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Quantized Ergodic Radio Resource Allocation in
Cognitive Femto Networks with Controlled
Collision and Power Outage Probabilities
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Abstract—A robust Ergodic Resource Allocation (ERA)
scheme is proposed in this paper in the framework of an orthogonal frequency division multiple access (OFDMA) based underlay
heterogeneous network in which the allocations are made so as
to maximize the average network sum-rate while guaranteeing
the macro network interference requirements with any desired
high probability. In previously proposed ERA schemes, both in
conventional and heterogeneous networks, the optimal solution
is obtained assuming that average of constraints are satisfied.
In a heterogeneous network, this is translated into the fact
that instantaneous level of interference on macro users can
not be guaranteed, i.e., there is an uncontrolled probability of
collision which is not acceptable by macro network. In this
paper, we reformulate the ERA problem by replacing the average
based constraints, in our case, femto total power constraint and
macro interference threshold constraint, with their probabilistic
counterparts so that both constraints are satisfied instantaneously
with any desired high probability. We consider both cases of
continuous and quantized channel state information. The proposed problems are then solved based on three methods, namely,
iterative, analytical, and hybrid approaches. The optimality of
the proposed methods is also assessed and the iterative approach
is shown to have a performance quite close to that of the
optimal solution. Simulation results confirm the effectiveness of
the proposed scheme to provide a robust instantaneous imposed
interference on macro network and a robust femto total transmit
power. We also investigate the convergence properties of the
proposed iterative approach.
Index Terms—Ergodic Resource Allocation, Cognitive Femto
Networks, Collision Probability, Orthogonal Frequency Division
Multiple Access (OFDMA), Channel Distribution Information
(CDI).

I. I NTRODUCTION
MBEDDING femto networks in cellular mobile systems
has emerged as an appealing way to significantly improve
the limited coverage of macro networks and to increase system
capacity [1], [2], and [3]. If a femto network is allowed to
simultaneously use the same spectrum as that of the marco
network, it is referred to as a cognitive femto network [4]
and [5]. The name is inspired by the idea of cognitive radio
networks where spectrum sharing, as a promising access
strategy for efficient use of the available spectrum is considered. In spectrum sharing, unlicensed (secondary) services

E

Manuscript received January 6, 2014; revised May 20, 2014. This work
was supported by Iran Telecommunications Research Center (ITRC) under research grant T/500/19232-90/12/28. This work was supported by
Iran Telecommunications Research Center (ITRC) under research grant
T/500/19232-90/12/28. The corresponding author is Hamid Saeedi.
The authors are with the Department of Electrical and Computer Engineering, Tarbiat Modares University, P. O. Box 14115-194, Tehran, Iran (e-mail:
{nader.mokari, hsaeedi, pazmi}@modares.ac.ir).
Digital Object Identifier 10.1109/JSAC.2014.141112.

are allowed to opportunistically access the under-utilized parts
of the licensed spectrum [6], [7]. Underlay, overlay, and
interweave spectrum sharing are different access strategies for
the secondary network to access the primary spectrum [8].
Among different access strategies in spectrum sharing systems, we focus on underlay method similar to [9] where
femto transmitter’s access to the macro network spectrum is
allowed provided that the interference inflicted to the macro
network is kept below a predefined interference threshold
[10], [11]. Dissatisfaction of this condition is referred to as
a collision incident. In this paper, we focus on orthogonal
division multiple access (OFDMA) based networks.
Generally, resource allocation (RA) plays a key role in implementing efficient multiuser communications over dynamic
wireless environments (see, e.g., [12], [13], [14], [15], [16],
[17], [18], [19], [20] and references therein). Two different
types of such problems are in general considered in the
literature, namely, instantaneous resource allocation (IRA) and
ergodic resource allocation (ERA). In IRA, the instantaneous
value of the utility function is optimized subject to constraints
that have to also be satisfied instantaneously. To do so, for
any new set of channel state information (CSI) values, the
problem should be solved which, in a dynamic wireless
environment, imposes a high computational complexity and
excessive signaling overhead to the system.
On the other hand in ERA, the average of the utility function
is optimized subject to constraints that should also be satisfied
in average sense. ERA is accomplished in two phases, off-line
phase which is carried before the communication starts where
several parameters that are later used to allocate resources
are computed based on long term channel conditions or more
explicitly, the channel distribution information (CDI); and an
online phase that takes place during communication where
the transmitter uses the parameters computed during the offline phase and the CSI to allocate resources. Consequently,
since in ERA, allocations are made based on CDI which
varies much less infrequently than CSI, ERA incurs much less
computational complexity than IRA. This is very appealing
form practical point of view.
Such appealing benefits of ERA come at a cost: as the short
term channel fluctuations are not considered, the constraints
can be only guaranteed in the long term average sense. In other
words, there is a non-negligible probability that the constraints
are not met instantaneously. Such a situation is observed in
majority of prior works on ERA, in conventional [16], [21],
[22], [23], [24], [25], [26], cognitive [27], [28], [29], and femto
networks [9], which may not be acceptable from practical
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point of view. In particular, in case of spectrum sharing
systems, i.e., cognitive and cognitive femto networks, this
is translated into facing uncontrolled probability of collision.
As an example, assume that the channel gain between femto
base station (BS) and macro receiver on a ceratin subcarrier
has a symmetric distribution. Satisfying the average-based
interference threshold constraint implies a collision probability
as high as one half which may not be acceptable by the
primary service side. It is important to note that to avoid such
a situation in cognitive networks, some works such as [30],
[31], and [32], maximize the average sum-rate while using
an instantaneous interference threshold constraint instead of
an average based constraint. Although these works may be
categorized into ergodic resource allocation, the corresponding
problem should be solved for any new set of CSI values similar
to an IRA problem. In other words, they do not bear anymore
the main advantage of ERA over IRA problems, i.e., reduced
computational complexity.
To deal with this important drawback of ERA, we propose a
new scheme in which we replace the average based constraints
with their probabilistic counterparts. In particular for the
case of cognitive femto networks, the interference threshold
constraint is replaced by the collision probability constraint.
Consequently, the excessive interference caused by femto
network on macro users can be avoided with any desired high
probability. In other words, in contrast to the original problem,
we gain control on the collision probability. Note that despite
this modification, the allocations are still made based on CDI
and not instantaneous CSI values.
Other average based constraints can also be treated the same
way. For example, to meet the short term power limitations
of femto base station, the average total power constraint
is also replaced by the total power outage probability constraint. Therefore, our formulation can guarantee the shortterm macro and femto network limitations with any desired
probability. This provides a kind of robustness to the system.
Therefore, we refer to the corresponding ERA problems as
robust resource allocation (RERA).1 Although in this paper
we concentrate on a downlink of an OFDMA-based femto
network, the proposed concept is valid for any other ERA
framework.
The proposed RERA problem can not be directly solved
due to the inclusion of the probabilistic constraints. To find
the optimal solution, the problem is transformed into a convex
problem and solved based on the dual decomposition method
[15]. We also propose an iterative approach (IA) to solve the
proposed problem without transformation. Simulation results
verify that the solution obtained based on the IA approach
is very close to the optimal solution. A less complex suboptimal method, referred to as analytical approach (AA) is also
proposed in which the probabilistic constraints are replaced by
non-probabilistic sufficient constraints so that the problem can
be readily solved based on the dual method. A combination
of AA and IA, called the hybrid approach (HA), is also
investigated which provides a trade-off between complexity
and performance with respect to AA and IA.
1 Note that robust resource allocation also refers to those problems where
imperfect CSI is dealt with to provide a robust value of sum rate (or any
other utility function), see for example [33], [34] and [35].

