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Abstract—This paper presents an analytical study of average
delay and throughput in a two-way relay network exploiting
network coding to exchange source packets, where arrival and
departure of packets are stochastic. In this case, a fundamental
problem for the relay node is whether to wait in order to obtain
a coding opportunity, leading to reduction of the number of
transmissions, or sending a packet (coded/uncoded) whenever
it has a transmission opportunity, leading to reduction of the
packet delay. In order to address the fundamental trade-off
between packet delay and transmission power, we develop three
network coding schemes based on power-delay constraint of the
application. We devise a theoretical framework to compute the
average delay and stability region for each proposed scheme
and compare the performance of network coding and traditional
routing. Our results reveal that network coding may deliver
packets with either larger or lower delay compared to traditional
routing, depending on the selected scheme. Unlike the previous
works in this area, in order to include channel loss due to
noise, interference, etc., we consider probabilistic transmission
for all packets. The transmission probabilities depend on the
nature (coded/uncoded) and destination of packets, which are
generally different for coded and uncoded packets. We carry out
simulations to confirm our theoretical analysis.
Index Terms—Network coding, stability region, routing, queueing theory, relay networks.

I. I NTRODUCTION

N

ETWORK coding is an emerging technique to improve
network performance in wireless networks by exploiting
the broadcast nature of wireless medium. By mixing different
packets into one packet, network coding reduces the number
of transmissions leading to higher throughput as well as lower
transmission power [1]–[4]. A destination node can decode the
coded packet by either owning some of its constituents or by
overhearing the packets destined to other nodes.
A two-way relay network (TWRN) is one of the building
blocks of a multi-hop wireless network. The advantage of
network coding in TWRN is investigated by many researchers.
One of the pioneer works done by Wu et. al. [5] shows that
using the broadcast nature of wireless medium, information
exchange can be efficiently performed by bitwise XOR operation among two unicast flows. Recently, physical layer
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network coding has been proposed to mitigate the bit error
rate over non-ideal wireless channel (e.g., channel with fading
or Gaussian noise) [6]–[9].
The benefit of network coding is extensively addressed for
fluid flow packet model or deterministic packet arrivals (e.g.,
[10], [11]). A practical issue in wireless networks is that the
incoming traffic is random and asymmetric. This randomness
reduces the coding opportunities and introduces additional
delay. To illustrate this problem consider two sources communicating via a relay node (Fig. 1). The relay node XORs
two packets from different flows and broadcasts the coded
packet to sources. Each source can perform decoding simply
by XORing the received packet by its own packet.
Because of the stochastic nature of packet arrivals, packets
from both sources are not available at the same time instants
and the relay node can not encode them at once. The relay
node can either wait in hope for arriving the right packet to
encode, or send an uncoded (native) packet right away. Waiting
for a coding opportunity induces additional delay which is
not acceptable for delay sensitive applications like multimedia
streaming. On the other hand, in power-constraint applications
the relay is willing to exploit as many coding opportunities as
possible to reduce the number of transmissions. Consequently,
there is a fundamental trade-off between energy consumption
and end-to-end packet delay. A compromise between the
packet delay and transmission power can be achieved by
designing a transmission policy which determines whether to
send an uncoded packet or wait for a coding opportunity. This
transmission scheme which combines traditional routing and
network coding is referred to as opportunistic network coding
(ONC) in the literature [12], [13]. ONC is also referred to
opportunistic selection of packets from different flows (in a
multiple unicast scenario) to be encoded together such that
the encoded packet can be recovered at the destinations [2],
[14]. It emphasizes on how to encode that is not addressed in
this paper.
There are some works addressed the gain of network coding
for stochastic packet arrival processes. Source queue management in TWRN is addressed in [15] and a rate allocation policy
is developed. It is assumed that the relay node does not buffer
the incoming packets and sends them back to the sources
immediately in coded or native packets. [16] characterizes the
achievable rate region of a TWRN with Poisson arrival and
sufficiently large packet length (as the link can achieve information theoretic capacity). [17] considers a TWRN exploiting
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Fig. 1. A two-way relay network. The relay combines the source flows and
sends back the XORed packets.

slotted ALOHA and derives an approximate closed form
expression for average delay and throughput of the network.
Also, they provide the optimal relay transmission probability
in order to maximize the throughput. However, they do not
consider the delay-power trade-off of ONC because the relay
is not allowed to decide whether to wait for coding opportunity
or send packets right away. In fact, the relay node sends coded
and uncoded packets with the same probability. [18] considers
a two-hop wireless network comprised of a set of sourcedestination pairs communicating with the help of a relay node.
They provide an upper bound for achievable throughput.
[19] addresses conventional network coding in a TWRN
with independent Poisson arrivals. They show that under
symmetric arrivals, pure network coding results in an infinite
delay and suggest using a hybrid of network coding and
routing. The authors in [20] consider a TWRN with Bernoulli
symmetric arrival processes where the relay node maintains
a virtual queue to store received packets from each source.
The relay node performs network coding when both queues
are non-empty. Otherwise, it sends an uncoded packet with
a probability depending on the virtual queues states. They
optimized this probability in order to minimize the packet
delay under a power constraint. [12] extends this work to
asymmetric arrival processes. [21] considers the same scenario
of [20] and develops an ONC scheme based on traffic priority
and queue length. [12], [20], [21] use finite state Markov chain
to characterize the relay virtual queue states and calculate the
average delay and power, but they do not provide closed form
expressions. [13] investigates minimizing the cost incurred due
to delay and transmission of packets. The authors propose
an algorithm for decision on sending or holding uncoded
packets, when the coding opportunity does not exist, based
on the length of virtual queues. [22] proposes coded packet
priority access (CPPA) protocol in which coded packets have
higher transmission opportunity than uncoded packets at the
relay node. To simplify the analysis only a sub-class of this
protocol, called coded packet immediate access (CPIA) is
evaluated, where the coded packet transmission probability is
equal to one. Upper and lower bounds for the throughput are
derived analytically. All these works ( [12], [13], [20]–[22])
assume that the relay node transmits a coded packet instantly
without any failure whenever it has a coding opportunity.
This assumption simplifies the analysis considerably and leads
to analysis of either a one-dimensional Markov chain or a
two-dimensional Markov which is limited in one dimension.
However, this assumption is not valid in a lossy network where
the packet transmission may fail due to fading, interference,
or noise. As a result, packet transmission (coded or uncoded)

