial
FDMA by incoherent light is based on the standard two-lens
imaging system [10]. Frequency modulated elemental images
on the display device and have to share pixels
are of size
. The incurred interference is however
for
of no grave consequence because once they are demodulated,
they become separated almost intact. Demodulation is materialized on the reconstructed elemental image plane by using a
two lens system having the appropriate optical mask in between.
It is worth noting that since the three-dimensional image is to
be formed through the same lens array used for conventional
II, the reconstructed elemental images should be resized by the
to ensure that demodulated
appropriate scale
elemental images are not interfering with each other. Thanks
to pixel sharing with negligible interference on the display deis effectively revice, it is as if the original pixel size
. The space-bandwidth product
duced to
of the display device is in this manner increased by a factor of
. Before moving on to the details of the practical implementation of spatial FDMA; however, two important
points should be noticed. First, for reasons which will be later
explained, it is the Fourier transform of the elemental images;
and not the elemental images themselves, that should be modulated by the spatial harmonics. This is in contrast to conventional
FDMA technique applied in communication systems, where the
original signal; and not its Fourier transform, is modulated by
carrier frequencies. Second, there is no access to the complex
amplitude field in II, where the incoherent light is employed for
image formation. For this reason, the complex Fourier transform
whose kernel is a complex exponential function cannot be implemented and Fourier sine and cosine transforms should be employed instead. The final image is in this fashion formed by the
consecutive display of two frames, one for the cosine and the
other for the Fourier sine transform. These two frames are hereafter referred to as the even and odd frames because the former
transforms the even part of the elemental image while the latter
transforms the odd part.
For the even frame, the following function is displayed on the
display device:
(13)
where
is the bias term added to make sure that
is
is
always positive and thus able to be displayed, and
the Fourier cosine transform of the even part of the th elemental image. Assuming that the original th elemental image
, we have
is
(14)
where
stands for cosine transformation and
th elemental image
sents the even part of the

repre(15)
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For the odd frame; on the other hand, the following function is
displayed:
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and
are both
moment, it is assumed that
integers and the intensity of light at the reconstructed elemental
image plane is further simplified

(16)
(23)
where

is once again the bias term added to make sure that
is always positive and thus displayable, and
is the Fourier sine transform of the odd part of the th elemental
image

for the even frame, and
(24)
for the odd frame. In these expressions

(17)

(25)

where similarly
stands for sine transformation and
is the odd part of the th elemental image which reads as

(26)
(18)

These stages are performed numerically and impose no constraint.
The inverse Fourier sine and cosine transforms are then implemented by using the two lens imaging setup together with an
appropriate mask placed in between the lenses. The structure is
already reported for Fourier sinusoidal transform in [11] and is
schematically shown in Fig. 3. The geometrical details of the
two-lens imaging setup can be very easily found by noting that
it is a conventional two-lens imaging system that should have
(see, for example,
the magnification factor of
[10], [12] and [13]). The transfer function of the appropriate
, plays a vital role
mask to be placed on the pupil plane,
and should be

and

is as follows:
(27)

Now since the impulse
formed on the reconstructed
and
image plane can be very easily blocked, and since
are both constant intensities and can be duly compensated [11],
the intensity of light at the reconstructed image plane is
(28)
for the even frame where
even elemental image, and

stands for the reconstructed

th
(29)

(19)
for the even frame, and
(20)
for the odd frame where in both cases
are the coordinates of the pupil plane normalized by the product
of wavelength, , with focal length, . In both transfer functions,
is an arbitrary parameter whose role will be revealed shortly in
the following subsection. Using these transfer functions; however, the intensity of light at the reconstructed elemental image
plane can be written as

(21)
for the even frame and

for the odd frame while similarly
stands for the reconstructed th odd elemental image. Since each of these frames
persist for approximately one twenty-fifth of a second on the
observer’s retina, the consecutive display of even and odd
frames at the appropriate rate makes the human–visual system
to perceive

(30)
where
is the reconstructed th elemental image. We see that
despite pixel sharing on the display device, the elemental images
are in this manner almost intactly reconstructed and, as already
pointed out, the maximum achievable space-bandwidth-product
of the formed image is no more limited by the upper-limit given
in (10). There are three limitations left to discuss.
B. Mask Resolution Limit

(22)
for the odd frame. These expressions become inverse Fourier
and
cosine and sine transforms if
are integer multiples of . It is fortunately possible to make
this happen with minimum error by choosing the appropriate .
This point is further discussed in the next subsection. For the

It was already pointed out that the simultaneous satisfaction
of two conditions is required to realize the inverse Fourier cosine
and sine transforms by using the proposed two-lens setup in
Fig. 3.
should be an integer number. But with refFirst,
erence to Fig. 3 and by noting that the pixel size on the display
, it is obvious that
device is
(31)
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Fig. 3. Schematic two lens setup for incoherent Fourier sine and cosine
transforms.

where

and are arbitrary integer numbers. For this reason,
can be made integer by choosing:

Fig. 4. An elemental image of the three-dimensional scene as captured by the
16 16 lens array.

