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Abstract—In this paper, we present an in depth analysis and discussions on the behavior and performance of using either thin or
thick second harmonic generation (SHG) crystals prior to photodetector in ultrahigh-speed optically amplified digital lightwave communication systems. Our study begins by considering a conventional low-speed optically amplified lightwave receiver and study
its performance in ultrahigh-speed regime and show its substantially degraded behavior, indicating the need to use advance optical nonlinear elements such as SHG prior to photodetection. In
studying SHG effects, we begin by discussing the mathematical
models of thin and thick SHG crystals in the context of statistical
digital lightwave communication systems. In the case of thin SHG
crystals and in the regime of high-speed digital systems, where
Gaussian assumption is not necessarily valid, we use advanced numerical simulation based on Monte Carlo simulation to obtain its
corresponding performance. However, for thick SHG crystals by
invoking an advanced theorem due to Papoulis on gaussianity approximation and a lemma due to Turin, we obtain the moment
generating function of the sampled output with which, we obtain
its corresponding performance using saddle point approximation
method. Finally in our performance analysis, we consider electronically induced thermal noise and sketch the performance for various system parameters. The results in this paper indicate that the
use of SHG crystals can enhance the system performance, when
compared with the conventional receiver, by a substantial amount,
i.e., five orders of magnitude. Furthermore, we highlight the existence of an optimum length for thick SHG crystals in the presence
of thermal and optical amplifier noise.
Index Terms—Lightwave communication systems, optical thin
and thick crystals, periodically poled lithium niobate (PPLN),
second harmonic generation (SHG), ultrahigh-speed detection
scheme, ultrashort light pulse.

I. INTRODUCTION
MONG various optical communication systems all-optical signal processing may prove to be of utmost importance when data bits are communicated via ultrashort light
pulses, i.e., pulses on the order of femto and subpicoseconds.
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For such optical communication systems, the most critical
stages in establishing all-optical processing are synchronization and detection of ultrashort optical pulses [1]–[3]. There
are two vastly different approaches in establishing synchronization and detection of ultrashort light pulses, namely, using impractical extraordinary high-speed and complex electronic circuitry in order to obtain the optimum scheme or using a less
complex and more robust suboptimum scheme using nonlinear
optical elements such as two-photon absorption (TPA), highly
nonlinear fiber (HNLF), or second harmonic generation (SHG)
[4]–[7]. Using either of the earlier nonlinear elements would
degrade the system performance from its ideal optimum case,
but the margin of degradation is small enough to render them
from being impractical. As a matter of fact in [1] using TPA,
and in this paper using SHG, it is shown that the ultrashort light
pulse is best detected by the aforementioned nonlinear elements
with little degradation in performance from their optimum cases
when they encounter various system noises such as background
noise induced by the nonideal ON-OFF state of the laser sources,
optical amplifier noise, electronically induced thermal noise,
and in the case of multiple access, the multiaccess noise, i.e.,
undesired users’ signal induced in the desired user’s receiver in
multiple access communication systems [8].
An ordinary photodetector can be assumed to be an energy
detector, which obtains the average power of input signal within
its response time. If the photodetector response time increases
with respect to the light pulse duration, e.g., using commercially
available photodetectors in wideband applications such as spectrally encoded optical code-division multiple access, the photodetector will be unable to detect and discriminate the presence
or the absence of a peak optical pulse. Therefore, the performance of the receiver degrades due to the limiting speed of the
photodetector. One approach to this issue is to use wideband
electronic receivers. But this approach requires ultrafast photodetectors to respond to the light pulses with a duration as low
as 100 fs, which is an expensive solution. Another approach is to
employ a type of nonlinear preprocessing prior to the photodetection to create a substantial discrimination between a high-intensity light pulse and low-intensity noise signal in optical domain. Using TPA detectors, employing self-phase modulation
(SPM) effect in HNLF element, and utilizing SHG phenomena
in dielectric crystals such as periodically poled lithium niobate
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Fig. 1. Mathematical model for conventional optical power linear receiver.