2091

It is important to note that to reduce the system overhead
signaling used to feedback CSI values between users and base
station, channel quantization schemes have been proposed. In
such schemes, also referred to as limited feed back systems,
the CSI is quantized into a limited number of fading regions
and instead of CSI values, the index of the fading region
corresponding to that value is transmitted (see, e.g., [25], [27],
[17], [23], [28], [30] and references therein). In this paper, we
also consider the channel quantization and extend our analysis
to this case by solving the quantized version of the proposed
RERA problem abbreviated as QRERA.
The rest of the paper is organized as follows. In the next
section, we describe the system model. In Section III, we
propose the original ERA problem and replace the interference
threshold constraint by the collision probability constraint and
find the optimal solution. In Section IV, we further modify the
ERA problem by substituting the total power constraint by the
power outage probability constraint. Section V provides a similar analysis for the case QRERA and Section VI concentrates
on complexity analysis of the proposed algorithms. In Section
VII simulation results are presented and Section VII concludes
the paper.
II. S YSTEM M ODEL
A. Network architecture
We consider a system model of a two-tier macro and femto
networks. The considered networks consist of one central
macro and F randomly distributed femto networks. The set of
indices for femto BS’s are denoted by f ∈ F = {1, . . . , F }.
The macro BS is indicated by 0 index. Thus, we index all
BS’s by f ∈ F0 = {0, 1, . . . , F }. The set of users at each
fetmo network f is denoted by Kf = {1, 2, . . . , Kf } where
Kf is the total number of users at femto network f . Our focus
is mainly on the downlink of each femto network based on
OFDMA technology.
The system bandwidth is B Hz which is licensed to the
macro network. The spectrum is divided into N subcarriers
each with Bc = B/N Hz bandwidth. Subcarriers are indexed
by n, where n = 1, . . . , N . It is further assumed that Bc
is much smaller than that of the coherent bandwidth of the
wireless channel. Therefore, the subcarriers undergo a flat
fading. The femto networks do not have license to access
the spectrum, however, opportunistic access is allowed utilizing dynamic spectrum access protocols. From the concept
of cognitive networks, the femto networks play the role of
secondary networks and macro network is considered as the
primary network. Spectrum sharing is then assumed between
macro and femto networks. On the other hand, no spectrum
is shared between femto networks.
The set of allocated subcarriers to the femto network f is
indicated by Nf where its cardinality is Nf . For the kf th
femto user, the quality of the associated channel with subcarrier n is modelled through αkf ,n , the channel to interference
plus noise ratio (CINR) of subcarrier n, which is defined as:
αkf n =

Tkf n
,
N0 B/N + Vkf n

(1)

where Tkf n is the channel power gain between femto base
station f and femto user kf on subcarrier n. The received
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interference due to macro network activity at front-end of the
k f th femto user on subcarrier n is assumed to be a Gaussian
variable whose variance is denoted by Vkf n [36], [37], [38],
and [39].2
Throughout the paper, the channel state information within
the femto network is abbreviated by F-CSI. The state information of the channel between femto transmitter and macro
receiver, referred to as the interference channel, is abbreviated
by I-CSI. The corresponding channel distribution information
is denoted by I-CDI.

where PfT is the maximum allowable transmission power,
and ζfp is the maximum tolerable power outage probability of
each femto base station f . The power outage is experienced
if the
totalallocated power for femto users by Tthe femto BS
pkf n (αkf n )ρkf n , is larger than Pf . The power
f,
k∈Kf n∈Nf

outage probability constraint, POf , is then defined as
POf = Pr

 




pkf n (αkf n )ρkf n >

PfT

≤ ζfp .

kf ∈Kf n∈Nf

(4)
B. Statistical macro QoS provisioning
Throughout the paper, we refer to the interference requirements of macro network as the macro Quality of Servis (QoS)
requirements. To meet the short-term macro QoS, we modify
the average interference threshold constraint in conventional
ERA problems to a one in which the macro QoS requirement is
satisfied on the fast timescale with high probability although
occasional outage may occur. To this end, the QoS of the
k0 th macro user which transmits on subcarrier n is denoted
by a pair of parameters, (Qk0 n , ζkI0 n ), where Qk0 n is the
interference threshold, and ζkI0 n is the maximum tolerable
collision probability. For the k0 th macro user on subcarrier
n, collision is experienced if the imposed interference by the
each femto BS f on the k0 th macro user, Ikf0 n (αfn , gkf0 n ), is
higher than Qk0 n . The collision probability constraint COfk0 n
is then written as [41] and [42]


COfk0 n = Pr Ikf0 n (αfn , gkf0 n ) > Qk0 n ≤ ζkI0 n ,

(2)

where gkf0 n is the channel power gain between the k0 th macro
user and femto BS f on subcarrier n and Kf × 1 vector αfn
is the secondary power gain on subcarrier n across different
femto users. The imposed interference, Ikf0 n (αfn , gkf0 n ), can
be obtained as follows:

Ikf0 n (αfn , gkf0 n ) =
ρkf n pkf n (αkf n )gkf0 n ,
(3)

III. PARTIALLY ROBUST E RGODIC R ESOURCE
A LLOCATION (PRERA)
In this section, we first start by reviewing the conventional
ERA problem in which the two constraints (macro QoS and
femto power constraints) are satisfied only in average sense.
The ultimate goal of this paper is to alleviate the aforementioned drawback of the conventional ERA problem where
both average interference threshold as well as total power
constraints are replaced by their probabilistic counterparts.
The resulting modified problem is called Fully Robust Ergodic
Resource Allocation (FRERA). We have not been able to find
the optimal solution for FRERA and therefore in Section IV,
we propose an iterative approach (IA) to solve it. To be able
to assess the optimality of the IA method, in this section we
consider a simpler case where we replace the interference
threshold constraint by the collision probability constraint but
leave the other average-based constraint intact to form a new
problem called Partially Robust Ergodic Resource Allocation
(PRERA) problem. We then obtain the optimal solution of the
proposed PRERA problem followed by a solution based on
IA. Simulation results show the optimality of the proposed
IA method. We then conjecture that the FRERA problem
solution obtained based on IA should not also be far away
from optimal. We also propose a less complex sub-optimal
method called the analytical approach.

kf ∈Kf

where ρkf n ∈ {0, 1} is the assignment factor indicating
whether subcarrier n is assigned to the kfth femto user and
pkf n is the allocated power for the kfth femto user on subcarrier n.

A. ERA and its solution
The allocated rate for femto user kf on subcarrier n can be
obtained as follows:
pk n αkf n
rkf n = log(1 + f
),
(5)
Γkf n

C. Statistical femto network limitations
Similar to the last subsection, the femto average total
transmit power constraint in conventional ERA problems has
to be modified to a one in which the instantaneous total
transmit power constraint is below a desired threshold with
arbitrarily low probability. Therefore, the transmission power
constraint is considered by a pair of parameters, (PfT , ζfp ),
2 We

assume that the number of macro users is large. Since the transmitted
signals from macro users can be considered to be independent, the resulting
interference can be considered as a Gaussian random variable based on the
central limit theorem. Now given the distribution is known by the femto
service, the parameters of this distribution can be easily estimated based on
the received signals from macro network using parametric density estimation
methods [40].

where Γkf n is the SNR gap which is obtained for a given
target bit error rate, BERkf n , and modulation type. Based on
[43], Γkn can be written as


c2
Γkf n = c1 ln
,
(6)
BERkf n
where c1 and c2 are constants which are related to the type
of modulation and noise margins [37].
The RA problem is then defined as follows with the
objective of maximizing the average sum rate subject to
the average interference constraint as well as average total
transmission power and subcarrier assignment constraints:
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s.t.

Problem OERA :
max Eαf Egf

pf ,ρf

s.t.