2

(32)
and
are rational multiples of each other, and if is a
if
large enough integer number. Neither of these two requisites is
, then can be as small as 1.
imposing. If
should be an integer number. This time,
Second,
we have
(33)
and
can for the same reason be made integer, if
, ,
, and
are all rational multiples of each other. It
should be however noticed that should now be made larger.
, and
, then cannot be
For instance, if
smaller than 9. This makes gamma a large factor demanding
a specific value for the resolution of the mask to be placed on
the pupil plane. This could be very demanding if the elemental
image size is considerably larger than the lens pitch, i.e.
,
.
There are therefore two possible scenarios. First, the mask
resolution determines the limits of , and thus sets the upperbound on the ratio of elemental image size to lens pitch, i.e.
and
. Second, the condition of
being
an integer is violated and thus the output intensity of light is
not the required inverse Fourier cosine and sine transforms but
is an integer. All
at those specific pixels, where
other pixels should be blocked and this down-samples the reconstructed elemental image and consequently deteriorates the
final image quality.
C. Aliasing Limit
Since the reconstructed elemental images in the proposed
structure are still forming the final image through the conventional lens array, as shown in Fig. 2, the maximum space-bandwidth-product of the final image cannot exceed the Nyquist rate
given in (7). For this reason, the maximum size of each elemental image cannot be increased beyond the following level:

(34)
Otherwise, the unwanted aliasing effects are to appear on the
final image.

D. Display Device Resolution Limit
It is a well-known fact that the pixel size on the display device sets the maximum displayable resolution. Accordingly, the
modulated elemental images that are to be shown on the display
in (13) and
in (16), cannot have
device, that is
a bandwidth larger than what is dictated by the display device
and . This certainly imposes some limitapixel size, i.e.
tion on the harmonic contents of the frequency modulated eleand
mental images. The spatial bandwidth of
should be smaller than the maximum displayable bandwidth
.
IV. EXAMPLES AND FURTHER DISCUSSION
Performance of the here-proposed spatial FDMA technique
is in this section further investigated through some examples.
A three-dimensional scene including three toy cars is captured
with an array of 16 16 lenses. With reference to Fig. 1, the dismm
tance between the lens array and the pick-up plane is
and the distance between the image plane and the lens array is
mm. One of the elemental images corresponding
to the lens on left top of the array as captured by the system is
shown in Fig. 4.
The display device has 480 (v) 640 (H) pixels of size
mm . Given that the lens pitch is
mm,
the maximum space-bandwidth-product that can be exclusively
devoted to each elemental image on the display device is; in
accordance with (9), 25 25. This value is unfortunately not
enough to display the details because the required space-bandwidth-product of an average elemental image is about 200 400.
The here-proposed spatial FDMA technique can therefore be
called upon to improve the performance of three-dimensional
imaging. This is demonstrated by comparing the performance of
different scenarios against each other. First, the size of each elemental image is increased beyond the lens pitch and thus pixels
on the display device are shared. In other words, the interference caused by the overlap between adjacent elemental images
mm and
mm.
is tolerated. In this scenario,
Second, each elemental image is down-sampled by being displayed with only 25 25 pixels. These pixels are however exclusively devoted to each elemental image and there is no interference. Third, the size of each elemental image is once again
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Fig. 5. Reconstructed elemental image corresponding to the top left lens on the array: (a) under the first scenario; (b) under the second scenario; (c) under the
third scenario; (d) under the fourth scenario with a high resolution mask; and (e) under the fourth scenario with a low resolution mask.

Fig. 6. Final image formed by combination of all reconstructed elemental images under: (a) the first scenario; (b) the second scenario; (c) the third scenario; (d)
the fourth scenario with a high resolution mask; and (e) the fourth scenario with a low resolution mask.

increased beyond the lens pitch but the overlapping parts of adjacent elemental images are blocked to destroy the unwanted inand
terference. Just like the second scenario,
mm. Fourth, the here-proposed spatial FDMA technique is
spatial harmonics:
,10,15,20
employed by using
,10,15,20,25,30 mm. It is worth noting that the
mm and
number of spatial harmonics used in this scenario is in fact found
by exhaustive search through all possible numbers [9]. Fourier
cosine and sine transforms are however implemented by using
two different types of mask placed on the pupil plane in between the two lens imaging setup. On one occasion, a mask
is assumed and on another a different mask
with
. While the quality of the elemental images rewith

constructed by the latter is a bit degraded, the high resolution
masked used in the former imposes no down-sampling.
Comparison between the above mentioned scenarios can now
be made by referring to Fig. 5(a)–5(e), where the elemental
image corresponding to the top left lens of the array is reconstructed by using all of the above mentioned scenarios. The reconstructed elemental image can be compared against the original one already shown in Fig. 4. Unwanted interference between the neighboring elemental images is apparent in Fig. 5(a),
where the first scenario is assumed. The displayed elemental
image is of low quality in Fig. 5(b), where the second scenario is assumed. The peripheral of the reconstructed elemental
image is cut off in Fig. 5(c), where the third scenario is assumed. The elemental image is almost flawlessly reconstructed
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scene including three toy cars is examined to demonstrate the
superiority of the here-proposed SFDMA.
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The trade-off between the image space-bandwidth-product
and the unwanted aliasing effects is mathematically discussed in
this paper. The former is deteriorated by overlapping elemental
images and the latter is caused by angular sampling. It is then
shown that the upper limit on the final image space-bandwidthproduct caused by the unwanted interference between neighboring elemental images can be relaxed by allocating spatial
carrier frequencies to each elemental image; i.e. using SFDMA.
The space-bandwidth-product improvement is not brought at the
expense of poor angular sampling, i.e. aliasing.
Implementation details of the SFDMA in II systems based on
incoherent illumination are then discussed. A three-dimensional
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