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Abstract—Lower and upper bounds are derived for the sum
capacity of synchronous CDMA where the signature matrix and
input alphabets are binary or   -ary, in two cases of
noiseless and noisy channels. The bounds are very tight in some
regions. Interestingly, simulations show that the formulas for noisy
systems tend to the ones for noiseless system as noise tends to 
while it cannot be deduced easily from the formulas. The results
give good insights about the extent of the number of users in which
errorless communication is possible for a system with a given chip
rate.

I. INTRODUCTION
The Welch Bound Equality (WBE) codes proposed for CDMA
systems maximize the sum capacity when the user signals are
analog with Gaussian distribution and the signature matrix is
real valued provided that the users have equal powers with
AWGN [1]. References [2] and [3] have considered the cases
with unequal powers.
However, in practice it is more desirable to use discrete
quantized signals for the users. In this case, the WBE codes are
no longer optimum and the sum capacity formulas haves finite
values even for noiseless channels. Lower and upper bounds for
the sum capacity of noisy and noiseless CDMA systems with
binary users and binary signature matrices have been recently
derived in [4-8]. In addition, some practical codes have been
proposed in [8]. Also, binary signature and ternary inputs have
been discussed in [9].
In this paper, we plan to derive lower and upper bounds for the
sum capacity of synchronous CDMA systems with more general
input and signature matrices. We focus on systems with
binary/  -ary signature matrices in conjunction with
binary/  -ary input vectors in noiseless and AWGN
channels. The bounds show that despite the interference among
the users, we can have highly overloaded CDMA systems with
almost no loss of information; this point may have significant
implications in increasing the capacity of CDMA systems when
the bandwidth is limited. More general results have also been
derived but are omitted because of the limitation in pages. Also,
because of 5 page limitation, please refer to the following
website for the proofs of theorems:

http://acri.sharif.edu/en/g7/kotob/default.asp?page=1
Section II covers preliminaries. Lower bound for channel
capacity in noiseless and noisy cases are derived in Section III
and IV respectively. Section V includes upper bounds.
Simulation results are discussed in section VI. Finally, section
VII is a summary of the paper.
II. PRELIMINARIES
In a CDMA system, each user multiplies its data by an -chip
vector before transmission. Moreover, there exists a background
noise         such that  ’s are i.i.d. random
variables with pdf . The channel model, under the assumption
of user synchronization, is




  

where  is the signature matrix whose columns are the signature
vectors of the users and  is the observed vector at the receiver
end. The sum capacity is defined as
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where the signature codes belong to the set   and is the set
of input alphabets, i.e.,   0 - 01  $ 1 . The
maximization must be taken over all multiplicative distributions
on  because the users are independent of each other. In fact the
above equation shows that for a system with given chip rate,
number of users, signature and input alphabet and the white
noise with PDF , there exists a signature matrix that gives us a
capacity of      .

In this paper our goal is to obtain lower and upper bounds for
     , where  is 23 4 or 25 3  -  3 4 and
is
23 4 or 25 3  -  3 4. The lower bound is obtained by two
main steps, at the first step we fix a product distribution on the
input vectors and in the second step we average ./  over all
signature matrices instead of finding the matrix that maximizes
it. Different distributions on the input vectors and signature
matrices give different lower bounds that every one may be
good in one region. Therefore, the general form of our lower
bounds is
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where  has some distribution on 1 and  is also picked from
%'1  randomly with some distribution. In this paper, the
probability distribution on matrix  and vector  is such that
their entries are <= <= >= . Also, the distribution of each entry of 
and  are assumed to be symmetric, i.e.,
?9@A  B;  ?9@A  CB;  DE FGH B $  I J K 254
?0  B  ?0  CB  LE FGH B $  I J K 254

For deriving upper bounds, we use a conjecture that seems
obvious but has not been proven yet.
In the following section, we will derive lower bounds for the
sum channel capacity       in the absence of noise,
and we will denote this capacity by     .
III. LOWER BOUNDS FOR THE SUM CAPACITY OF CDMA
SYSTEMS IN NOISELESS CASE