Eαf Egf

⎧
⎨
⎩

⎩

⎫
⎬



ρkf n rkf n

n∈Nf kf ∈Kf

⎧
⎨



⎫
⎬
ρkf n pkf n

n∈Nf kf ∈Kf

Eαf Egf

⎧
⎨ 
⎩

kf ∈Kf

⎫
⎬

ρkf n pkf n gkf∗ n
0 ⎭

⎭

⎭

,

(7)

⎧
⎨ 

Eαf Egf
≤ PfT ,

(8)



⎩

⎩



⎫
⎬

≤ PfT ,

(13)

≤ Qk0∗ n , ∀n ∈ Nf ,

(14)

skf n

n∈Nf kf ∈Kf

⎫
⎬
skf n gk0∗ n

kf ∈Kf

⎭

⎭

ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ [0, 1], ∀n ∈ Nf , kf ∈ Kf .

kf ∈Kf

(15)

≤ Qk0∗ n , ∀n ∈ Nf ,
(9)



Eαf Egf

⎧
⎨
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ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ {0, 1}, ∀kf , n ∈ Nf ,

This problem is a convex optimization problem and there
exists a unique optimal solution, which can be obtained by
dual decomposition method. The optimal power allocation for
femto user kf on subcarrier n is given by the following waterfilling equation

kf ∈Kf

(10)
where (8) represents the average total transmission power
on all fading realizations across all allocated subcarriers and
femto users. Moreover, (9) denotes the the average imposed
interference constraint on each subcarrier across all macro
users and k0∗ = argmink0 ∈K0 Qk0 n 3 . Equation (10) guaranties
that each subcarrier n is only assigned to one femto user.
This problem is non-convex due to constraint (10). In
order to transform the problem into a convex problem, a
sharing factor ρkf n ∈ [0, 1] is introduced indicating the
portion of time that subcarrier n is assigned to femto user kf
during each transmission frame. This time-sharing technique
was first proposed in [12] and has been frequently used in
the context of subcarrier assignment in OFDMA systems to
convert a mixed integer programming problem into a convex
optimization problem [44], [45]. In addition, we introduce a
variable skf n = ρkf n pkf n for all kf and n. Clearly, skf n
becomes the actual amount of power allocated to user kf on
subcarrier n, whereas pkf n is the power as if subcarrier n is
occupied by femto user kf only. If ρkf n = 0, we always have
skf n = 0 but pkf n is not necessarily equal to zero. Thus, the
allocated rate for femto user kf on subcarrier n is reformulated
as follows
sk n αkf n
rkf n = log(1 + f
).
(11)
ρkf n Γkf n
The original problem OERA is then transformed into:
Problem OERA−convex :
⎧
⎫
⎨ 
⎬
max Eαf Egf
ρkf n rkf n ,
(12)
⎩
⎭
sf ,ρf
n∈Nf kf ∈Kf


3 The

original constraint (9) is in fact Eα Eg


kf ∈Kf


ρkn pkn gk0 n

p∗kf n =

ρkf n


=

Γk n
1
− f
(λ + μn gk0∗ n ) ln 2 αkf n

+
,

(16)

where λ and μn , ∀n ∈ Nf are lagrangian multipliers and
Δ
[x]+ = max{x, 0}. Subcarrier n is allocated to the femto user
kf i.e., ρkf n = 1 and ρk n = 0, ∀k  = k if νn ≤ Hkf n
otherwise ρkf n = 0 where νn , ∀n ∈ Nf are Lagrangian
multipliers related to subcarrier allocation constraints and
sk n αk n
sk n αk n
Hkf n = log(1 + fΓk nf ) − ln 2(sk nfαk nf+Γk n ) .
f
f
f
f
It has been shown in [16] that for ergodic OFDMA based
problems, with probability very close to one, the optimal
solution for OERA−Convex is also optimal for OERA .
B. PRERA and its solution
Now we substitute the average interference threshold constraint by the collision probability constraint. The optimization
problem is then reformulated as
Problem OP RERA :
⎧
⎫
⎨ 
⎬
max Eαf
ρkf n rkf n ,
(17)
⎩
⎭
pf ,ρf
n∈Nf kf ∈Kf

s.t.

Pr

⎧
⎨ 
⎩

kf ∈Kf

Eαf

⎧
⎨
⎩



⎫
⎬
ρkf n pkf n

n∈Nf kf ∈Kf

⎫
⎬
ρkf n pkf n gk0∗ n > Qk0∗ n

⎭

⎭

≤ PfT ,

(18)

≤ ζkI0∗ n , ∀n ∈ Nf ,
(19)

≤

Qk0 n , ∀n ∈ Nf , k0 ∈ K0 which necessitates to obtain Nf K0 + 1 Lagrange
multipliers. This imposes a high computational complexity. To reduce this
complexity and make the problem more tractable, a new set of parameters
Qk0∗ n , n ∈ Nf are considered where k0∗ for each n is defined as k0∗ =
argmink0 ∈K0 Qk0 n . This results in a modified version of constraint (9) in
which we only deal with N + 1 Lagrange multipliers.

s∗kf n



ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ {0, 1}, ∀kf , n ∈ Nf .

kf ∈Kf

(20)
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1) Optimal Approach (OA): The collision probability constraint, (19), can be simplified to
⎫
⎧
⎬
⎨ 
ρkf n pkf n gk0∗ n > Qk0∗ n
Pr
(21)
⎭
⎩

kf ∈Kf



kf ∈Kf

= Pr

⎧
⎪
⎪
⎨
⎪
⎪
⎩



gk0∗ n >

kf ∈Kf

(22)

⎞

⎜
⎟
Qk0∗ n
⎟ ≤ ζkI∗ n .
= 1 − Fgk∗ n ⎜
⎝ 
⎠
0
0
ρkf n pkf n

Since the probability distribution function is monotonically
increasing, for a given subcarrier n and macro user k0∗ , (21)
can be substituted with

Qk ∗ n
 0
.
ρkf n pkf n ≤
(24)
1 − ζkI∗ n
Fg−1
kf ∈Kf
k∗ n
0

Inequality (24) suggests a threshold on the allocated power
to subcarrier n across all the femto users as a function of
the collision probability constraint. Consequently, the original
problem can be written as
Problem ÕP RERA−OA :
⎧
⎫
⎨ 
⎬
max Eαf
ρkf n rkf n ,
(25)
⎩
⎭
pf ,ρf
n∈Nf kf ∈Kf

s.t.


Eαf

⎧
⎨
⎩



≤ PfT ,

(26)

Qk ∗ n
 0
 , ∀n ∈ Nf ,
1 − ζkI∗ n

(27)

ρkf n pkf n

n∈Nf kf ∈Kf

ρkf n pkf n ≤

kf ∈Kf

F −1
f
gk
∗n

⎭

0

0



⎫
⎬

ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ {0, 1}, ∀kf , n ∈ Nf .

kf ∈Kf

(28)
Although we were able to transform the probabilistic
constraint into a non-probabilistic one, the problem is still not
convex. Similar to OERA , we relax the subcarrier allocation
indicator and introduce a variable skf n = ρkf n pkf n for all
kf and n. Thus, the allocated rate for femto user kf on
subcarrier n is similar to (11). Finally, ÕP RERA−OA is
transformed into the following convex problem:
Problem ÔP RERA−OA :
⎧
⎨
max Eαf
⎩
sf ,ρf



⎫
⎬
ρkf n rkf n

n∈Nf kf ∈Kf

s.t.

Eαf

⎧
⎨
⎩



n∈Nf kf ∈Kf

⎫
⎬
skf n

⎭

,

(29)

≤ PfT ,

(30)

⎭

0

0

ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ [0, 1],

∀k, n ∈ Nf .