(PPLN) are a few well-known schemes, which have been introduced recently to detect ultrashort light pulses in ultrahighspeed optical communications systems. The applicabilities and
practicalities of theses devices in ultrahigh-speed optical communications have been the focus of many experimental studies
in recent years [4]–[6]. However, the theoretical studies in the
context of digital optical communications systems such as their
statistical modeling and analytical performance have received
less attention. In [9], the authors studied the statistical model
of SPM and its effect on the performance of spectrally encoded
OCDMA. In [1], the authors evaluated the performance of a return-to-zero (RZ)-OOK lightwave communication system using
a TPA detector as the nonlinear receiver. The resulting model
was employed in a spectrally encoded OCDMA system and the
performance of such a system was obtained and discussed [8].
In [10], performance of a spectrally encoded OCDMA system
using SPM and SHG nonlinear preprocessors was obtained. Due
to mathematical complexity, the authors succeeded in evaluating the performance of the system using Monte Carlo simulation. In this paper, we intend to carry out an in depth study
on the mathematical and statistical models of SHG effect (thin
and thick) observed in dielectric optical crystals. SHG effect
can be imposed in a dielectric crystal such as PPLN, and it
has been used to discriminate between ultrashort highly peaked
light pulses and the low peak noise or interference signals prior
to low-speed photodetectors. The statistical model developed in
this paper can be used to evaluate the performance of lightwave
communication systems in which an additive Gaussian noise is
the major source of interference that limits their performance.
The rest of this paper is organized as follows. In Section II, we
begin by evaluating the performance of an ultrahigh-speed digital optical communication system using low-speed photodetectors and electronics, thereby indicating the need for a nonlinear
optical processing prior to low-speed photodetection. In general based on the classical theory of SHG when a monochromatic lightwave is an input to a dielectric crystal in which certain phase-matching conditions between the fundamental and
second harmonic waves are satisfied, the energy of fundamental
wave is effectively transferred to the second harmonic wave
by increasing the input power. Satisfying the complete phasematching conditions for a short light pulse with broadband fre-

quency spectrum is impossible. In [11], by relaxing the phasematching conditions for short pulses, a simple closed form transient response of a typical SHG crystal to the short pulses is
obtained. Section III uses the model introduced in [11] and expresses the results in the context of a communication systems
point of view. In Section IV, we begin by discussing a typical
fiber-optic digital communication system using optical amplifier and SHG prior to photodetection and by using advanced
theorems on gaussianity by Papoulis and Turin we attempt to
obtain the moment generating function (MGF) of the decision
variable in the presence of SHG. In Section V, we take advantage of the MGF obtained in Section IV to evaluate the performance of the earlier digital communication system using saddle
point approximation methodology. Section VI presents numerical results of the system and carries an expanded discussion on
the behavior of SHG (thin and thick) device in such systems.
Section VII concludes the paper.
II. NECESSITY OF NONLINEAR PREPROCESSING IN
ULTRAHIGH-SPEED COMMUNICATION SYSTEMS
In this section, we discuss and elaborate on the performance degradation caused by the limiting speed of electronic
processing in typical ultrahigh-speed optical communication
systems. Fig. 1 depicts a conventional optical power linear
receiver. As it is shown in this figure, the fundamental building
blocks of a typical RZ-OOK optical communication receiver
comprises a photodetector with response time equal to and
a sampler, which samples the output of the photodetector for
a decision making. Based on Fig. 1, a photodetector is mathematically modeled as an absolute square-law device followed
. The output of the
by an integrator integrating from to
photodetector is sampled at
time instants to form
the decision variable in the th bit interval.
denote the impulse response, i.e., the integrator,
Let
of the photodetector, then in general the decision variable can
be expressed as follows:

(1)
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(a)

(b)

(c)
Fig. 2. Histogram of decision variables and the equivalent Gaussian pdf for power linear receiver. (a) PRD = 12.5. (b) PRD = 25. (c) PRD = 50 .