is always probabilistic.
In this paper, we present an analytical study of opportunistic
network coding in a TWRN where the relay node sends coded
or uncoded packets with specific probabilities depending on
which virtual queue is backlogged. This model is particulary
interesting because it can represent the channel error and
can be used to analyze more complex scenarios like two-hop
wireless networks. In this way, our work can be considered as
an extension to [12], [20], [21] such that the transmissions are
in a more practical situation, hence they are not necessarily
successful. In this case, the virtual queues highly interact
with each other and the problem corresponds to analysis of
a two-dimensional Markov chain with infinite states at each
dimension. We will observe that the analysis of this Markov
chain is very hard in general, hence we focus on some special
forms leading to three network coding schemes and find
analytical bounds for the general scheme. Furthermore, we
extend the work of [17] by allowing relay to optimize its
power-delay trade-off by adjusting the transmission probability
dependent upon the nature of packet (i.e., coded or uncoded).
The main contributions of this paper can be summarized as
follows.
(1) We propose three opportunistic network coding schemes
based on power-delay constraints of the application referred to as power-efficient (PE) network coding, delayefficient (DE) network coding, and quasi-general (QG)
network coding.
(2) We provide a closed form expression for average delay
associated with each proposed scheme and compare the
results with the delay of traditional routing.
(3) The stability region in general is characterized. Afterwards, the stability region associated with each proposed
scheme is derived.
(4) The fundamental trade-off between packet delay and transmission power is addressed. We show that for symmetric
packet arrivals, minimizing transmission power leads to
infinite packet delay.
The reminder of the paper is organized as follows. Section
II describes the network scenario and the motivation behind
it. Section III provides delay analysis for traditional routing as
well as our proposed opportunistic network coding schemes.
The analysis of stable throughput region is developed in
Section IV. We present the numerical results and simulations in
order to show the performance and accuracy of our analytical
approach in Section V. Finally, Section VI summarizes the
main results of the proposed schemes.
II. N ETWORK S CENARIO
Consider a wireless relay network comprised of two source
nodes and a relay node R, as shown in Fig. 1. Because of
low transmission range or a physical obstacle, we assume
that source nodes can not send packets to each other directly.
Rather, they send their packets via a relay node. Each node
is assigned a frequency band orthogonal to the others (i.e.,
FDMA). We also adopt frequency division dupplexing (FDD)
for packet transmission via each source-relay link. Therefore,
the nodes can send and receive packets simultaneously. One
application of employing orthogonal frequency channel is
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Fig. 2. Opportunistic network coding scheme. The relay holds two virtual
queues to buffer incoming packets. Parameters k, k1 , k2 determine delaypower trade-off.

WiMAX (IEEE 802.16) in FDD mode that adopts OFDMA
scheme to avoid collision. We assume that time is divided
into equal size slots. The packet generation at source i is a
stochastic process with rate λi . Thus when the source nodes
are stable, the packet departure rate from source i towards the
relay node is λi (see Fig. 2).
In routing scenario, the relay node stores the received
packets in its queueing buffer. Whenever the buffer is not
empty the relay node sends a packet with probability k (upper
bounded by an allowed transmission probability, p). On the
other hand, in network coding scenario, the relay node holds
two virtual buffers to store the received packets from source
nodes. In order to characterize the stability region, we assume
that buffers have infinite length. This assumption also enables
us to derive closed-form solutions. In general network coding
scheme, as depicted in Fig. 2, if both queues are nonempty,
the relay node combines the head-of-line packets of the virtual
queues by performing bitwise XOR. We assume that the relay
node transmits the coded packet with probability k. If the
virtual queue i is nonempty and the other queue is empty, the
relay node sends a native (uncoded) packet with probability
ki . The parameters k, k1 , and k2 are upper bounded by the
allowed transmission probability, p.
Let us describe the motivation behind the above scenario.
The transmission probabilities k1 , k2 , k reflect two concepts:
(1) Probabilistic network coding: As discussed in the previous
section, the relay node determines to reduce delay by sending
an uncoded packet or waiting in order to increase coding
opportunities and decrease the number of transmissions by
sending one coded packet instead of two native packets. Let
k̂i , i = 1, 2 denote the probability of sending an uncoded
packet from virtual queue i when the other queue is empty.
Also k̂ denotes the probability of sending a coded packet,
when both virtual queues are non-empty. Obviously, k̂ = 1 is
optimum. The desired compromise between delay and power
is obtained by carefully selecting k̂1 and k̂2 . k̂1 and k̂2 can
also represent the priority in sending the packets of one flow
compared to another one [21], (2) Channel error : When
the channel is not perfect, packets may not be delivered to
destinations due to channel fading, interference, or noise.
Hence, the successful transmission is affected by k̂i as well
as channel error probabilities. In this paper, we assume that
communication links from the relay to both sources are statistically identical. Hence, the probability of successful transmission of a packet to each source is equal. This assumption
is valid when the sources lie in similar environments. The

