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Abstract—With the advent of new positioning services, one
can reach more satellites these days to ﬁnd his position. Using a
combination of satellites which belong to different constellations
needs some considerations like addressing biases between their
time references. Each constellation has progressed to the point
that they have enough satellites to provide accurate position
separately. According to this fact, we propose to ﬁnd the position
in each constellation and fusion their results in a way that ﬁnal
position has the minimum possible variance instead of combining
the constellations in a satellite level and dealing with inter system
biases. Experimental studies are conducted based on IGS archive
in order to investigate the performance of our proposed method
in comparison with combining the constellation in satellite level
and with respect to inter system biases.
Keywords-component—Multi-GNSS; GPS; GLONASS; Data
Fusion; Positioning

I. I NTRODUCTION
Currently GPS is not the only satellite navigation system.
GLONASS (Russia) provides worldwide coverage as well.
In near future BeiDou (China) and Galileo (EU) will be
fully operational, too [1]. Increase in the number of available
satellites and gathering data from all these constellations,
will improve the positioning accuracy dramatically. Therefore,
multi-constellation navigation and the issues regarding their
data fusion are the main topic of the ongoing researches.
Each constellation uses its own time reference to send signal
precisely at a same time from its satellites down to the users.
Based on the signals Time Difference Of Arrival (TDOA)
receivers attempt to ﬁnd their position [2]. Since different
constellations use separate time references, the receivers face
difﬁculty in ﬁnding their position by ordinary TDOA methods.
As a result, one should consider the time biases among different references in order to use the signals coming from different
constellations. These offsets are known as Inter System Biases
(ISB). Two main methods are proposed to cope with ISB.
The ﬁrst method introduces one new unknown variable for
each new constellation representing its time offset. Based
on this approach, [3] proposed a method for a combination
of four constellations. First, it tries to model pseudorange
precisely, treats the ISB as an unknown, and ﬁnd the position
using all the satellites simultaneously. It sets ISB to zero
for one constellation and ﬁnd the others relative to that. The
other method uses the ISB parameter sent by satellites. The
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second method just covers the biases between constellation
time references in satellite level, but these biases occur in the
receivers as well. Therefore, receiver cannot rely only on the
ISB parameters sent by satellites [4].
It is proved in [5] that adding one satellite from new
constellation to a set of existing satellites will deteriorate the
positioning accuracy. Furthermore, the orbits of the satellites
in different constellations are not aligned, so, it is possible that
two satellites of these constellations pass close to each other.
In this situation based on Geometric Dilution of Precision
(GDOP), processing all the satellites would not worth the
computational burden and may result in additional error. Many
algorithms are proposed to select the best set of the satellites
using GDOP criteria [6] [7] [8]. These algorithms usually
calculate GDOP for all possible sets and select the one with the
lowest GDOP. For a multi-constellation system, GDOP should
be modiﬁed which is studied in [9]. GDOP test is time and
energy consuming especially in dealing with a large number
of satellites. Some researches try to ﬁnd closed form of GDOP
in order to reduce this burden [10].
Navigation systems have progressed to a point that in
normal circumstances, we can expect receiving 8 satellites
from each constellation [9]. These satellites provide accurate
positioning for many purposes without facing ISB and GDOP
test. But yet, we can achieve better accuracy if we use all the
information gathered from different constellations. To avoid
dealing with ISB and GDOP test and still to use all the
available satellites we propose to ﬁnd the position based on
each constellation separately and combine their results With
respect to minimum possible variance for the ﬁnal position. It
is shown that to combine these results, we need to determine
the positioning error in each constellation.
Error in positioning is caused by two main sources including
range measurement error and satellites arrangement [11]. User
Equivalent Range Error (UERE) provides the power of range
measurement error. This parameter is sent by satellites in
ephemeris package. However, UERE depends on the receiver
type, so it is better that we measure this parameter based on our
observation during a long period. GDOP only depends on the
satellites and receiver position. This parameter consists of the
coefﬁcients necessary for connecting UERE to the positioning
error.
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The rest of this paper is organized as follows: The relation
berween GDOP and UERE to positioning error is shown in
Section II. Also the proposed combining method is introduced
in this section. The performance of our proposed method is
investigated by IGS database in Section III. Finally, Section
IV concludes this paper.
II. A LGORITHM
In this section we are going to investigate positioning error
and ﬁnd its parameters. This error consists of two main components regarding satellites arrangement and range measurement
accuracy. Finally, based on error model, we propose a method
to combine the position calculated by each constellation.
Before the beginning it is worth mentioning that all the
calculations for localizing and combining the results in this
section are presented in Earth-Centered, Earth-Fixed (ECEF)
coordinate. ECEF is a 3 dimensional Cartesian coordinate
system which is widely used by satellite based navigation
systems [12]. In the end, the equations needed for converting
position from ECEF system to geodetic system is presented.
A. Positioning Error
Receivers ﬁnd the range between visible satellites and
their own position by measuring signal time of ﬂight. Since
satellites position is known, one can write these ranges as
following:
ρi = ||r − ri || + cΔt
(1)
Where r = (x, y, z) and ri = (xi , yi , zi ) are the position vector of the receiver and satellites respectively. In this equation
c is the speed of light and Δt is time error caused by receiver
clock bias. One can expand |r − ri | using Taylor series around
the approximate position of the receiver r̃ = (x̃, ỹ, z̃) in order
to avoid nonlinear equations.
Δρi = ρi − ρ˜i = hi ΔrT + cΔt