The unique optimal solution of this problem can be obtained by the dual decomposition method. The optimal power
allocation for femto user kf on subcarrier n is given by the
following water-filling equation
p∗kf n

(23)

kf ∈Kf

0

(31)

(32)

ρkf n pkf n ⎪
⎪
⎭

⎛

Qk ∗ n
 0
 , ∀n ∈ Nf ,
I
1
−
ζ
Fg−1
∗
∗
k n
k n

kf ∈Kf

⎫
⎪
⎪
⎬

Qk0∗ n

skf n ≤

=

s∗kf n
ρkf n



Γk n
1
− f
=
(λ + μn ) ln 2 αkf n

+
,

(33)

Subcarrier n is allocated to the femto user kf i.e., ρkf n = 1
and ρkf n = 0, ∀kf = kf if νn ≤ Hkf n otherwise ρkf n = 0
where νn , ∀n ∈ Nf are Lagrangian multipliers related
to subcarrier allocation constraints and Hkf n = log(1 +
skf n αkf n
skf n αkf n
Γk n ) − ln 2(sk n αk n +Γk n ) .
f

f

f

f

C. Iterative Approach (IA)
In this approach, instead of solving OP RERA directly, a
new RA problem is solved iteratively. To do so, the probabilistic constraint is eliminated and substituted by a nonprobabilistic conventional constraint. The new optimization
problem is solved iteratively until probability constraints are
satisfied. In fact, IA adjusts the key parameters (maximum
allowable average power of interference) such that after sufficient number of iterations, collision probability is satisfied.
In other words in each iteration, the collision probability
constraint is eliminated from OP RERA and substituted by
average interference threshold constraint for each subcarrier.
n
Let l be the iteration number and θCO
∈ [0, 1], ∀n ∈ Nf be
scaling parameters. The adjusted average maximum allowable
interference constraint at the lth iteration for subcarrier n is
n
Q̂n (l − 1) ≤ Q̂n (l − 1), ∀n ∈ Nf .
yielded as Q̂n (l) = θCO
Thus, the new constraint is obtained as follows:


 f
ḡk∗ n Eαkf n ρkf n pkf n (αkf n ) ≤ Q̂n (l), ∀n ∈ Nf , (34)
kf ∈Kf

0

where ḡkf0 n is the average of gkf0 n .
IA can be implemented in four steps which is summarized
in Table I.
For all femto transmitters, the corresponding process Q̂n (l)
n
is a decreasing of function l since θCO
(l) ∈ [0, 1]. Therefore,
f
COk∗ n (l) will be decreased by increasing l. It can be easily
0
n
seen that as l tends to ∞, θCO
(l) tends to 1, implying the
convergence of the algorithm.
Remark 1: In IA, we can control the speed of convergence
n
n Θ
via θCO
(l) = (1 − DCO
) where Θ ≥ 1. In fact for Θ >
1, the value of auxiliary parameters will be adjusted faster,
making the algorithm converge quicker. However, this faster
convergence comes at the cost of smaller femto ergodic sum
rate. This is mainly because for Θ > 1, the algorithm jumps
over some feasible solutions that may satisfy the probabilistic
constraints.
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TABLE I
A LGORITHM I

Step1: Initialize the auxiliary variables, Q̂n (l = 1) =
πnI maxu Qk0 n where πnI is an arbitrary positive large number,
Step2: Generate the new optimization problem, OP RERA−IA ,
at the lth iteration,
Step2.1: Similar to OERA , relax the subcarrier allocation
constraint and define a variable skf n = ρkf n pkf n ,
Step2.2: Take the derivative of the corresponding Lagrangian function with respect to skf n
Step2.3: Obtain the allocated power for femto user kf on
subcarrier n with some mathematical manipulations which is
depicted in the second row of Table II.
Step3: Using the obtained power allocation and allocated subcarriers, compute the collision and power outage probabilities
at the lth iteration,
n
Step4: Compute DCO
(l) = |CO fk∗ n (l) − ζkI0∗ n |, ∀n ∈ Nf ,
0
n
Step4.1: If DCO (l) ≤ , 4 ∀n ∈ Nf , then go to Step5,
n
n
Step4.2: Compute θCO
(l) = 1 − DCO
(l), ∀n ∈ Nf ,
l=l+1
n
and adjust the auxiliary variables as Q̂n (l) = θCO
(l)Q̂n (l−1),
then go to Step2,
Step5: End.

Remark 2: Remark 1 shows that the designer can always
make a compromise between the complexity of the RA
problem and the performance of the femto network. A larger
Θ, yields remarkably faster convergence at the expense of
noticeably weaker performance, and vice versa.
Remark 3: In simulation results, we compare the sumrate obtained based on the optimal approach and that of our
proposed IA algorithm and show that the performance of IA
is very close to optimal.
D. Analytical Approach (AA)
The required computational complexity of solving the optimization problem based on IA can be pretty high when we
are dealing with probabilistic constraints. To tackle this issue,
we propose the AA approach. In this approach, the considered
probabilistic constraint is substituted by non-probabilistic using upper bounds as will be explained in the sequel.
1) Upper bound on collision probability based on Markov’s
inequality: We suggest an upper bound on the collision
probability using the Markov’s Inequality. For the k0th macro
user on subcarrier n we have

COfk0 n = Pr

= Eα

⎧
⎨
⎩

Pr

⎧
⎨ 
⎩

kf ∈Kf

⎧
⎨ 
⎩

kf ∈Kf

≤ Eαf

pkf n (αkf n )gkf0 n > Qk0 n

pkf n (αkf n )gkf0 n

> Qk0 n |α

f

⎫
⎬
⎭

⎪
⎪
⎩

Qk0 n

⎪
⎪
⎭

.

Qk0 n

(38)

With some manipulations, (35) is modified to

kf ∈Kf


ḡk0 n Eαkf n


pkf n (αkf n ) ≤ ζkI0 n Qk0 n .

(39)

Replacing (19) in OP RERA with (39), the problem can
be formulated into a tractable optimization problem called,
OP RERA−AA−M . Taking the derivative of the corresponding
Lagrangian function with respect to skf n and with some
mathematical manipulations, the solution is obtained which
is depicted in the third row of Table II.
2) Upper bound on collision probability based on Bernstein
approximation: We can also use an upper bound on the collision probability using the Bernstein Approximation. Using
this approximation, collision probability for k0th macro user on
subcarrier n can be substituted with the following constraint
[46], [47]



−1
inf Eαf k0 n + τ
Λ(τ pkf n (αkf n )) ≤ 0, (40)

τ >0

kf ∈Kf

where
k0 n = −Qk0 n − τ log ζkI0 n ,

(41)

and




zx
Λ(z) = max ln( e dfg (x)) .

(42)

fg (x)

The tractability of the above modified constraint depends on
efficiently computing Λ(z). The following upper bound can be
used to deal with this issue:
 (σ f z f )2

Λ(zkf0 n ) ≤ max μfk0−n zkf0 n , μfk0+n zfk0 n + k0 n k0 n , (43)
2
where μfk0−n , μfk0+n and (σkf0 n )2 are fixed and can be determined
based on the probability distribution. More details can be
found in Table 1 of [47]. Substituting this upper bound in
(40), we obtain


 
k−
k+
max μkf n pkf n (αkf n ), μkf n pkf n (αkf n )
Eαf
kf ∈Kf

(44)

−Qk0 n +

(36)

2 log

1

 

ζkI0 n

(pkf n (αkf n )σkk0 n )2

1/2 
≤ 0.

kf ∈Kf

We suppose that gkf0 n is bounded and belongs to [afk0 n , bfk0 n ]
and normalized to [−1, 1]. The normalized interference chan-

⎧ 
⎫
f
⎪
⎪
ḡ
p
(α
)
⎪
⎪
k
n
k
n
f
f
k0 n
⎨
⎬
kf ∈Kf

kf ∈Kf



ḡkf0 n Eαk0 n pkf n (αkf n )

(35)

⎫⎫
⎬⎬
⎭⎭

=

2095

(37)

nel power is denoted by ǎfk0 n =
bfk n +afk n
0
0
2

and ǧkf0 n =

bfk

f
gk
−b̌fk n
0n
0
f
ǎk n
0

0n

−afk n
0
2

where b̌fk0 n =

. Thus, the normalized

version of (44) can be obtained as follows [48]
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TABLE II
A LLOCATED POWER FOR DIFFERENT APPROACHES IN PRERA
Approaches

Allocated power

1

IA

AA-B

f


AA-M


kf ∈Kf

+

2 log

1
ζkI0 n

(λ+Υ ∗ μn ) ln 2
k0 n
f

− Qk0 n +



1

1

(λ+ḡk n μn ) ln 2
0


Eαf

f
(λ+ḡ ∗ μn ) ln 2
k n
0

 
kf ∈Kf

−
−
−

Γk n
f
αk n

+

f

Γk n
f
αk n
f

Γk n
f
αk n

+

+

pf ,ρf

f

(ǎfk0 n pkf n (αkf n )σkf0 n )2

2 log

s.t.