In this section we propose a lower bound for the sum capacity in
the absence of noise. We study the cases of binary/  -ary
matrices acting on binary and ternary vectors. The results give
better insights about the extent of the number of users in which
errorless communication is possible for a system with a given
chip rate.
III.1. BINARY/  -ARY MATRIX WITH BINARY INPUTS
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where ^) B is equal to the probability of the event _  - 
_E  5, where _ $  for <   -  B according to the
probability distribution on .
Corollary 1
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III.2. BINARY/  -ARY MATRIX WITH TERNARY INPUTS

Theorem 3 For   25 3    3 4 or   23 4
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For the all-binary case, we only restate our result in [7].
Theorem 1 [7]
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IV. LOWER BOUNDS FOR THE SUM CAPACITY OF CDMA
SYSTEMS IN NOSY CASE

In this section we repeat the discussions of the previous section
for AWGN channels. In this section we focus on more practical
cases of binary/ternary matrices with binary/ternary inputs.
Similar to the noiseless cases, different probability distributions
result in different bounds. The formulas for the case of
25 3    3 4-signatures and other noise distributions have
been also derived but omitted because of their complexities and
page limitation.
IV.1. BINARY/  -ARY MATRIX WITH BINARY INPUTS

The lower bound for the system with binary signatures and
binary inputs were derived in [7] and we only restate it here.
Theorem 4 (Gaussian Noise) [7] For any u,
v    23 4 23 4 w U 
6  C u MGN9x;
EWX

AWX

Following theorem gives a family of lower bounds for the sum
capacity of CDMA system when the users signature are ternary
and the input is binary in an AWGN channel.
Theorem 5 (Gaussian Noise) For any u,
v    25 3 4 23 4 w U 
6  C u MGN9x;
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IV.2.   -ARY MATRIX WITH TERNARY INPUTS



 

In this section we derive lower bounds in the case of ternary
input. We define
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V. UPPER BOUNDS

In this part, using a conjecture, we derive upper bounds for the
sum capacity of CDMA systems that we have discussed in
previous sections. We focus on binary/ternary matrices with
binary/ternary input. The conjecture seems clear but has not
been proved yet.
Conjecture Suppose   25 3    3 4 or 23 4 and

25 3  -  3 4 or 23 4. ./  is maximized when the
distribution on input data is symmetric, i.e., ?0  R 
?0  CR for all R $ .
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Theorem 9 (Conjectured Upper Bound) Let  be a symmetric
probability distribution function. We have

Theorem 7 (Gaussian Noise) For any u,
v 25 3 4 25 3 4
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Theorem 8 (Conjectured Upper Bound) Let  be a symmetric
probability distribution function. We have
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VI. SIMULATION RESULTS
In this section, we have simulated the two cases of ternary
signature with binary inputs and binary signature with ternary
inputs to see the behavior of the channel capacity for various
values of chip rates, number of users, matrices, and input
alphabets in the noisless and noisy channels.
The first simulation shows that for noiseless CDMA systems
with 25 3 4-signatures and 23 4-input with t chips, we can
have up to about p55 users without any noticeable loss of
information. Our method in deriving the lower bound is based
on averaging over all possible matrices. Figure 1 shows that if
we pick a random ternary matrix such that its probability of zero
is 5=5 and the probability of  and C are 5=t and 5=t, we
obtain the best lower bound for the sum capacity. Figure 2
depicts the behavior of the lower bound for different values of

7 iX . It shows that our formula for the noisy and noiseless
case are consistent and as 7 iX increases, the noisy lower
bound tends to the noiseless one. In this simulation, we fixed the
distribution on %'1 25 3 4 that maximizes the lower bound
for the noiseless system, i.e., DX  5=5. Since the input alphabet
has  letters, the slope of the lower bounds in the linear region is
unity. Comparing the results of this simulation with the ones in
[7] shows that lettig the entries of the signatures to be zero in
some places improves the sum capacity significantly. It could be
predicted since we add a degree of freedom to the system
structure.

number of users are very large), the probability of the alphabet
zero must be decreased. Figure 4 shows the behavior of our
formula for noisy channels and again tends to noiseless case as
7 iX increases. Notice that the slope of the curves in the linear
region is MGN p since the input has p alphabets.