(2)

Where Δρi = |r − ri |. Also, hi and Δr are deﬁned as bellow:
hi = [

x̃ − xi ỹ − yi z̃ − zi
,
,
]
|r̃ − ri | |r̃ − ri | |r̃ − ri |

Δr = [x − x̃, y − ỹ, z − z̃]

(3)
(4)

To consider (2) for all of the n satellites we can rewrite this
equation in matrix form:
z = HΔx
Where:

⎡
⎤
h1
Δρ1
⎢ h2
⎢ Δρ2 ⎥
⎢
⎥
⎢
z = ⎢ . ⎥H = ⎢ .
⎣ ..
⎣ .. ⎦
⎡

Δρn

hn

⎤
1
1⎥
⎥
.. ⎥ Δx = [Δr, cΔt]
.⎦

(5)

(6)

1

The matrix H only depends on receiver-satellite geometry.
Δx represents the positioning and timing error. Least squares
estimation solution of Δx is:
Δx = (HT H)−1 HT z

(7)

TABLE I
T HE M AIN C OMPONENTS O F T HE U SER E QUIVALENT R ANGE E RROR IN
GPS AND THEIR TYPICAL VALUE [15]
Error components

Magnitude (m)

satellite ephemeris error (σeph )
satellite clock error (σclk )
ionosphere correction residual (σiono )
troposphere correction residual (σtrop )
pseudorange multipath error (σmp )
measurement error (σnoise )

2.0
2.1
0.1
0.1
1.5
0.3

Now we can calculate the statistical parameters of positioning
error. Covariance matrix of Δx is:
cov(Δx ) = E{Δx Δx
T

= E{(H H)
T

= (H H)

−1

T

−1

}
HT z[(HT H)−1 HT z]T }

T

T

T

H E{zz }H(H H)

(8)

−1

E{zzT } is the covariance matrix of range error. Range measurements are independent and have the same power for all
the satellites in a same constellation. Therefore, E{zzT } is
expressed as:
⎡ 2
⎤
σ1 0 0 . . . 0
⎢ 0 σ12 0 . . . 0 ⎥
⎢
⎥
2
E{zzT } = ⎢ .
..
.. . .
.. ⎥ = σU ERE I (9)
⎣ ..
.
.
.
. ⎦
0

0

0

...