Fig. 3. A two-hop wireless network. Each node pair exchanges packets with
the aid of relay.

examples include a wireless LAN or a femtocell network
where two users communicate via an access point. However,
when the links between the sources and the access point are
heterogeneous, the proposed scenario is not applicable. In
this respect, the scenario considered in this paper addresses a
subset of two-way relay networks. We incorporate the channel
error probability in transmission probabilities. Hence, from the
queueing theory perspective, the service rate includes both
the transmission probability for a packet (due to probabilistic
network coding) and return of the transmitted packet into the
queue (because of channel error). For erasure channels with
erasure probability pe , considering both concepts, we infer that
k1 = k̂1 (1 − pe ), k2 = k̂2 (1 − pe ), k = k̂(1 − pe ).
It is worth noting that although we adopt a FDMA scheme
in our scenario, the analytical model proposed in this paper
can be applied to other MAC scenarios as well: a) Adopting
TDMA, a time slot is divided into three sub-slots and a specific
sub-slot is assigned to each node to avoid collision. b) Applying time division duplexing (TDD) for packet transmission
via each source-relay link, each time slot is divided into two
sub-slots. The sources transmit their packet at the first subslot and the relay sends its packet at the second one. In this
case, to avoid packet collision at the relay, two sources use
disjoint frequency bands. This scenario is applied in WiMAX
in TDD mode. c) CDMA multiplexing is adopted for packet
transmissions and time or frequency division duplexing is
applied for packet transmission via each source-relay link.
Although, we do not explicitly address the nodes transmission
power and SINR, the effect of interference can be observed
and quantified in transmission probabilities as channel error.
It is worth mentioning that throughput and delay analysis are
performed based on time slot units (not sub-slot). Hence, the
rate of packet arrivals should be adjusted accordingly.
The proposed scenario can be used to analyze more complex
scenarios. Consider a two-hop wireless network with a single

2866

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 5, MAY 2014

relay and N transmitter-receiver pairs with bidirectional flows
(Fig. 3). Assume that frequency division multiple access is
used to dedicate a unique frequency channel to each node.
Like the TWRN, the relay may only forward a received packet
or send a coded packet based on the desired network coding
scheme. In order to handle all traffic flows a time share of N1
is allocated to each node pair (in symmetric situation). Hence,
the transmission probabilities k1 , k2 , k are upper bounded by
1
N . This parameter is incorporated in our scenario as the
maximum allowed transmission probability (p).
We focus on three special schemes for network coding
which are referred to as delay-efficient (DE) network coding,
power-efficient (PE) network coding, and quasi-general (QG)
network coding. In delay-efficient scheme the relay node transmits a packet (coded or native) whenever it has a transmission
opportunity, hence k = k1 = k2 = p. Consequently, the delay
of packet transmission is minimum. This scheme is similar
to opportunistic network coding proposed in [2] as the relay
node performs coding whenever there is an opportunity for
network coding. In power-efficient scheme, the relay node
never transmits a native packet from slower queue (queue with
lower packet arrival rate) which is assumed to be the second
queue, so k2 = 0. Furthermore, setting k1 = k = p minimizes
the delay of packets destined to source node 2. We will show
that transmission power is minimum in this approach. A tradeoff between delay and power consumption can be achieved if
we choose 0 ≤ k2 ≤ p and 0 < k1 = k ≤ p. The parameter k2
is chosen to reach a desirable compromise between delay and
power consumption. In this scheme, like PE and DE schemes,
queue 1 sends packets with the same probability, regardless of
the number of packets in the other queue. However, unlike the
PE scheme, queue 2, may also send uncoded packets. We call
this scheme quasi-general (QG) network coding as the only
constraint is k = k1 . Also, as we will show in Section V, the
stability region of QG scheme is identical to general network
coding scheme. The precise analytical models are described
in the following sections.
III. A NALYSIS OF AVERAGE D ELAY
In this section, we focus on average delay, including
queueing delay as well as transmission delay for the packets
transmitted by the relay node. Obviously, the relay node is not
saturated; otherwise, the queueing delay approaches to infinity.
A. Delay analysis for routing
In this case, there is only one buffer at the relay node. Let
us define Nr (m) as the number of packets in the relay buffer
at mth time slot. Clearly,
Nr (m + 1) = Nr (m) − s(m) + a1 (m) + a2 (m),

(1)

where ai (m) and s(m) denote the number of packets received
from node i and departed from the relay node at the mth time
slot, respectively. Note that s(m), ai (m) ∈ {0, 1} and ai (m)
is a stochastic Bernoulli process with parameter λi . Under stationary condition, the time indices in (1) can be dropped. Let
πr (n) and ϕr (x) denote the stationary probability of having n
customers at the relay buffer and the corresponding probability
∞

xn πr (n) .
generation function, i.e., ϕr (x) = E(xNr ) =
n=0

Theorem 1: ϕr (x) can be derived as
ϕr (x) =

(k − λT )(1 − x)
,
x + k(1 − x) − xϕAr −1 (x)