where indicates the convolution operation. In our analysis, we
assume that the received signal
at the output of optical
bandpass filter consists of a light pulse represented by a trunfor a duration of
, amcated Sinc-pulse
, and corrupted by
plified by an optical amplifier with gain
an optical amplifier noise
. The noise
is modeled as
an additive complex white Gaussian random process [15], [16],
filtered by a low-pass filter with a bandwidth equal to the light
pulse bandwidth.
can be expressed as
Hence, in general, the output

(2)

, where
represents
Specifically
the pulsewidth of the equivalent baseband light pulse and
denotes received peak power, and
is the
baseband equivalent representation of the Gaussian noise with
and
as its quadrature components.
has a two-sided
spectral density equal to
, with
[15],
is spontaneous emission parameter, is the Planck
where
constant, and is the frequency of the incident optical signal.
An exact performance evaluation of the system shown in
Fig. 1 can be obtained with the aid of the probability density
function (pdf) of the decision variable . For the sake of
mathematical simplicity, we assume that the decision variable
has a Gaussian distribution that might be truly reasonable
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for large values of
denoted as processing ratio of detector
(PRD) based on the discussions in [15]. This assumption is also
justifiable by noting that if a -dependent1 random process
is an input to a narrowband linear system then the output can
be approximated with a Gaussian random process provided
that the bandwidth of the system is much less than the input
process bandwidth [12]. It should be noted that the bandwidth
of the optical bandpass filter is equal to the input light pulse
bandwidth, so the time duration of the noise autocorrelation
function is equal to the light pulse duration . With the aid
of the theory of gaussianity [12] and noting that the coherence
time of the input noise is equal to , which is much less than
the integration time of the narrowband photodetector filter, i.e.,
, we can conclude that the decision variable is Gaussian with
a very good approximation.
Fig. 2 quantifies the deviation of the decision variable ’s pdf
from the Gaussian pdf with the equivalent mean and variance.
As it is shown in this figure, the decision variable can be fairly
, becomes larger.
assumed to be Gaussian when PRD, i.e.,
From these figures, it can be realized that for PRDs greater than
25 one can safely use Gaussian approximation for the receiver’s
performance evaluation. For error probability calculations, the
mean and variance of the decision variable are required. The
mean and variance of the decision variable can be obtained by
substituting (2) in (1) and performing some algebra. The final
results are expressed as follow:
(3a)

(3b)
(3c)
(3d)

and
In the earlier equations,
represent the autocorrelation function of the input noise,
which is a filtered white random process with Sinc-shape auto. Using (3)
correlation function, i.e.,
and assuming Gaussian approximation for the decision variable
, the error probability of the system in Fig. 1 can be computed
as follows:

(4)
is the threshold at the comparator and
where
is the Gaussian integral function, which is defined as

t

random process is called T -dependent if the samples at the time instants
and t are independent when jt 0 t j > T .

1A

3441

Fig. 3. Performance degradation due to the electronic processing limiting
speed.