σn2

As a result, one can rewrite (8) as bellow by substituting (9)
in it.
2
(10)
cov(Δx) = (HT H)−1 σU
ERE
This equation suggests that total error in position depends
on the range measurements error and satellites arrangement.
2
σU
ERE represents the error in the range measurements. This
error is caused by a variety of sources. Any error in satellites
position estimation directly affects range calculation which is
known as ephemeris error. Satellite clock bias to constellation time coordinate also decreases the range measurement
accuracy. Satellites signal travels through free electrons in
ionosphere and troposphere layers. The propagation speed of
these signals will decrease and result in ionospheric and tropospheric delays. Since ionospheric delay is related to signal
frequency, one can estimate this delay by receiving signal
in two different frequencies [13]. Furthermore, Klobuchar
model tries to estimate ionospheric delay for single frequency
receivers [14]. However, these methods are not able to fully
cancel the error caused by these delays. Multi path error
for satellites signal and receiver noise can affect the range
measurement as well. Table I shows the main components
2
of σU
ERE for GPS. Note that the power of these components varies for different receivers based on their technique
employed to compensate for range measurement errors. It is
2
assumed that σU
ERE components are independent. Therefore
2
one can calculate σU
ERE as bellow:
2
2
2
2
2
2
2
σU
ERE = σeph + σclk + σiono + σtrop + σmp + σnoise (11)

726

26th Iranian Conference on Electrical Engineering (ICEE2018)
2
σU
ERE is also sent in satellites ephemeris package which is
2
accessible to the users. In addition, we can estimate σU
ERE
by observing the range error for our receiver in a constellation.
In order to calculate this error, we need true range between
the satellites and receiver. Since all the positions are known in
ECEF coordinate and this system rotates at the earth angular
speed, ECEF rotation while satellites signal was ﬂying should
be considered. Assume that satellite number i is in position
ri = (xi , yi , zi ) and receiver position is r = (x, y, z), true
range is:
⎡ ⎤
⎡ ⎤
xi 
 x

⎣ ⎦
(12)
ρ =  y − R(tf ωe ) × ⎣ yi ⎦ 


z
zi

Where |.| is the distance operator in Cartesian coordinates and
R(ω) is the rotation matrix around z axis as bellow:
⎡
⎤
cosω −sinω 0
R(ω) = ⎣sinω cosω 0⎦
(13)
0
0
1
Time of ﬂight which is denoted by tf is:
ρ
(14)
tf =
c
where c is the speed of light. We can solve (12) by iteration in
conjugate with (14) and initial guess for tf as 0.072 seconds
(typical time of ﬂight in GPS). With the knowledge of true
range, one can earn range error as bellow:
e = ρ̃ − ρ

(15)

constellations. Linear combination of these unbiased variables
(x1 and x2 ) can be expressed as following [17]:
X = αx1 + (1 − α)x2

We should determine α in a way that X has the least possible
variance. Since x1 and x2 are independent, the variance of X
is:
σx2 = E{X 2 }

= α2 E{x21 } + (1 − α)2 E{x22 } + 2α(1 − α)E{x1 x2 } (19)
= α2 σ12 + (1 − α)2 σ22

Then, optimal α is achieved by setting the derivation of σx
equal to zero:
dσx2
= 2ασ12 − 2(1 − α)σ22 = 0
dα
⇒α=

2
σx2 = m11 .σU
ERE
2
σy2 = m22 .σU
ERE

(16)

2
Because σU
ERE is the same for all the satellites in a constellation, GDOP is sufﬁcient to interpret the quality of a satellite
set in that constellation.

B. Combining Method
So far we calculate covariance matrix of positioning error
and its variance in each direction for a constellation. By
ﬁnding position separately in each constellation, we avoid
facing ISB and GDOP test. Now consider some position
calculated by different constellations. It is accepted that range
error and consequently, positioning error are unbiased and
independent [16]. For a moment assume that there are only two

σ22
+ σ22

(21)

Combined position has a normal distribution with zero mean
as well. If we have another constellation with x3 as its
claimed position, we can combine this new constellation with
pervious result in a same way. Considering this method for N
constellations, linear combination formula can be written as:
N

X=

α i xi

(23)

1
σi2
N
1
j=1 σj2

(24)

i=1

Where:
αi =

And the variance of the combined position is:
1

σx2 =

2
σz2 = m33 .σU
ERE

Where mij is the M’s component in the ith row and the jth
column. Since errors in different directions are independent,
one can deﬁne GDOP as bellow:
√
(17)
GDOP = m11 + m22 + m33 + m44

σ12

(20)

And by substituting (21) into (19), the variance of combined
position is:
σ2 σ2
σx2 = 2 1 2 2
(22)
σ1 + σ2