(2)

where ϕAr (x) = E(xa1 +a2 ), λT = λ1 + λ2 , λ̄T = 1 − λT .
Proof: See Appendix A.
The mean queue length is derived as
E(Nr ) =

dϕr (x)
Q r (1)
|x=1 =
,
dx
2(λT − k)

(3)

where Qr (x) = xϕAr −1 (x).
Using Little’s theorem, the average packet delay, Dr , can
be obtained as
E(Nr )
·
(4)
Dr =
λT
B. Delay analysis for network coding
As indicated in Section I, in this case two virtual queues
have been considered in the relay node. By consideing Ni (m)
as the number of packets in virtual queue i, it follows that
Ni (m + 1) = Ni (m) − si (m) + ai (m);

i = 1, 2,

(5)

where ai (m) and si (m) denote the number of packets received
from node i and departed from virtual queue i at the mth time
slot, respectively.
Note that if k = 1 we infer N1 (m)N2 (m) = 0 [20].
In this case, the problem can be simplified to analysis of
one-dimensional Markov chain [12], [20], [21]. However, if
k = 1, that is the case in our paper, we have to deal with a
two-dimensional Markov chain with infinite number of states
which is difficult to analyze. Thus, we introduce three special
network coding schemes in order to find some bounds on
general network coding scenario.
1) Delay-efficient network coding: In this case the relay
node transmits a packet from non-empty virtual queue i with
probability k regardless of the status of the other queue. This
property enables us to decompose the interacting queues into
two queues which act independently, although the queues are
not indeed independent. By using a similar approach as in
the previous section, we can derive the expressions of the
generation functions in the following theorem.
Theorem 2: The generation functions associated with the
lengths of the virtual queues are derived as
ϕNi (x) =

(k − λi )(1 − x)
;
x + k(1 − x) − xϕAi −1 (x)

i = 1, 2,

(6)

where ϕAi (x) = E(xai ).
Proof: See Appendix B
Furthermore the mean length of virtual queue i can be
expressed as
E(Ni ) =

dϕNi (x)
Q i (1)
|x=1 =
,
dx
2(λi − k)

(7)

where Qi (x) = xϕAi −1 (x).
Using Little’s theorem, the average packet delay, DDE , can
be obtained as
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Di,DE

E(Ni )
=
;
λi

i = 1, 2,

(8)

where Di,DE denotes the average delay corresponding to
virtual queue i. Then, the average delay of packets in general
is computed as
DDE =

λ1
λ2
D1,DE +
D2,DE ·
λ1 + λ2
λ1 + λ2

(9)

2) Power-efficient network coding: Without loss of generality, assume that the rate of packet arrival at virtual queue
1 is more than virtual queue 2, i.e., λ1 > λ2 . Since each
coded packet is obtained by XORing one packet from virtual
queue 1 with one packet from virtual queue 2, the rate of
coded packets can not exceed the rate of arrival at slower
queue (i.e., λ2 ). Hence the relay node should send native
packets from queue 1 with a rate at least λ1 − λ2 , otherwise
the queue will be unstable. If the relay node transmits the
packets from queue 2 only in coded form, departed packets
from the relay node will be either the native packets from
virtual queue 1 or a coded packet. Hence departure rate from
the relay node equals λ1 if the system is stable. This network
coding scheme is power-optimal since the packet transmission
rate is minimum. In order to analyze the average delay, first,
we derive the generation function of the length of each queue.
Theorem 3: The generation functions associated with the
lengths of virtual queues are given by
(k − λ1 )(1 − x)
,
x + k(1 − x) − xϕA1 −1 (x)
(λ1 − λ2 )(1 − x)
ϕN2 (x) ≈
·
x + λ1 (1 − x) − xϕA2 −1 (x)
ϕN1 (x) =

(10)

E[N1 ] =

(11)

The average delay, DP E , is obtained by
DP E

λ1
λ2
=
D1,P E +
D2,P E ,
λ1 + λ2
λ1 + λ2

(k − λ1 )(1 − x)
,
x + k(1 − x) − xϕA1 −1 (x)
(1 − ρ2 )(k2 + ρ1 (k − k2 ))(1 − x)
ϕN2 (x) ≈
,
x + (k2 + ρ1 (k − k2 ))(1 − x) − xϕA2 −1 (x)
(14)
ϕN1 (x) =

where ρ1 = μλ11 = λk1 , ρ2 = μλ22 and ρ1 = P (N1 > 0|N2 > 0).
ρ2 and ρ1 are obtained by solving the following equations:
λ1 + k2 (1 − ρ2 )(ρ1 − λ1 )
,
λ1 + k2 (1 − ρ2 )(ρ1 − λ1 ) + k(1 − ρ1 )
λ2
ρ2 =
·
ρ1 k + (1 − ρ1 )k2

ρ1 =

(15)

Proof: See Appendix D.
The average delay, DQG , is obtained by
DQG =
where Di,QG =

λ1
λ2
D1,QG +
D2,QG ,
λ1 + λ2
λ1 + λ2

(16)

E(Ni )
λi .