. The performance
degradation due to the limiting speed of the photodetector
is shown in Fig. 3. In this figure, performance of the system
[bit error rate (BER)] is sketched versus received power for
various values of PRDs. For a fixed , PRD increases if the
photodetector response time increases.
As observed from Fig. 3, performance of power linear receiver is extremely degraded if the speed of the photodetector
is decreased from 100 GHz to 25 GHz while the pulsewidth is
fixed at 400 fs, which causes PRD to increase from 25 to 100.
In fact, by decreasing the speed of the photodetector one causes
the integration time of the photodetector to increase; hence, the
noise term (energy of the noise) at the photodetector output increases without increasing the signal term (energy of the signal).
This figure also shows that without the use of any nonlinear
preprocessing prior to photodetector, the performance of the receiver is degraded such that in a typical photodetector speed of
and in a high received peak power values
25 GHz
prior to the optical amplifier, i.e., 16 dBm, the error prob, which is
ability of the receiver approaches values above
six orders of magnitude above the acceptable error rate of any
fiber-optic communication system. The performance of the ideal
detection, which is based on the sampling of the received pulse
at its peak value, is also sketched as a benchmark.
From the results of Fig. 3, it is concluded that a nonlinear
preprocessing prior to the photodetector is absolutely necessary.
III. MATHEMATICAL MODELING OF THIN AND THICK SHG
EFFECTS
In this section, we study and review the mathematical model
presented in [11] for the dielectric crystals from a communication system’s point of view. In such crystals SHG phasematching conditions are well satisfied to generate second harmonic pulses with high conversion efficiency when an ultrashort
pulse passes through such crystals. Fig. 4 shows the systematic
block diagram of such a device.
, all of the signal energy is
At the input of the crystal
and is represented by
focused on the fundamental frequency
, but at the output end of the crystal with length
, some amount of the input energy is converted into the second
harmonic frequency
, and it is considered to be the output
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Fig. 4. Mathematical building blocks of the SHG crystal.

of SHG device and is represented by
relation can be written as follows [11]:

. The input--output
(5a)

(5b)

is defined as the physIn the earlier equation,
and
ical coefficient of the SHG crystal. In this relation,
are the group velocities of the fundamental and second harmonic waves, respectively. The parameters and represent
the second-order susceptibility and the dielectric constant of
and
denote the fundamental
the crystal, and parameters
frequency and the second harmonic wavenumber, respectively.
and
are the input and output optical fields, respectively. Let us define
as the second harmonic conversion coefficient then the output of the square-law device in
. It should be noted that
Fig. 4 is obtained as
consists of a
in typical lightwave communication systems
and a baseband equivalent noise, represented
short pulse
by
. Two extreme cases can be considered for the behavior
of the SHG device. In order to classify different states of the
SHG crystal, a parameter namely, walk-off length, denoted by
, between the fundamental and second harmonic pulses, is
defined as follows:
(6)
In the earlier equation, represents the time duration of the
fundamental pulse
.
Thin Crystal : When the length of the SHG crystal, , is
extremely small compared to the walk–off length between the
fundamental and second harmonic pulses, the filter after the
, will be extremely wideband,
square-law device in Fig. 4,
and it can be eliminated. Therefore, in this regime, the SHG
crystal acts as a square-law device, only, on the envelope of the
input optical field. The mathematical relation between the funand the second hardamental pulse at the crystal input
can be represented
monic pulse at the crystal output
as [11]
(7)

Thick Crystal: When the length of the SHG crystal is sub, then the filter
stantially longer than the walk-off length,
is a very narrowband filter and extracts the dc component of the output of the square-law device. In this case, the
output pulse amplitude stays constant and its duration grows as
. The mathematical relation between the input
and the output of SHG crystal in this regime can be represented
as follows [11]:

(8)
IV. DIGITAL LIGHTWAVE COMMUNICATION SYSTEM
DESCRIPTION BASED ON SHG
In this section a typical RZ-OOK communication system with
SHG receiver structure is discussed. In such a system, as shown
in Fig. 5, a SHG crystal as the nonlinear preprocessor prior to the
photodetector is employed in order to overcome the degrading
effect of the receiver’s photodetector limiting speed.
Thin SHG Crystal Case: Performance Analysis: The decision
variable expression in thin SHG receiver, e.g., see (30), is similar to a system for which a TPA detector substitutes SHG crystal
and photodetector in Fig. 5. The performance of such system
employing TPA is studied in [1] using Gaussian approximation
for large values of PRDs. However, in this paper, we intend to
study the SHG receiver for small values of PRDs for which the
Gaussian approximation is not necessarily valid. Due to mathematical complexity in evaluating the pdf of decision variable in
thin SHG with small values of PRDs, this case is studied using
numerical simulation based on Monte Carlo method and the corresponding results are compared with the performance of thick
SHG crystal case for which we obtain an analytical solution in
this paper.
Thick SHG Crystal Case: Performance Analysis: For the
sake of mathematical simplicity the signals in this regime are
represented in the frequency domain by their Fourier components. The low-pass filter impulse response of thick SHG
, is represented by its Fourier coefficients in one
namely,
bit interval , which is assumed to be equal to the photodetector
response time. If
denotes the corresponding cutoff index
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Fig. 5. A typical RZ-OOK communication system with optical amplifier using SHG preprocessor.