2
σU
ERE

is the
Where ρ̃ is the range measured by the receiver.
variance of e in a long period of time for each constellation.
The term (HT H)−1 in (10) provides coefﬁcients needed
for connecting range error to positioning error. Let M =
(H T H)−1 then error coefﬁcient according to (10) for each
direction is:

(18)

N
1
j=1 σj2

(25)

We need to repeat equation (23) to (25) for y and z coordinats
as well to calculate all the components of user position.
In the end, we can use equation (26) and (28) in order
to convert user position r = (x, y, z) in ECEF coordinate to
u = (lat, lang) in geodetic coordinate [12].
y
(26)
long = arctan( )
x
z
) + ep .sin(2lat)
(27)
lat = arctan(
2
x + y2
where ep = 0.0033528128 is ellipticity of the earth. We
can solve (27) by ﬁxed-point method as following by enough
iterations:
lati+1 =G(lati )
G(lat) =arctan(

z
x2 + y 2

) + ep .sin(2lat)

(28)
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To clarify our method, we review the steps in summary. Firstly,
the receiver should ﬁnd its position using each constellation
separately. Then by the use of (12) to (14) or table I σU ERE
can be achieved. In the next step we should calculate the error
variance in all directions by (16). At last, (23) to (25) will
result in combined position.
III. E XPERIMENTAL S TUDY
In this section a comparison between our proposed method
and ISB based method for GNSS data fusion is presented.
This study is conducted using International GNSS Service
(IGS) products. IGS is a network of GNSS receivers including
more than 300 stations spread all over the world, monitoring
different constellations since 1992. All the data necessary for
positioning and investigating the constellations performance is
recorded in RINEX standard and available on the web1 [18].
We choose our nearby IGS station in Tehran which is located
at 35.69727668◦ N ,51.33408694◦ E and with the elevation of
1194.139m above sea level, to examine our proposed method.
This position is claimed by IGS and we considered it as true
reference for our evaluation.
Our software receiver uses a single point positioning algorithm employing C/A and P codes with dual frequency
compensator for ionospheric delay (f1 = 1575.42M Hz and
f2 = 1227.60M Hz for C/A and P codes respectively) and
no estimator of tropospheric delay. Time correction is based
on broadcasted ephemeris data. Since GPS and GLONASS
are fully operational for the time being, they are selected as
our primary constellations. Our software receiver works in
3 different conﬁgurations. In MVM mode which stands for
Minimum Variance Method, our novel fusion method is implemented. In combined mode, ISB is calculated by introducing
one extra unknown parameter. Therefore, this receiver solves
the positioning equation with 3 positioning coordinates and
time biases along with the ISB between GPS and GLONASS.
In simple mode, ISB problem is ignored and the receiver uses
all the satellite without ISB consideration.
We use equation (12) to (14) in order to ﬁnd σU ERE for
each constellation. All the results are presented in WGS84
format. To calculate positioning error using these results in
East-West (E-W) and North-south (N-S) we can write:
N-S error = Δlat.re

(29)

E-W error = Δlong.re .sin(lat)

(30)

RMS error = re

N
i=1

Δlat2 + (Δlong.sin(lat))2
N

Fig. 2. positioning error in E-W direction for different methods
TABLE II
RMS VALUE OF THE POSITIONING ERROR IN DIFFERENT DIRECTIONS
receiver type

N-S RMS (m)

E-W RMS (m)

Altitude RMS (m)

Simple receiver
Combined
MVM receiver

3.7023
2.9679
2.1302

2.3872
2.3306
1.2675

6.9185
11.2215
12.7037

A. Positioning error in WGS84 coordinate
(31)

Where re = 6371000m is the earth radius and N denotes the
number of observations. In the following subsections we will
investigate different methods performance in all directions and
over a 10 day period.
1 ftp://cddis.gsfc.nasa.gov/gnss/data

Fig. 1. positioning error in N-S direction for different methods

Latitude and longitude are more important in some speciﬁc
applications like surveying and localizing on a map. In this
part we examine the methods using IGS ﬁle ”tehn3500.17”
which is recorded on 2017.12.17 in Tehran station. We use
data gathered from 00:00:00 to 00:30:00 GMT for each 30
sec intervals. Positioning error are presented in ﬁgures 1 to
3 . RMS error in different directions is peresented in table
II. These results show that our method apparently has better
accuracy in E-W and N-S directions. However, in altitude it
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TABLE III
RMS VALUE OF THE POSITIONING ERROR DURING A 10 DAY PERIOD FOR DIFFERENT METHODS
Date