Fig. 3. Lower bound for the sum capacity versus the number of
users for different distributions on the input vectors in the
noiseless system for  p.
Fig. 1. Lower bound for the sum capacity versus the number of
users for different distributions on the signature matrix in the
noiseless system for  t.

Fig. 4. Lower bound for the sum capacity versus the number of
users for different 7 iX ’s for  p.

In what follows we show the proposed lower and upper bounds
simultaneously. These figures show that the derived bounds are
very tight in a wide range.
Fig. 2. Lower bound for the sum capacity versus the number of
users for different 7 iX ’s for  t.

In the second simulation, we simulated the case of 23 4signatures with 25 3 4-inputs for noiseless channel. We fixed
different symmetric distributions on the input alphabet and
obtain different lower bounds (LX is the probability of being
zero). As it is shown in Fig. 3 at the linear region of the bounds
the best result corresponds to LX  5=pp and when the number of
users becomes very large the optimum input distribution is no
longer uniform. However, this simulation shows that in a
CDMA system with binary signatures and ternary inputs that
has p chips, we can have up to 5 users without any significant
loss of information. In high interference region (when the

VII. CONCLUSION AND FUTURE WORKS
In this paper, we derived lower and upper bounds for the sum
channel capacity of several CDMA systems, i.e., the signatures
are binary or   -ary with binary or   -ary inputs.
We have considered both noiseless and AWGN cases. The
behaviors of the curves show that we can have highly
overloaded CDMA system without significant loss in the system
performance. This means that we can save a significant amount
of bandwidth by using optimum signatures for these CDMA
systems.
The derivation of the bounds for asymptotic cases (when the
number of users and chip rate tend to infinity while their ratio is
constant) is a good topic for future work. Also, discovering the

maximum number of users for error-free transmission in
noiseless environment for a given chip rate are interesting topics
for future works.
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Fig. 5. Lower and upper bounds for the sum capacity of a
CDMA system with ternary signatures and binary inputs with
 t for the two cases of noiseless and noisy channels.

Fig. 6. Lower and upper bounds for the sum capacity of a
CDMA system with binary signatures and ternary inputs with
 p for the two cases of noiseless and noisy channels.
REFERENCES

[1] M. Rupf and J. L. Massey, “Optimum Sequences multisets for synchronous
code-division multiple-access channels,” IEEE Trans. Inform. Theory, vol. 40,
pp. 1261-1266, Jul. 1994.
[2] P. Viswanath and V. Anantharam, “Optimum sequences and sum capacity of
synchronous CDMA systems,” IEEE Trans. on Inform. Theory, vol. 45, no. 6,
pp. 1984-1991, Sep. 1999.
[3] P. Viswanath and V. Anantharam, “Optimal Sequences for CDMA Under
Colored Noise: A Schur-Saddle Function Property,” IEEE Trans. on Inform.
Theory, vol. 48, no. 6, pp. 1295-1318, Jun. 2002.
[4] T. Tanaka, “A statistical-mechanics approach to large-system analysis of
CDMA multiuser detectors,” IEEE Trans. Inform. Theory, vol. 48, no. 11, pp.
2888-2910, Nov. 2002.
[5] A. Montanari and D. N. C. Tse, “Analysis of belief propagation for nonlinear problems: The example of CDMA (or: How to prove Tanaka’s formula),”
in Proc. IEEE Information Theory Workshop, Punta del Este, Uruguay, Mar.
2006.