4) General network coding : We refer to general case of
our scenario as general network coding to emphasize that there
is no constraint on k, k1 , k2 except 0 ≤ ki ≤ p, i = 1, 2 and
0 ≤ k ≤ p. In this scheme the queues are highly coupled with
each other. Hence, as an interacting queues problem [23]–
[26], it is very difficult to derive ϕi (x) directly as done in the
previous sections. If we find the joint probability function of
the lengths of virtual queues, the mean delay can be derived
easily. However, as we show in the following lemma, we need
to solve a two-dimensional functional equation to derive the
joint probability generation function.

h0 (x, y)ϕN (x, y) =
h1 (x, y)ϕN (x, 0) + h2 (x, y)ϕN (0, y) + h3 (x, y)ϕN (0, 0) ,
(17)
where

(12)

i)
where Di,P E = E(N
λi ·
Although the power-efficient scheme has the minimum
transmission power, it results in a larger delay compared
to delay-efficient scheme. Moreover, as we can infer from
(11)−(12) if λ1 = λ2 , the average delay tends to infinity. In
other words, the PE scheme is unstable for symmetric packet
arrivals. This result is matched with the result obtained in [19].
3) Quasi-general network coding: As indicated in Section
II, in QG scheme, 0 < k = k1 ≤ p, 0 ≤ k2 ≤ p. Clearly,
the delay and power consumption of QG scheme, for the case
k = k1 = p, is bounded by those of PE and DE schemes, i.e.,

DDE ≤ DQG ≤ DP E ,
PP E ≤ PQG ≤ PDE ·

Theorem 4: The generation functions associated with the
lengths of virtual queues in QG scheme are obtained by

Lemma 1: ϕN (x, y) satisfies the following functional equation:

Proof: See Appendix C.
The mean length of queue i is obtained as
dϕN1 (x)
Q 1 (1)
|x=1 =
,
dx
2(λ1 − k)
dϕN2 (x)
Q 2 (1)
E[N2 ] =
|x=1 ≈
·
dx
2(λ2 − λ1 )
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(13)

h0 (x, y) = xyϕA −1 (x, y) − xy − k 2 (1 − xy)
− k(1 − k)(x + y − 2xy) ,
h1 (x, y) = (k1 − k(1 − k))(y − xy) − k(1 − k)(1 − xy)
− k 2 (1 − xy) ,
h2 (x, y) = (k2 − k(1 − k))(x − xy) − k(1 − k)(y − xy)
− k 2 (1 − xy) ,
h3 (x, y) = k 2 (1 − xy) − (k1 − k(1 − k))(y − xy)
− (k2 − k(1 − k))(x − xy) ,
ϕA (x, y) = E(xa1 y a2 )
= (λ̄1 + λ1 x)(λ̄2 + λ2 y) ·

(18)

Proof: See Appendix E.
These types of problems are inherently difficult [25], [26].
Hence, we provide some bounds for average delay and power.
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Obviously, we have
DG ≥ DDE ·

(19)

PG ≥ PP E ,

(20)

Similarly,

where DG , PG and DDE , PP E are the average delay and
transmission power for general and delay/power-efficient
schemes, respectively.
Furthermore, since delay-efficient scheme does not miss
any transmission opportunity, the number of transmissions is
maximum and we infer
PG ≤ PDE ·

(21)

Indeed, if we assume that each packet transmission consumes
one unit of energy, the average transmission power for PE
scheme is λ1 . Note that the exact analysis of transmission
power is complicated even in special cases (e.g., DE and QG
schemes) because the interaction between queues necessitates
evaluating π(0, 0), i.e., the probability that both virtual queues
are empty. In this respect, the average transmission power for
QG scheme (and DE as a special case) can be written as
PQG = (1 − ρ1 − p00 )k2 + (1 − ρ2 − p00 )k1
+ (ρ1 + ρ2 + p00 − 1)k ,

(22)

where p00 is a short form of π(0, 0). ρ1 = 1 − ϕN1 (0) = λk1
and ρ2 is derived using (47) and (48) in Appendix D.
An approximation for PQG can be obtained by assuming
π(0, 0) ≈ (1 − ρ1 )(1 − ρ2 ).
IV. E VALUATION OF S TABLE T HROUGHPUT R EGION
Stable throughput region is an important metric to measure
network performance. This region specifies the set of packet
arrival rates at the nodes in the network that guarantee the
throughput stability of corresponding queues, i.e., balanced
input-output relation at each queue holds. Computing the
stability region in routing scenario is straightforward. In the
case of network coding, we focus on the stable throughput
region for the virtual queues in the relay node. To this end,
we address the stable throughput region for general network
coding as well as the special cases: power-efficient, delayefficient, and quasi-general network coding schemes.

k2
) + k2 ·
(24)
k
When queue 2 is backlogged, q1 always sends coded packets
and the average service rate of q1 is k. Hence, (25) provides
a boundary for the stability region:
μ2 = ρ1 k + (1 − ρ1 )k2 = λ1 (1 −

λ1 < k,
k2
(25)
) + k2 ·
k
Another boundary of the stability region is obtained if
we assume that the first virtual queue (q1 ) is backlogged.
Following a similar method, we get
λ2 = λ1 (1 −

λ2 < k,
k1
) + k1 ·
(26)
k
Therefore, the stability region is given by combining the
corresponding regions with respect to two boundaries:
λ1 = λ2 (1 −

k1
) + k1 ,
k
k2
(27)
λ2 < λ1 (1 − ) + k2 ·
k
Fig. 4 illustrates the stability region for different cases of
k1 , k2 , k.
λ1 < λ2 (1 −