of the low-pass filter Fourier components, then the Fourier
can be written as follows:
components

exponential functions are orthogonal in one bit interval, the decision variable can be computed in terms of the Fourier coeffias follows:
cients of the signal

(9a)
(13)
(9b)
Note that in the earlier equation, for mathematical convenience, the filter frequency response is assumed to be flat. This
assumption differs somewhat from the fact that the filter impulse
response be flat in time domain.
of
By evaluating the Fourier coefficients of the output
the square-law device, we obtain the following coefficients and
expression:

(10a)

(10b)
Using (9) and (10), the Fourier coefficients of the output of
can be computed as follows:
the low-pass filter
(11a)
(11b)
The instantaneous power of signal

is written as follows:
(12)

Note that a photodetector measures the average power of its
input signal
in one bit interval, and using the fact that the

To evaluate the exact pdf of the decision variable in (13),
is rethe exact joint pdf of the Fourier coefficients
quired, which is a tedious task. To overcome the difficulties in
computing the pdf of the decision variable, we utilize a wellknown theorem by Papoulis on narrowband systems and gaussianity to approximate the output of a low-pass filter in thick
SHG model with a Gaussian random process.
Papoulis theorem indicates that the output of a narrowband
linear system to a -dependent random process can be assumed
to be Gaussian under fairly general conditions. In [12], a realistic upper bound is obtained for deviation of the output of
such a filter from the Gaussian distribution. For our analysis
, where
and
are the coherence time of the
if
input random process and the response time of the linear filter
, respectively, then the aforementioned upper bound by Papoulis indicates a very small deviation between the exact pdf
and its equivalent Gaussian distribution. The input signal to the
SHG crystal is a Gaussian random process with a coherence
time equal to the ultrashort light pulse duration . Therefore,
it can be assumed that it is -dependent. If such a -dependent random process is input to a memoryless nonlinear device,
i.e., square-law device, its output also remains -dependent.
, according to Papoulis theorem, the SHG crystal
If
output would be Gaussian. This condition will be strongly met
if the SHG crystal tends to thick crystal regime.
Following the gaussianity of the output of thick SHG crystal,
, it can be assumed that its Fourier coefficients
are Gaussian. Therefore, from (13), the decision variable
would be a quadratic form of jointly Gaussian random variables.
Using the theorem represented in [13], the characteristic function of such a random variable can be computed. In fact from
Gaussian vector
[13], we consider to be a real
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with
and
as its mean vector and covariance matrix,
as the quadratic form of
respectively. By defining
the elements of in which is an
symmetric matrix, the characteristic function of such a random
variable is computed as follow [13]:

(14)
where
represents the identity matrix of order
. To relate (14) to the decision variable represented in (13), the
random vector and symmetric matrix are defined as

(18b)
Covariance Matrix of Random Vector : The covariance matrix of random vector
for transmitting bits 1 and
and
, respectively. The following
0 are denoted by
obtains the
coequation on
in terms of
variance matrix
covariance matrices, defined as
,
,
and
, which are the cross- and
auto-covariance matrices between the vectors of real and imag, i.e.,
and ,
inary parts of Fourier coefficients
for transmitting bit 1. Hence, we have

(15)
and
are the
In the earlier equation,
real and imaginary parts of the Fourier coefficients
,
respectively. Hence, the decision variable in (13) can be evaluated as follows:
(16)
According to the Papoulis theorem, is a Gaussian random
vector and using (14), the characteristic function of the decision
can be computed in terms of the mean vector and
variable
covariance matrix of the random vector .
Mean Value of Random Vector : The mean value of the
random vector for transmitting bits 0 and 1 are denoted by
and , respectively. Using the mean function of the output
of square-law device, as computed in Appendix A, the elements
and
are calculated as follows:
of