GPS No

GLO No

GPS σU ERE (m)

GLO σU ERE (m)

Simple RMS (m)

Combined RMS (m)

MVM RMS (m)

2017.12.17
2017.12.18
2017.12.19
2017.12.20
2017.12.21
2017.12.22
2017.12.23
2017.12.24
2017.12.25
2017.12.26

8
8
8
8
8
8
8
8
8
9

8
7
7
7
8
7
7
7
7
6

6.7960
6.7159
6.6437
6.5894
6.2061
6.2136
6.5575
6.2786
6.0620
5.9543

3.5232
2.4871
4.5796
3.0443
4.5610
3.3795
3.6941
3.0971
3.8139
3.0183

4.4052
3.8302
6.4092
5.1597
3.8319
3.6166
4.8755
3.6680
3.3090
4.0544

3.7736
3.3604
5.4461
4.2682
3.2518
3.1163
4.5859
3.5001
3.0640
3.8152

2.4788
1.9193
5.4436
2.6043
3.3619
2.1337
4.0563
2.5395
3.2545
3.5950

expected that on an embedded systems with lower computational power, MVM exceeds the others since these algorithms
are based on MSE localizing which relies on matrix inversion.
MVM uses one small group of satellites for each constellation
while ISB needs dealing with one combined matrix consisting
of all the satellites. That is to say, MVM works with some
small matrixes instead of a big one and therefore, it will be
faster on embedded systems.
IV. C ONCLUSION

Fig. 3. altitude error for different methods

has a same performance like combined receiver. Our method
depends on the accuracy of its primary constellations. Both of
the GPS and GLONASS have less accuracy in altitude. As a
result, it was expected that our method lose its advantage over
other methods for altitude. This phenomenon is studied better
in the next experiment.
B. Performance over a long period
In this part we tend to investigate the MVM receiver performance in a 10 day period starting from 2017.12.17. In each day
data was collected from 00:00:00 to 00:30:00 GMT in Tehran
IGS station. Performances are reported with RMS value (31)
using 60 trials for each day. Results are shown in table
(III). MVM receiver has the best performance in this period.
This table shows that MVM receiver loses its advantage over
other methods when both constellations have less accuracy.
However, if one constellation has better accuracy, ﬁnal results
will inherit this accuracy in MVM receiver as well; while
combined receiver loses its performance.
It takes about 6 milliseconds for all three algorithms to run
on a core i5 CPU with 4 gigabytes of RAM. However, it is

Nowadays different constellations provide enough satellites
for a precise positioning. But yet one can earn better accuracy
by combining these constellations. In order to use all the
satellites from different constellations simultaneously, it is
needed to introduce ISB as a new unknown. We observed that
increasing the number of unknowns may affect the accuracy
badly since results are highly related to ISB. It seems that
ISB may act as a new potential source of error. Therefore,
omitting this parameter from equations can improve the positioning accuracy. Furthermore, predicting ISB increases computational burden. Our proposed method localizes based on
each constellation separately and combines their results with
respect to the minimum possible variance for the ﬁnal result.
Theoretical relation among range measurement error, satellites
arrangement and positioning error was studied. Then different
methods to calculate these errors were introduced. Based
on these data, we proposed a method capable of combining
any number of constellations without dealing with their ISB
parameters. We conducted an experimental study by the use
of our nearby IGS station in Tehran to verify the performance
of our proposed method for GPS and GLONASS. The results
showed that the accuracy of this method highly depends on its
primary constellations. Our method provided better poisoning
in this experiment in comparison with methods combining the
constellations in satellites level. However, when both of its
primary constellations had less accuracy, our method lost its
advantage over other methods and provided the same accuracy.
The bottom line is that in the presence of precise constellations
it is better to ﬁnd the position in each constellation and
combine their results. In near future other constellations like
Galileo, BeiDou and Compass will be fully operational as
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well. Further works are needed to investigate our method
performance in dealing with all of these constellations.
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