C. Stability region of quasi-general network coding
To derive the stability region of QG scheme, we consider
two cases. If λ1 ≥ λ2 , by substituting k = k1 in (27), we
infer
λ1 < k,
k2
(28)
) + k2 ·
k
On the other hand, if λ1 < λ2 , setting k = k2 results in
λ2 < λ1 (1 −

λ2 < k,
k1
) + k1 ·
k
The stability region is the union of (28) and (29).
λ1 < λ2 (1 −

A. Stability region of routing
The stability region for routing is obtained using (2) or by
noting that the arrival rate (λT ) should be less than the service
rate (k):
λ1 + λ2 < k·

stability region, either the first queue (q1 ) or the second queue
(q2 ) is backlogged. If q2 is backlogged, it ”sees” q1 in steady
state, i.e., q1 has packet with probability ρ1 (note that when q2
is not backlogged, P (N1 > 0|N2 > 0) = ρ1 , see Appendix
D for a special case, i.e., QG scheme) Hence, the average
service rate of q2 is given by

(23)

Comparing (23) with stability region of network coding, we
will infer that in general the stability region of routing is not
subset of the stability region of network coding.
B. Stability region of general network coding
We can derive the stability region of the general network
coding scheme based on the fact that on the boundaries of

(29)

D. Stability region of delay-efficient scheme
The stability region for DE scheme is given by setting k1 =
k2 = k = p in (27):
λ1 < k,
λ2 < k·

(30)

E. Stability region of power-efficient scheme
Based on the discussion in Section V, for PE scheme we
set k = k1 = p, k2 = 0 if λ1 > λ2 . Otherwise (i.e., λ1 < λ2 )
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Fig. 6. Comparison of average delay versus channel error probability (p e )
in different schemes; λ1 = 0.3, λ2 = 0.1, k̂ = k̂1 = 1. For QG scheme,
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Fig. 7.
Power-delay tradeoff for symmetric arrival rates (λ1 = λ2 =
0.2, p = 0.5).
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k1 = 0, k = k2 = p. In the first case, the stability region is
derived as
λ1 < k,
λ2 < λ1 ·

(31)

For the second case, we get
λ2 < k,
λ1 < λ2 ·

(32)

Considering both cases, the stability region is derived as
λ1 < k,
λ2 < k,
λ1 = λ2 ·

(33)

In this section we illustrate our theoretical framework to
evaluate a two-way relay network. In order to verify the
validity of our analysis, the simulation results are also reported. Fig. 5 shows the average delay of three schemes
discussed for network coding in this paper. As we observe,
when the arrival rate is fairly asymmetric, the three schemes
behave similarly. As symmetry in arrival rates increase, the
delay differences become more remarkable. For example, if
λ1
λ2 = 1.5, the average delays for PE,QG, and DE schemes
are about 8.5, 4.5, and 2.5, respectively. For λλ12 = 1.1, the
packet delays are 44, 6, and 3, respectively. For symmetric
case, the PE scheme is unstable and exhibits infinite delay.
Furthermore, the DE scheme offers lower delay (better quality
of service) relative to routing. This difference is high when
λT approaches k. However, PE or QG schemes provide larger
or lower packet delay (relative to routing) depending on the
amount of asymmetry in packet arrivals.
The effect of packet loss on the average delay has been
addressed in Fig. 6. As the channel error varies between 0 and
0.5, DE scheme always exhibits the lowest delay, compared
to other methods. When the channel loss is low, the routing
scheme provides smaller delay, compared to QG and PE
schemes. However, for significant packet losses, delay of the
routing scheme is higher. Hence, routing is more sensitive to
channel loss than network coding-based schemes. Moreover,
we observe from this figure that the delay for QG method is
always between that of DE and PE schemes, for the whole
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Fig. 8. Power-delay tradeoff for asymmetric arrival rate (λ1 = 0.2, λ2 =
0.1, p = 0.5).

Fig. 9.

Stability region for the case k = 0.3, k1 = 0.5, k2 = 0.2.

range of channel error probabilities.
We investigate the power-delay tradeoff for both symmetric
and asymmetric packet arrival rates. By altering k2 from zero
to p we can set the desirable delay and allowed transmission
power. For both symmetric and asymmetric packet arrival
rates, k2 has been changed from zero to p in regular small
step size and the associated power as well as average delay
have been calculated. For symmetric case, minimizing power
(corresponding to sending only coded packets) results in an
infinite delay (Fig. 7). Hence, for symmetric case we need
to use a mixture of routing and network coding, i.e., sending
uncoded packets as well as coded ones. Moreover, reducing
power results in a significant delay increase. For example,
decreasing power by a factor of 0.1, 0.2, and 0.3 from its
maximum value (0.32, corresponding to k2 = k, i.e., DE
scheme), leads to about 45%, 150% and 500% more packet
delay, respectively. In asymmetric case (Fig. 8), however, the
delay spike due to saving power is much more tolerable. The
transmission power can be reduced 10% (resp. 20%) compared
to its maximum value (0.26, corresponding to DE scheme)
by imposing 30% (resp. 35%) more packet delay. Also,
the transmission power can be minimized without causing
instability. Note that in this case, packets are sent in coded
form with rate λ2 and in native form with rate λ1 − λ2
(assuming λ1 > λ2 ).
We carry out simulations to investigate our theoretical
boundaries for the stability region. A grid square in the region
0 < λ1 < 1, 0 < λ2 < 1 has been explored to find the points
within the stability region. The ratio of time which both virtual
queues are empty is calculated for each searching point. The

Fig. 10.