1



≤ 0.

ζkI0 n

kf ∈Kf


|ǎfk0 n pkf n (αkf n )σkf0 n |

≤ 0.

Thus, after some mathematical manipulation of (46), collision probability constraint (19) is substituted by the following
average transmission power constraint:
⎫
⎧
⎬
⎨ 
Υfk0 n pkf n (αkf n ) ≤ Qk0 n ,
(47)
Eαf
⎭
⎩
kf ∈Kf

where Υfk0 n = (b̌fk0 n + ǎfk0 n μfk0+n ) +

(2), (4), (10),

A. Iterative Approach (IA)

1/2 

kf ∈Kf

+

kf ∈Kf nf ∈Nf

(b̌fk0 n + ǎfk0 n μfk0+n )pkf n (αkf n ) (45)

Using the fact that  x 2 ≤ x 1 where  x q denotes
norm q vector of x, we can obtain a more tractable constraint
as follows which substitutes the collision probability:

 f
(b̌k0 n + ǎfk0 n μfk0+n )pkf n (αkf n ) (46)
Eαf − Qk0 n +


problem as fully robust ergodic resource allocation (FRERA).
In contrast to PRERA, we are not able to transform this
problem into a convex one. Therefore, we are confined to
use the proposed IA and AA algorithms. We also propose
suboptimal algorithms referred to as hybrid approaches (HA).
The FRERA problem is formulated as follows:
Problem OF RERA :


 
max
Eαkf n ρkf n rkf n (αkf n ) ,
(48)


2 log ζ I1 |ǎfk0 n σkf0 n |.
k0 n

Using the modified constraint, OP RERA can be formulated
into a tractable optimization problem called OP RERA−AA−B .
Taking the derivative of the corresponding Lagrangian
function with respect to skf n and with some mathematical
manipulations, we obtain the allocated power for each femto
user kf on subcarrier n which is depicted in last row of Table
II.
Remark 4: As can be seen from table II, the allocated powers
for the case of IA and AA-M is only a function of the mean
value of the interference channel gain. In other words, in
contrast to the original ERA problem, we do not need the
knowledge of I-CSI even in the online phase and only I-CDI
is necessary to obtain the mean. This is another important
advantage of the proposed scheme. This is not the case for
AA-B method.

In this approach we act similar to the case of PRERA.
Instead of solving OF RERA directly, a new RA problem
is realized where the probabilistic constraints are eliminated
and substituted by tractable constraints, i.e., the collision
probability constraint is substituted by average interference
threshold constraint and the power outage probability constraint is replaced by average transmission power constraint.
The new optimization problem is solved iteratively until
probability constraints are satisfied. In fact, IA adjusts the
key parameters (maximum average power of interference and
maximum average transmission power of femto base station)
such that after sufficient number of iterations, collision and
power outage probabilities are satisfied.
n
∈ [0, 1] and
Let l be the iteration number and θCO
θPOf ∈ [0, 1] be scaling parameters. The adjusted average maximum allowable interference constraint at the lth
iteration for subcarrier n and average maximum allowable
transmission power of femto base station are yielded as
n
Q̂n (l − 1) ≤ Q̂n (l − 1), ∀n ∈ Nf , and
Q̂n (l) = θCO
T
P̂f (l) = θPOf P̂fT (l − 1) ≤ P̂fT (l − 1), respectively. Thus,
the new constraints are obtained as follows:

kf ∈Kf



ḡkff n Eαkf n ρkf n pkf n (αkf n ) ≤ Q̂n (l),
∀n ∈ Nf ,






Eαkf n


ρkf n pkf n (αkf n ) ≤ P̂fT (l),

(49)

(50)

n∈Nf kf ∈Kf

IA can be implemented in four steps which is summarized
in Table III.

B. Analytical Approach (AA)
IV. F ULLY ROBUST E RGODIC R ESOURCE A LLOCATION
(FRERA) AND ITS SOLUTION
In this section, in addition to the collision probability
constraint, we replace the average power constraint with
power outage probability constraint. We refer to the resulting

Similar to the partially robust case, in order to reduce the
computational complexity, we propose the AA approach. In
this approach, probabilistic constraints are substituted by nonprobabilistic ones using upper bounds as will be explained in
the sequel.
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TABLE III
A LGORITHM II

TABLE IV
A LLOCATED POWER FOR DIFFERENT APPROACHES IN FRERA

Step1: Initialize the auxiliary variables, Q̂n (l = 1) =
πnI maxu Qk0 n and P̂fT (l = 1) = π p PfT πnI where πnI and
π p are arbitrary positive large number,
Step2: Generate the new optimization problem, OF RERA−IA ,
at the lth iteration,
Step2.1: Similar to OERA , relax the subcarrier allocation
constraint and define a variable skf n = ρkf n pkf n ,
Step2.2: Take the derivative of the corresponding Lagrangian function with respect to skf n
Step2.3: Obtain the allocated power for femto user kf on
subcarrier n with some mathematical manipulations which is
depicted in second row of Table IV.
Step3: Using the obtained power allocation and allocated subcarriers, compute the collision and power outage probabilities
at the lth iteration,
n
Step4: Compute DCO
(l) = |CO k0∗ n (l) − ζkI0∗ n |, ∀n, and
DPOf (l) = |POf (l) − ζ p |,
n
Step4.1: If DCO
(l) ≤ , ∀n ∈ Nf , and DPOf (l) ≤ ,
then go to Step5,
n
n
Step4.2: Compute θCO
(l) = 1 − DCO
(l), ∀n ∈ Nf ,
θPOf (l) = 1 − DPOf (l), set l = l + 1 and adjust the
n
auxiliary variables as Q̂n (l) = θCO
(l)Q̂n (l − 1) and P̂fT (l) =
T
θPOf (l)P̂f (l − 1), then go to Step2,
Step5: End.

1) Upper bound on power outage probability : We suggest
an upper bound on the power outage probability as follows

PO = Pr

⎧
⎨
⎩



pkf n (αkf n ) > PfT

n∈Nf kf ∈Kf





PfT
≤ Pr max pkf n (αkf n ) >
n,kf
Nf

=1−

n∈Nf kf ∈Kf

#

PfT
Pr pkf n (αkf n ) ≤
Nf

PfT
= 1 − Pr pkf n (αkf n ) ≤
Nf

(51)

!





⎭

(52)


PfT
= 1 − Pr max pkf n (αkf n ) ≤
n,k
Nf
"

⎫
⎬

!



"

!
(54)

!$Nf Kf
.

(55)

Based on (51) and with some manipulations, (4) is modified

Pr pkf n (αkf n ) ≤

PfT

!

Nf

≥


1 − ζkp .