(17a)

(19)
Similarly, the covariance matrix

in which

be represented as
,
, and
matrices between

for transmitting bit 0 can
,

are the cross- and auto-covariance
for transmitting bit 0. To evaluate
elements of the covariance matrices,
and
, four
auxiliary matrices,
namely
,
,
, and
which their corresponding
th elements, i.e.,
,
,
,
and
are defined and obtained in the following
equations.
and

(17b)
(17c)
(20a)

From the earlier expressions one can deduce that

(18a)

(20b)
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,

)

(22c)

(20c)
Case IV: (

,

)

(20d)
and
are two different definitions of
the autocorrelation function of square-law device output. These
functions are computed in Appendix A, and the results are as
follow:

(22d)

In the earlier equation,

(21a)

, which represents the
With the same approach,
th element of covariance matrix
, can be evaluated
using the elements of the matrix
. Finally, by substituting
index 1 with index 0 in (22) the corresponding expressions for
are obtained.
Substituting mean vectors from (17) and (18), and covariance
matrices from (22) into (14), the characteristic functions of decision variable for transmitting bits 1 and 0 can be evaluated as
follows:

(21b)
(21c)
(21d)
(23)
From (20c) and (21c) and similarly from (20d) and (21d), we
and
are zero matrices, respectively. With
deduce that
the aid of the lemma in Appendix B and using (19) and (20), the
th element of the covariance matrix
, represented by
, can be computed in terms of the
th element of
as the following four cases:
Case I:

(22a)
Case II: (

,

)

(22b)

V. PERFORMANCE EVALUATION
Using the characteristic functions of decision variable, represented in the earlier equations, and with the aid of saddle point
approximation, or by evaluating the mean and variance of decision variable and using Gaussian approximation, the error probability of the system in Fig. 5 can be evaluated. Fig. 6 shows the
pdf of the decision variable for different values of PRDs. It can
be observed that the decision variable pdf deviates substantially
from the equivalent Gaussian pdf for the small values of PRDs,
i.e., 25, 50. For large values of PRDs, the tail of the decision variable pdf, which is important in error probability evaluation, also
deviates from the Gaussian pdf. From the earlier discussion we
conclude that Gaussian pdf will result in erroneous BER value;
hence, in this paper saddle point approximation is used for the
error probability evaluation for thick SHG receiver structure.
Saddle Point Approximation: Using saddle point approximation, one can compute the probability of the event that a random
. Assume that
variable is greater or smaller than a threshold
U is a random variable with a characteristic function denoted as
.
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(a)

(b)

(c)
Fig. 6. Histogram of decision variables and the equivalent Gaussian pdf for thick SHG receiver. (a) PRD = 12.5. (b) PRD = 25. (c) PRD = 50. (d) PRD = 100. (e)
PRD = 200.

The saddle point function, denoted by
follows:

, is defined as

(24)
The probability that U is greater or smaller than is indicated
,
, respectively. For probabilities smaller
by

, it can be shown, with an excellent approximation
than
that [14]

(25)
and
are positive and negative
In the earlier equation,
, respectively. We assume that
roots of equation
and
are decision variables for transmitting bits 1 and 0
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(d)

(e)
Fig. 6. (cont.) Histogram of decision variables and the equivalent Gaussian pdf for thick SHG receiver. (a) PRD = 12.5. (b) PRD = 25. (c) PRD = 50. (d) PRD =
100. (e) PRD = 200.

at the transmitter, respectively. Consider a receiver structure
that decides, based on comparing, the decision variable with
. The characteristic functions of
and
a threshold value
are denoted by
,
, respectively, and assume that
,
are their corresponding saddle point functions. With the earlier notations and equally likely assumption
of transmitting bits 1 and 0, error probability in detection of bits
can be obtained as follows:

Therefore, from (28), to obtain the error probability using
saddle point approximation, the first- and second-order differentiations of saddle point functions are required. In Appendix C,
the saddle point functions and their corresponding first- and
second-order differentiations for thick SHG receiver decision
variable are computed and are expressed as follows:

(26)
To minimize the error probability, the following condition
must be satisfied.
(27)

(29)

Equation (27) along with the following two equations, i.e.,
and
, are used numerically in order
to obtain the minimum error probability expressed as follows:

VI. NUMERICAL RESULTS
The parameters used in our numerical performance evaluation of the system in Fig. 5 are shown in Table I.
Thermal noise due to electronic circuitry is considered as
the multiplication term in the characteristic functions of the
decision variable, obtained in (23), by the function
in which
. In this

(28)
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TABLE I
TYPICAL VALUES OF PARAMETERS USED IN THIS PAPER

(a)



MKS and esu measurement units:
= (4=3) 2 10  .

The conversion between

relation,
is the Boltzmann’s constant,
is the equivalent
temperature of the receiver,
is the resistance of the load, which
is seen from the receiver input and is the response time of the
photodetector. The dark current noise of the photodetector is
neglected.
For verifying the precision of the Papoulis approximation in
which the output of thick SHG crystal is assumed to be Gaussian,
and also to verify the saddle point approximation used for error
probability calculation, the system shown in Fig. 5 is simulated,
and the performance is evaluated using Monte Carlo technique.
Fig. 7 compares the performances obtained by saddle point approximation and Monte Carlo methods.
As it is observed from this figure, the performance evaluated
using Papoulis approximation is in a very good agreement with
the performance evaluated by Monte Carlo simulation. In this
figure, the thermal noise is neglected and it is assumed that the
length of the SHG crystal is 1 cm.
Fig. 8 shows the impact of decreasing the speed of the photodetector in the performance of thick SHG receiver. As it is
observed in this figure, by decreasing the speed of the photodetector, i.e., increasing PRD, the receivers’ performance degrades, but the performance of the power linear receiver, i.e., receiver without thick SHG crystal, degrades faster than the thick
SHG receiver and for all values of PRDs the thick SHG receiver
outperforms the power linear receiver.
In thin crystal case, the low-pass filter
is eliminated
from the SHG crystal model in Fig. 5; therefore, the decision
variable can be evaluated as follows:

(b)
Fig. 7. Verifying the precision of the saddle point approximation for thick SHG
receiver. (a) PRD = 25. (b) PRD = 100.

(30)

Fig. 8. Performance improvement of SHG receiver compared to the power
linear receiver.

Similar to thick SHG case, it can be shown that the pdf of
the decision variable deviates from the equivalent Gaussian
pdf. Unfortunately, the conditions of Papoulis approximation

are not met in thin crystal case. Therefore, we could only simulate the performance of the system in Fig. 5 by using Monte
Carlo method.
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Therefore, an optimum length for the SHG crystal may exist,
when the thermal noise and the optical amplifier noise are on
the same order. PRD is chosen to be 200 for all the cases in this
figure.
It should be noted that in the case that both the thermal and
optical amplifier noise are present, the physical coefficient
is chosen small enough such that the optimum length
of SHG crystal is achieved in the range of 0.5–3 cm. The received peak power
is fixed in 15 dBm for all the cases in
Fig. 10 except for the thermal noise limited case. The reason
being that, for thermal noise limited case, received peak power
in the order of 15 dBm obtain a very small error rate. Hence,
to show the performance trend in the thermal noise limited case,
in the range of 35 dBm, see Fig. 10.
we need to choose the
Fig. 9. Performance comparison of thin and thick SHG receivers.

Fig. 10. Impact of the SHG crystal length in the performance of the system.