Stability region for the case k = 0.5, k1 = 0.4, k2 = 0.2.

Fig. 11.

Stability region for the case k = 0.4, k1 = 0.25, k2 = 0.5.

point is added to stability region if this ratio is above a given
small threshold (e.g., 0.002). The results show the accuracy
of the analytical boundaries. The stability region achieved by
network coding is depicted in Figs. 9 − 12.
VI. C ONCLUSION
In this paper we addressed the benefit of opportunistic
network coding in a TWRN considering stochastic packet
arrival process. We considered a network coding-based TWRN
when successful transmission probability of a coded packet
is limited by channel non-idealities or network scenario.
We proposed three schemes to achieve desired power-delay
compromise. We derived the average delay and stability region
for proposed schemes by analytical approach and compared
to simulation results. Our results revealed that for symmetric
packet arrival rates, minimizing transmission power results in
an infinite delay. However, for asymmetric case, a suitable
compromise between delay and power is easier to achieve.
A PPENDIX A
P ROOF OF T HEOREM 1
The probability generation function of Nr can be written as
ϕr(n+1) (x) = E[xNr (n+1) ] = E[xNr (n)−S(n) ]E[xa1 (n)+a2 (n) ],
(34)

since packet arrivals are independent from the states of virtual
queues. Under stationary condition, the time indices can be
dropped, hence the first term at the right side can be obtained
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Fig. 12.

Stability region for the case k = 0.3, k1 = 0.5, k2 = 0.5.

A two-state Markov chain used to derive P (N1 > 0|N2 > 0).

Let us define
Δ

gi (n) = P (Si = 1|Ni = n),
∞

Δ
Gi (n) =
xn gi (n)πi (n),

as
Nr −S

E[x

]=

∞
 

n−s

x

P (S = s |Nr = n )πr (n)· (35)

s=0,1 n=0
Δ

Now we define g(n) = P (S = 1 |n) = kI(n > 0),
∞
Δ 
xn g(n)πr (n), where I denotes indicator function.
G(x) =

where gi (n) is defined similar to g(n) in Appendix A. The
rest of proof is very similar to Theorem 1, hence omitted.

n=0

A PPENDIX C
P ROOF OF T HEOREM 3

The first term in the right side of (34) can be rewritten as


(1 − g(n))xn πr (n) +
g(n)xn−1 πr (n)
n

n

= ϕr (x) − G(x) + x−1 G(x) ·

(36)

The first virtual queue resembles the queues in DE scheme,
analyzed in Theorem 2. Now, we derive ϕN2 (x) in the
following:

One can easily check that
G(x) = k(ϕr (x) − ϕr (0))·

(37)

E[xN2 −S2 ] =

∞
 

xn−s P (S2 = s |N2 = n )π2 (n) ·

s=0,1 n=0

Substituting (35)-(37) in (34) results in
ϕr (x) =

(43)

n=0

(44)

k(1 − x)ϕr (0)
·
x + k(1 − x) − xϕAr −1 (x)

(38)

Since ϕr (1) = 1, using L’hopital rule
λT
·
k
Substituting (39) in (38) results in (2).
ϕr (0) = 1 −

(39)

We calculate the term P (S2 = s |N2 = n ) approximately,
using the average service rate of queue 2, μ2 . In other words,
P (S2 = 1 |N2 = n ) ≈ μ2 I(n). Moreover, in PE scheme,
μ2 is equal to ρ1 k, where ρ1 = P (N1 > 0|N2 > 0).
We will show in Appendix D that for PE scheme, we get
ρ1 = ρ1 = λk1 . Hence, we infer μ2 = λ1 . Similar to Appendix
B, we can derive ϕN2 (x) as
(μ2 − λ2 )(1 − x)
x + μ2 (1 − x) − xϕA2 −1 (x)
(λ1 − λ2 )(1 − x)
=
·
x + λ1 (1 − x) − xϕA2 −1 (x)

ϕN2 (x) ≈
A PPENDIX B
P ROOF OF T HEOREM 2
We can derive the following equation for each virtual queue,
using (5) for each virtual queue:
ϕNi (n+1) (x) = E[xNi (n+1) ] =E[xNi (n)−Si (n) ]E[xai (n) ],
i = 1, 2.
(40)
Under stationary condition, we can drop time indices:
ϕNi (x) =E[xNi ] = E[xNi −Si ]E[xai ],

i = 1, 2·

(41)

The first term at right side of (41) can be derived as
E[xNi −Si ] =

∞
 
s=0,1 n=0

xn−s P (Si = s |Ni = n )πi (n)· (42)

(45)

A PPENDIX D
P ROOF OF T HEOREM 4
We start from (44). In order to derive P (S2 = s|N2 =
n), we use the same approach employed in Appendix C. We
calculate the average service rate of queue 2, μ2 . According to
coding scheme in QG method, μ2 is equal to ρ1 k +(1− ρ1 )k2 .
First, we derive ρ1 = P (N1 > 0|N2 > 0) using a two-state
Markov chain model (Fig. 13). Let states 0 and 1 denote the
conditional events {N1 = 0|N2 > 0} and {N1 > 0|N2 >
0}, respectively. The transition probabilities between states are
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derived as