Nf Kf

(56)

Using (56), we can replace the power outage probability
constraint with the following sufficient constraint

pkf n ≤

PfT Fα−1
(1 −
k n

%
1 − ζkp )

Nf Kf

f

N αkf n

,

Approaches

Allocated power

1

IA

f
(λ+ḡ ∗ μn ) ln 2
k n
0


1
Υk∗ μn ln 2

AA-B

k0 n


AA-M

1
ḡk0 n μn ln 2

−

−


HA-IIAP-M

HA-AIIP-M

1
f
ḡ ∗ μn ln 2
k0 n

−

+

f

Γk n
f

Γk n
f

αk n
f




p
−1
(1− Nf Kf (1−ζ ))
P T Fα
f
k
kf n
)
N αk n
f

Γk n
f



√

−1
P T Fα
(1− Nf Kf (1−ζ p ))
kf n
)
N f αk n
f



√
−1
PfT Fα
(1− Nf Kf (1−ζ p ))
kf n
)
N f αk n
f

αk n
f

(λ+ḡ ∗ μn ) ln 2
k n
0

Γk n
f
αk n

αk n
f

1

f

−

−

Γk n
f
αk n

+

f

where Fα−1
(·) is the inverse cumulative density function
kf n
(CDF) of random variable αkf n .
2) Upper bound on collision probability: Similar to the
partially robust case, we can obtain an upper bound on
the collision probability using the Markov’s Inequality and
Bernestain approach.
If we use Markov’s Inequality, the corresponding optimization problem, OF RERA , can be formulated into a tractable
optimization problem called, OF RERA−AA−M , by replacing
(2) with (39) and (4) with (57). Alternatively, if we adopt
Bernestain approach, the corresponding optimization problem,
OF RERA , can be formulated into a tractable optimization
problem called, OF RERA−AA−B , by replacing (2) with (47)
and (4) with (57). Taking the derivative of the corresponding
Lagrangian function with respect to skf n and with some
mathematical manipulations, the solution is obtained which
is depicted in the third and fourth rows of Table IV.
C. The hybrid approach

(53)

to
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(57)

As will be shown in simulation results, the performance
of IA is considerably better than that of AA at the expense
of larger computational complexity. To provide a trad-off
between performance and complexity in RERA, we can treat
one of the probabilistic constraints using AA and the other one
based on IA. This method is called hybrid approach (HA) and
depending on which method is applied to which constraint,
we have several combinations. For example, if the collision
probability constraint is treated based on IA and the power
outage probability constraints is taken care of using AA based
on Markov inequality, we demonstrate the resulting solution
method by HA-IIAP-M where II denotes Iterative-Interference
and AP-M denotes Analytical-Power-Markov. The resulting
power allocation for HA-IIAP-M and HA-AI-IP-M has been
reported in Table IV.
Remark 5: As can be seen from table IV, similar to the
case of PRERA, the allocated powers for the case of IA and
AA-M is only a function of the mean value of the interference
channel gain. This also applies to HA case as long as we do
not use the Bernstein method to treat any of the probabilistic
constraints.
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V. Q UANTIZED ROBUST E RGODIC R ESOURCE
A LLOCATION (QRERA)
In this section, we formulate the quantized version of the
RERA problem in which the domain of αkf n is divided into
J fading regions indexed by j = 0, 1, . . . , J − 1 that are
specified by their boundaries, Akf n (j), where Akf n (0) = 0,
Akf n (J) = ∞. In this system J-ary modulation is utilized
in which c(0) = 0, c(1) = 1, and c(j) = 2(j − 1), j =
2, . . . , J − 1 is the modulation rate for the j th region.
The average transmission rate and the average transmission
power for femto user kf on subcarrier n are respectively
obtained as the sum of the data rates and powers associated
to each of the regions multiplied by the probability that CINR
falls over that particular region [43]. In other words, we have


Eαkf n rkf n (αkf n , Akf n )
= ρkf n

J−1




Akf n (j+1)

c(j)

j=0

Akf n (j)

J−1



hkf n (j)

j=0

Akf n (j+1)

Akf n (j)

fαkf n (x)


f

x

dx,

2c(j) − 1
c2
ln
.
c1
BERkf n

0


Fgk∗ n
0


Qk0∗ n
)
pkf∗ n (αkf∗ n )

(64)

(65)

(66)

(67)


xQk0∗ n
fαk∗ n (x)dx. (68)
f
hkf∗ n (j)

(61)
J−1




Z φkf n (j) Pr pkf n (αkf n ) = φkf n (j) ,

j=0

Similar to O
, probabilistic constraints prevent us to
apply the dual method directly. Consequently, we propose
three approaches, abbreviated by QIA, QAA and QHA to
transform the proposed problem into one which can be solved
using the dual method.
A. Quantized Iterative Approach (QIA)

hk

  pk(n)n (αk (n)n ) 
f
GΥ(α) (Z) = Eα Z n∈Nf




ḡk0∗ n Eαkf n pkf n (αkf n , Akf n ) ≤ Q̂n (l), ∀n ∈ Nf , (62)

=

"



pkf (n)n (αkf (n)n )
Eαkf (n)n Z

(70)

(71)

n∈Nf

kf ∈Kf

(63)

n (j)

where φkf n (j) = Akf n (j) . In this step, we know the set of
f
subcarriers allocated to femto user kf . Thus, the allocated
femto user to subcarrier n is shown by kf (n). The PGF of
total allocated transmission power can be obtained as follows
where we assume femto channel coefficients are independent
and identically distributed:

We use an algorithm similar to Algorithm II where the
tractable constraints which are defined in Step 2 of that
algorithm are obtained as follows:

n∈Nf kf ∈Kf

⎭

The power outage probability can be obtained using power
Probability Mass Function (PMF) of the femto BS. For a
given boundary region and subcarrier assignment, we can use
Probability Generating Function (PGF) to obtain the PMF of
the allocated transmission power for each femto user. To do
this, the allocated transmission power PGF of femto user kf
on subcarrier n is obtained as follows:


(69)
Gpkf n (αkf n ) (Z) = Eαkf n Z pkf n (αkf n )

(2), (4), (10),



Eαkf n pkf n (αkf n , Akf n ) ≤ P̂fT (l).

Ak∗ n (j)

j=0

RERA



⎫
⎬



∗
∗
∗
∗
Pr pkf n (αkf n )gk0∗ n ≥ Qk0 n |αkf n

J−1
  Ak∗ n (j+1)

=



pkf n (αkf n )gk0∗ n ≥ Qk0∗ n

kf ∈Kf

f

kf ∈Kf n∈Nf

s.t.

⎩


= 1 − Eαk∗ n Fgk∗ n (

=1−

(60)

⎧
⎨ 



∗
∗
∗
= Pr pkf n (αkf n )gk0∗ n ≥ Qk0 n

(59)

The RA problem is then obtained as follows:
Problem OQRERA :


 
Eαkf n rkf n (αkf n , Akf n ) ,
max
Af ,ρf

0

= Eαk∗ n

fαkf n (x)dx,

where fαkf n (x) is the probability density function (pdf) of
αkf n and hkf n (j) is expressed as:
hkf n (j) =

COfk∗ n (l) = Pr

(58)



Eαkf n pkf n (αkf n , Akf n )
= ρkf n

Taking the derivative of the corresponding Lagrangian function with respect to Akf n (j) and with some mathematical
manipulations, we can obtain the fading boundary at j th region
for femto user kf on subcarrier n which is depicted in Table V.
Using the obtained boundary regions and allocated subcarriers,
the Step 3 of Algorithm II is modified such that the collision
probabilities at the lth iteration COfk∗ n (l) are computed as
0
follows:

=

"
n∈Nf



Gpkf (n)n (αkf (n)n ) (Z) = Gpk(n)n (αk(n)n ) (Z) (72)
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=

 J−1


Z

φkf (n)n (j)



Pr pkf (n)n (αkf (n)n ) = φkf (n)n (j) .

j=0



where Υ(αf ) =

n∈Nf

(73)

Based on (79), the total number of regions will be equal to
the cardinality of Ωkf n and denoted by Lkf n . The average
transmission rate and average transmission power can be
obtained as follows:

pkf (n)n (αkf (n)n ).