VII. CONCLUSION
In this paper, the performance degradation due to the limiting
speed of the conventional photodetectors in RZ-OOK lightwave
communications system was studied. The performance of the
using
system without any nonlinear processing reaches
and
.
typical system values such as
To remedy this problem, one can employ a nonlinear processing
prior to photodetection. The impact of utilizing the SHG effect
as the nonlinear preprocessor prior to a speed limited photodetector was addressed in this paper. The SHG phenomenon was
considered for both cases of thin and thick crystal regimes. For
thick SHG receiver, performance is obtained analytically, and in
the case of thin SHG receiver, performance is studied with the
aid of Monte Carlo simulation. The impact of the thermal noise
was also studied. It was shown that considering both the thermal
and optical amplifier noise, an optimum length for SHG crystal
exists and can be numerically evaluated.
APPENDIX A

Fig. 9 compares the performance of thin and thick SHG receivers. As it is shown in this figure, for all values of PRDs thin
SHG receiver outperforms thick SHG receiver. This is consistent with the results of [10] in which the performances of thin
and thick SHG receivers were compared in a spectrally encoded
OCDMA system.
The impact of the length of SHG crystal on the performance
of the system should be studied for two separate cases. For the
first case, the thermal noise is the dominant source of noise
causing degradation on the performance of the system, while
in the second case the optical amplifier noise is the dominant
noise in order to limit the performance. Fig. 10 depicts the performance of the SHG receiver versus the length of the crystal in
the aforementioned cases. In the former case, by increasing the
length of the SHG crystal, the second harmonic conversion coefficient
of the SHG effect increases and the output signal energy grows while the thermal noise does not change. Therefore,
the performance of the SHG receiver in this case enhances with
increasing the length of the crystal. In the latter case, increasing
the length of the crystal affects equally the signal and optical
amplifier noise that is the dominant source of noise. So it seems
that it does not affect the performance; however, increasing the
length of the crystal results in decreasing the bandwidth of SHG,
which ultimately causes degradation in the system performance.

In this appendix, we obtain the mean and autocorrelation functions of the output of a square-law device in which
is as its input random process.
is considered as the arbitrary pulse shape,
In this relation
and
are assumed to be the quadrature compoand
nents of a complex Gaussian random process. By noting that
is the square-law device output, the mean
function can be obtained as follows:

(A.1)
The quadrature components of a complex zero mean random
process are zero mean with equal variance and are orthogonal.
Thus, (A.1) can be expressed as
(A.2)
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Two types of autocorrelation functions for the output of
square-law device can be defined as follows:

(A.5)

APPENDIX B
In this appendix, we express a lemma that obtains the
correlations between the real and imaginary parts of two
and
in terms of the two varcomplex random variables
ious definitions of covariance between their corresponding
complex random variables. It should be noted that in the
context of this paper this lemma is utilized by substiand
with the Fourier coefficients
.
tuting
(A.3)

where
indicates the complex conjugate of
. By
defining
and noting that
and
are independent random processes, the following expressions
for the autocorrelation functions yield:

and
as the two aforementioned
definitions of covariance between and . By denoting
,
,
, and
as the real and imaginary parts of
and
, and using obvious expressions,
,
,
, and
, the covariance between these random
variables can be evaluated as follow:
Let us we define

(B.1)
(A.4)
All the odd-ordered moments corresponding to
are equal to zero, since they are jointly normal zero mean
random variables. Thus, the imaginary parts of
and
, which consists of the sum-products of such terms,
and
are eliminated. The autocorrelation functions of
can be expressed with
, in which
is the
autocorrelation function of
. Finally, with
the aid of well-known expressions for the moments of jointly
and
, by
normal random variables
performing some straightforward algebra, the final expressions
for the autocorrelation functions can be obtained as follows:

(B.2)
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If is an arbitrary matrix in which its elements are functions
of an independent variable then, with the aid of matrix calculus, it is well-known that [17]

(C.2)
Using the earlier expressions and performing some matrix
algebra, we will have

(B.3)

(C.3)
By noting that
, it can be shown
and
. Substituting these
that
equalities into the earlier expressions the first and second differentiations of the saddle point function are obtained as follows:

(C.4)
(B.4)
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