The first term at the right side can be obtained as
Δ

P {1 → 1} = P11 = 1 − k + kρ1 ,

E[xN1 −S1 y N2 −S1 ] =

Δ

P {1 → 0} = P10 = k(1 − ρ1 )(1 − ρ2 ) + kρ2 (1 − ρ1 ) ,
+ k2 (1 − ρ2 )(1 − ρ1 ) ,
Δ

P {0 → 1} = P01 = k2 ρ2 λ1 + k2 (1 − ρ2 )ρ1 + (1 − k2 )λ1 .
(46)
We derive P {0 → 1} in detail. The other transition probabilities can be derived in a similar way. The state transition
{0 → 1} comprises of three events: (a) a packet is sent in
current slot and queue 2 is backlogged in the next slot, (b) a
packet is sent in current slot and queue 2 is empty in the next
slot, (c) no packet is sent in current slot. Note that in an M/G/1
queue departures see the queue at its steady state [27] (i.e.,
the fraction of departures who find n packets in the queue
is equal to the fraction of time there are n packets there).
Here, the discrete version of this property is applied. Hence,
queue 2 is backlogged at the next slot with probability ρ2 .
Also a packet enters the empty queue 1 with probability λ1 .
Consequently, the probability of event (a) is k2 ρ2 λ1 . For event
(b), queue 2 is empty in the next slot. Hence, state transition
occurs if a packet enter queue 2 in an upcoming slot. Since
the packets enter without memory (as a Bernoulli process),
arrivals see queue 1 in its steady state (discrete version of
PASTA Theorem [27]). Therefore, queue 1 is backlogged with
probability ρ1 when a packet enters queue 2. As a result, event
(b) occurs with probability k2 (1 − ρ2 )ρ1 . Obviously if the
packet in not transmitted in the current slot, state transition
{0 → 1} occurs if a packet enters queue 1 in the next slot
(otherwise a self-transition occurs). Thus, the probability of
event (c) is (1 − k2 )λ1 .
By calculating the steady state probabilities of the Markov
chain, we get
(47)

On the other hand, since the average service rate of queue 2
is given by μ2 = ρ1 k + (1 − ρ1 )k2 , we infer
λ2
λ2
ρ2 =
=
·
μ2
ρ1 k + (1 − ρ1 )k2

xn1 −s1 y n2 −s2 ×

s1 =0,1 s2 =0,1 n1 =0 n2 =0

P {0 → 0} = P00 = k2 ρ2 (1 − λ1 ) + (1 − k2 )(1 − λ1 )

λ1 + k2 (1 − ρ2 )(ρ1 − λ1 )
.
λ1 + k2 (1 − ρ2 )(ρ1 − λ1 ) + k(1 − ρ1 )

∞ 
∞
 

P (S1 = s1 , S2 = s2 |N1 = n1 , N2 = n2 )π(n1 , n2 ),

Δ

ρ1 =



(48)

Using (47) and (48) and noting that ρ1 = λk1 , ρ2 and ρ1 are
calculated. Note that for PE scheme (k2 = 0) then, (47) is
reduced to ρ1 = ρ1 = λk1 . The rest of proof is very similar to
Theorem 1, hence omitted.

(50)

where π(n1 , n2 ) is the joint steady state probability corresponding to the length of virtual queues. Now we define
g1 (n1 , n2 ) = P (S1 = 1, S2 = 0 |n1 , n2 )
= k1 I(n1 > 0, n2 = 0) + k(1 − k)I(n1 > 0, n2 > 0) ,
g2 (n1 , n2 ) = P (S1 = 0, S2 = 1 |n1 , n2 )
= k2 I(n1 = 0, n2 > 0) + k(1 − k)I(n1 > 0, n2 > 0) ,
g3 (n1 , n2 ) = P (S1 = 1, S2 = 1 |n1 , n2 )
= k 2 I(n1 > 0, n2 > 0) ,
∞ 
∞

Gi (x, y) =
xn1 y n2 gi (n1 , n2 )π(n1 , n2 ), i = 1, 2, 3 ·
n1 =0 n2 =0

(51)
Note that in writing (51), we assume that the coded packets
destined to each source fail to be received independent from
the receiving status of the other source. Hence the probability
of simultaneous successful reception is k 2 .
The right side of (50) can be rewritten as:

(1 − g1 − g2 − g3 )xn1 y n2 π(n1 , n2 )
n1

+
+
+

n2


n1

n2

n1

n2



n1

g1 xn1 −1 y n2 π(n1 , n2 )
g2 xn1 y n2 −1 π(n1 , n2 )
g3 xn1 −1 y n2 −1 π(n1 , n2 )

n2

=ϕN − G1 − G2 − G3 +

G2
G3
G1
+
+
·
x
y
xy

(52)

One can easily check that :
G1 (x, y) = k1 (ϕN (x, 0) − ϕN (0, 0)) + k(1 − k)(ϕN (x, y)
− ϕN (x, 0) − ϕN (0, y) + ϕN (0, 0)) ,
G2 (x, y) = k2 (ϕN (0, y) − ϕN (0, 0)) + k(1 − k)(ϕN (x, y)
− ϕN (x, 0) − ϕN (0, y) + ϕN (0, 0)) ,
G3 (x, y) = k 2 (ϕN (x, y) − ϕN (x, 0) − ϕN (0, y) + ϕN (0, 0)) ·
(53)
Substituting (52)-(53) in (49) and rearranging complete the
proof.
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