Eαkf n rkf n (αkf n , Akf n )

Based on the Multinomial Theorem, (72) can be computed
as follows:




GΥ(αf ) (Z) =
J−1

j=0

Nf
d1 , . . . , dJ

dj =Nf ,

 J−1
"

Z

dj
.
Pr pkf (n)n (αkf (n)n ) = φkf (n)n (j)

x∈Φf

= ρkf n

Pr pkf n (αkf n ) ≤

Nf



s.t.

hkf n (j)

Akf n (j+1)

Akf n (j)

(81)

fαkf n (x)
x

dx,

kf ∈Kf n∈Nf



ḡk0 n Eαkf n pkf n (αkf n , Akf n ) ≤ ζkI0 n Qk0 n ,

kf ∈Kf

∀n ∈ Nf , (83)


ρkf n = 1, ∀n ∈ Nf , ρkf n ∈ {0, 1}, ∀kf , n ∈ Nf ,

kf ∈Kf

(84)
On the other hand, if we adopt the upper bound on collision probability using Bernestein approach, Equation (83) is
replaced by

!
=



Nf (2rkf n − 1)
.
Pr αkf n ≥
PfT

fαkf n (x)dx,

If we use the upper bound on collision probability derived
by Markov’s inequality, the problem OQRERA can be reformulated as follows
Problem OQF RERA−AA−M :


 
max
Eαkf n rkf n (αkf n , Akf n ) ,
(82)

(76)

B. Quantized Analytical Approach (QAA)
Similar to the continuous case, the probabilistic constraints
are substituted by their corresponding upper bounds. With
some manipulations of (51), the upper bound on the power
outage probability for the quantized case can be obtained as
follows:
PfT


j=0

Af ,ρf


!
jn ∈ 0, . . . , J − 1
.



Lkf n −1

n∈Nf



Akf n (j)

(80)



Eαkf n pkf n (αkf n , Akf n )

(74)

Using (74), we can easily compute the power PMF of the
femto BS. Thus, the power outage probability can be obtained
as follows


f
T
POf = Pr Υ(α ) > Pf =



f
Pr Υ(α ) = x ,
(75)
1−

Akf n (j+1)

c(j)

j=0

d1 ,...,dJ ≥0

n∈Nf



= ρkf n

j=0

where Φf is defined as



Φf =
φkf (n)n (jn )|
φkf (n)n (jn ) ≤ PfT ,



Lkf n −1

φkf (n)n (j)
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(77)

Using (77) and (4), we can get the following inequality as
the power outage probability constraint





Eαkf n Υfk∗ n pkf n (αkf n , Akf n ) ≤ Qk0∗ n , n ∈ Nf , (85)

kf ∈Kf

0

to form OQF RERA−AA−B .
Taking the derivative of the corresponding Lagrangian func

%
tion
with respect to Akf n (j) and with some mathematical
PfT −1
rkf n ≤ log2 1 +
Fαk n (1 − Nf Kf 1 − ζ p ) .
(78) manipulations, we can obtain the fading boundary at the j th
f
Nf
region for femto user kf on subcarrier n which is depicted for
Based on (78), the set of possible rate regions is obtained
both problems in Table V.
as follows
Similar to the continuous case, we can also consider Quantized
Hybrid Approach (QHA) in which one of the probabilis


%
PfT −1
Nf Kf
p
tic
constraints
is treated based on QIA and the other one is
Ωkf n = c(j)|c(j) ≤ log2 2 +
F
(1 −
1−ζ ) ,
Nf αkf n
simplified based on QAA. This provides a trade-off between
(79) complexity and performance. The fading boundary regions

corresponding to QHA-IIAP and QHA-AIIP are reported in
j = 0, . . . , J − 1 .
Table V.
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TABLE V
T HE BOUNDARY FADING REGIONS OF FEMTO USER kf ON SUBCARRIER n,
Akf ,n (j)
hk n (j)−hk n (j−1)
f
+ μn ḡkf ∗ n ) f c(j)−c(j−1)
,
0
h
(j)−h
(j−1)
k n
k n
f

QIA

(λ

QAA-M

μn ḡk∗ n

QAA-B
QHA-IIAP
QHA-AIIP

f

j = 1, . . . , J − 1

f

, j = 1, . . . , Lkf n −
c(j)−c(j−1)
hk n (j)−hk n (j−1)
f
f
k
μn Υk∗ n
, j = 1, . . . , Lkf n
c(j)−c(j−1)
0
hk n (j)−hk n (j−1)
f
f
μn ḡk∗ n f c(j)−c(j−1)
, j = 1, . . . , Lkf n −
0

0

hk n (j)−hk n (j−1)
f
μn ḡkf ∗ n f c(j)−c(j−1)
,
0

1

1

j = 1, . . . , J − 1,

VI. C OMPUTATIONAL COMPLEXITY
In this part, we investigate the computational complexity
for the proposed methods. As it was mentioned in previous
sections, in the process of obtaining the near optimal solution
using the dual decomposition approach, we adopt the ellipsoid
method for updating Lagrange multipliers. For details of the
ellipsoid method see [49].
Utilizing the results presented in [49], the number of iterations required to achieve δ-optimality,
 2in a problem with X
Lagrange multipliers is in order of O Xδ2 . Moreover, in each
iteration5 , it is required to obtain subcarrier allocation for all
N sub-carriers. Therefore, in each iteration of the dual method,
subcarrier allocation equation is obtained Y times where Y is
the total number of assignment variables. Consequently,
 2  the
total computational complexity is in order of O YδX2 .
For example, in PRERA-AA the proposed optimization
problem which is solved by dual decomposition method has
X = 2Nf + 1 Lagrange multipliers. Moreover, the total
number of assignment variables is Y = Nf Kf . Accordingly,
the total computational complexity corresponding
to dual


Kf Nf (2Nf +1)2
decomposition solution is summed up to O
.
2
δ
As an another example in PRERA-IA, it is necessary that
the proposed optimization problem is solved ΛP RERA−IA (θ)
times using the dual method where ΛP RERA−IA (θ) is
the maximum number of iterations necessary for convergence. Therefore, the overall complexity
is in order of

Kf Nf (2Nf +1)2
. Note that the value of
ΛP RERA−IA (θ)O
δ2
ΛP RERA−IA (θ) depends on the considered system parameters
and is a decreasing function of θ which is discussed in Section
VII. The computational complexity for the remaining proposed
methods can be evaluated similarly and are reported in Table
VI.
VII. N UMERICAL R ESULTS
In this section, numerical results are presented. We consider
an OFDMA-based macro network with N = 1024 subcarriers
that includes a number of femto networks. We focus on the
BS of one femto network which is allowed to use a subset of
subcarriers, statically assigned to it, subject to macro network
interference constraints. These subcarriers are concurrently
used by the femto and macro networks but not other femto
networks.6 We investigate the convergence of the iterative
algorithm as well as the effect the proposed robust ERA
5 Not

to be confused with the iteration in our propsed IA method.
acknowledge that this model can be improved by allowing dynamic
subcarrier subset assignments to each femto BS as well as letting femto BS’s
to share subcarriers. However, this can be addressed in a future work.
6 We

TABLE VI
T HE COMPUTATIONAL COMPLEXITY OF DIFFERENT METHODS
Scheme

Computational Complexity Scheme

ERA

O

Kf Nf (2Nf +1)2
δ2

PRERA-AA-M

O

Kf Nf (2Nf +1)2
δ2

PRERA-AA-B

O

Kf Nf (2Nf +1)2
δ2

PRERA-IA

ΛP RERA−IA (θ)O

Kf Nf (2Nf +1)2
δ2

FRERA-IA

ΛF RERA−IA (θ)O

Kf Nf (2Nf +1)2
δ2

FRERA-AA-M

O

FRERA-HA-AIIP

ΛF RERA−HA−AIIP (θ)O

QFRERA-AA-M

O

FRERA-HA-IIAP

ΛF RERA−HA−IIAP (θ)O

4Kf Nf3
δ2

Kf Nf (2Nf +1)2
δ2

Kf Nf3
δ2

QFRERA-HA-IIAP

ΛQF RERA−HA−IIAP (θ)O

QFRERA-IA

ΛQF RERA−IA (θ)O

QFRERA-HA-AIIP

ΛQF RERA−HA−AIIP (θ)O

Kf Nf3
δ2

Nf3 Kf
δ2

Kf Nf (Nf +1)2
δ2
Kf Nf (Nf +1)2
δ2

to stabilize the instantaneous values of femto BS consumed
power as well as femto BS inflicted interference on the macro
network. scenarios. We also show the impact of different
system parameters, particularly collision and power outage
probabilities, on the average sum rate of femto service.
In the considered framework, we set Nf = 128 unless
otherwise stated. Femto users are assumed to be uniformly
distributed in a cell of radius R = 100 m. We consider
K0 = 15 macro receivers which are in the vicinity of
femto users with maximum distance Ru = 1000 m from
the femto transmitters. The shadowing effect follows a lognormal distribution, and the small-scale fading is assumed to
be Rayleigh distributed. Moreover, we set W = 1 Hz and
−1.5
= 0.1937
N0 = 1 Watts/Hz, and the capacity gap Γ = ln(BER)
where the target BER is set to 10−4 . We also assume that
Vkf n has a normal distribution with zero mean and variance
1, and the maximum transmit power of the femto base station
is set to 1 Watt. The value of Q is set to N0 B Watts for all
macro users over all sub-carriers unless otherwise stated. For
the simulations where ζ p and ζkI0 n are not variable, we set
ζ p = ζkI0 n = 0.1, and also ζkI0 n = ζ I for all kf , u, and n.
For the iterative algorithms, we set πnI = 100, π P = 100, and
 = 10−4 .
A. Robustness against instantaneous violation of the ergodic
constraints
In this subsection, we investigate the effect of introducing
POf and COfk0 n on the issue of satisfying the instantaneous
transmit power constraints for the femto base station and the
instantaneous interference constraints for the macro users. We
first assume that at t = 0, the proposed problems are solved
and the Lagrange multipliers are derived for the upcoming
time instants. For each new instant of time, based on the
Lagrange multipliers at t = 0 and new I-CSI and F-CSI values,
new allocations are made for power and subcarriers.
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PTf =1 Watt
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6
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macro users. This causes the macro users to experience severe
performance degradation. Such a high probability is reduced
to 5 and 35 percents in case of FRERA. As can be seen for
ζ p = 0.05, the instantaneous interference is almost always
below the desired threshold.
B. Performance comparison of PRERA and QPRERA

0.8
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Fig. 2. Femto ergodic sum rate vs. Kf for PRERA and QPRERA with
different levels of quantization.
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1.8

Femto ergodic sum rate [bit/Sec/Hz]

Transmission power of femto base station

MOKARI et al.: QUANTIZED ERGODIC RADIO RESOURCE ALLOCATION IN COGNITIVE FEMTO NETWORKS WITH CONTROLLED COLLISION...

20

40
60
Frame Index

80

100

(b)
Fig. 1. (a) The impact of PO f on the instantaneous femto total transmit
power, (b) the impact of COfk0 n on the on the instantaneous interference on
macro service.

We start by comparing the instantaneous total transmit
power of the femto base station in ERA and FRERA. In Fig.
1(a), FRERA has been solved based on IA for ζ p = 0.15
and ζ p = 0.05. As can be seen, in ERA, the transmit power
of femto base station cannot be guaranteed instantaneously
and shows large scale variations around PfT . In other words,
with a high probability, the femto base station needs more
transmit power than its limit, i.e., PfT . By using FRERAIA, the variation range is reduced compared to that of ERA
while the total power still exceeds its maximum with nonnegligible probability. Such a probability can be controlled
and kept under any desired value. In particular, we have set
this value to 0.15 and 0.05. As can be seen, for ζ p = 0.05,
the instantaneous total power is almost a straight line.
Similar results to the previous figure can be obtained for
the instantaneous interference caused by femto network on
macro network. In Fig. 1(b), we have shown the variations
of interference on one subcarrier versus time for ERA and
FRERA for ζ I = 0.35 and ζ I = 0.05, where FRERA
is solved based on the IA method. As can be seen, the
imposed interference by femto base station in ERA cannot
be guaranteed instantaneously and has large scale variations
around Q, meaning that with a high probability, femto base
station imposes an interference higher than the threshold on

In Fig. 2, the performance of PRERA versus the total
number of femto users KF is compared. We have used the
iterative approach due to its superior performance as well as
the optimal approach as the benchmark. The performance of
Bernsetin and Markov method is also demonstrated. It can
be confirmed that the IA method results in average sumrates very close to that of the optimal solution, implying
that the proposed iterative approach has a close-to-optimum
performance. It is also observed that AA-M has the worst
performance and AA-B exhibits a performance worse than IA
but better than AA-M. Note that IA and AA-M do not require
the knowlge of I-CSI while AA-B needs this information in
the transmission phase.
C. Effect of the value of Q on the system performance
In Fig. 3, for QFRERA, we show the femto ergodic sum rate
versus different values of NQ0 B . Clearly, by increasing the value
of NQ0 B , the femto ergodic sum rate is increased. When NQ
<
0B
1, increasing ζ p from 0.1 to 0.2 has little effect on femto
ergodic sum rate. It is because, in this case, the constraint
corresponding to interference is the dominant constraint of
the optimization problem, and the limit of transmit power of
SUs does not affect the optimal value. However, in this case,
the effect of increasing ζ I is considerable.
> 1, each of POf or COfk0 n can have a
When NQ
0B
dominant effect. Therefore in this case, the best performance
occurs when both ζ p and ζ I have large values, i.e., 0.2.
Also, the worst performance is observed when ζ p = 0.1 and
ζ I = 0.1.
D. Iterative algorithm and its convergence behavior
In Figs. 4(a) and 4(b), we study the effect of the value of
Θ on the performance of iterative and hybrid approaches to
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VIII. C ONCLUSION
In this paper we proposed a robust ergodic resource allocation scheme in the framework of an OFDMA-based underlay
heterogenous network. In the proposed scheme, the average
based constraints of conventional ERA problems are replaced
by probabilistic constrains such that these constraints can be
met instantaneously with any desired high probability. Due
to the inclusion of the probabilistic constraints, the proposed

Femto errgodic sum rate [Bit/Sec/Hz]

5.5

solve different RERA problem. As can be seen, decreasing
the value of Θ, increases the femto ergodic sum rate. This
increase, however, is not cost free as will be explained later.
Figs. 5(a) to 5(d) show the number of iterations required for IA
and HA methods to converge when applied to different RERA
problems. As can be seen in Figs. 5(a) to 5(d), decreasing the
value of Θ, increases the convergence time of IA and HA
methods. This is the cost we incur when we need larger sum
rates.
These figures highlight the important role of Θ on the
tradeoff between performance and convergence time for IA
and HA. When a smaller convergence time to reach a solution is required (e.g., in highly dynamic situations such as
fast moving users in femto network), larger values of Θ is
appealing at the expense of reducing the femto ergodic sum
rate.
In the last figure, we slightly modify the framework. We
still assume that the macro network has 1024 subcarriers and
femto networks can opportunistically use these subcarriers.
However, instead of fixing Nf = 128 subcarriers for femto
network, for a given number of femto BS’s, F , we divided the
set of 1024 subcarrers into F mutually exclusive subsets, each
assigned statically to one femto BS. Then each femto BS can
independently use the proposed RERA schemes to optimally
allocate power and subcarriers within the assigned subcarrier
subset. Therefore, the less the number of femto networks, the
larger number of subcarrier out of 1024 can be deployed by
each femto. We obtain the sum-rate based on the QIA scheme.
As can be seen in Fig. 6, by increasing the number of femto
networks, the sum-rate of each femto is decreased which is is
not unexpectable.

QFRERA−IA
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4
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3
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2
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4
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(b)
Fig. 4. (a) The impact of Θ on the performance of CRERA, (b) the impact
of Θ on the performance of QRERA.

ERA problems could not be solved directly based on the
dual method. Therefore, we proposed an iterative approach
to solve them. To reduce the complexity of the proposed
iterative approach, we also proposed a suboptimal method
called the analytical approach. A hybrid approach was also
proposed that provides a trade-off between the good performance of the iterative approach and the low complexity of the
analytical approach. We considered both cases of continuous
and quantized F-CSI and the proposed solution methods were
modified accordingly. In simulation results, we demonstrated
the robustness resulting from the proposed scheme on the
instantaneous femto total power and on femto interference
on the macro service. We also investigated the convergence
properties as well as optimality of the proposed iterative
approach.
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