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Analytical Modeling of Graphene Ribbons
as Optical Circuit Elements
Amin Khavasi and Behzad Rejaei
Abstract— We demonstrate that graphene ribbons can be
modeled as circuit elements, which have dual capacitive-inductive
nature. In the subwavelength regime, the surface current density
on a single graphene ribbon subject to an incident p-polarized
plane wave is derived analytically and then it is extended to
coplanar arrays of graphene ribbons by applying perturbation
theory. It is demonstrated that even isolated graphene ribbons
have capacitive properties and the interaction between them
in an array only changes the capacitance. Finally, we propose
an accurate circuit model for the ribbon array by applying
appropriate boundary conditions.
Index Terms— Graphene ribbon, circuit modeling, nanostructures.

I. I NTRODUCTION

G

RAPHENE, a one-atom-thick sheet of carbon atoms
arranged in a honeycomb lattice, has attracted a great
deal of interest due to its exceptional electrical and optical
properties, such as high thermal conductivity [1], gate-variable
optical conductivity [2], controllable plasmonic properties [3]
and high speed operation [4], among others. These properties
make graphene a promising material for many applications,
such as transformation optics [5], optical modulators [6], and
transparent conducting electrodes [7].
Recently, periodic arrays of graphene ribbons and single
graphene ribbon have been studied experimentally [8], [9]
and numerically [10], [11]. It has been shown that periodic graphene patches possess dual inductive-capacitive
nature [12], and thus the same property is for periodic
graphene ribbons [13]. This bifunctional property could be
useful in the implementation and design of tunable planar
filters and metasurface conformal cloaks [14], [15].
The dual capacitive-inductive nature of graphene ribbons
manifests itself in resonance features in transmission-reflection
experiments through planar arrays of ribbons at THz frequencies [9]. At specific frequencies the reflection (and absorption)
by the array increases significantly. However, to our knowledge, it is so far unclear whether these features are intrinsic
to a single graphene ribbon or are caused by the interaction
between ribbons in the array.
To address this problem, in this paper we shall first study the
scattering of a p-polarized electromagnetic wave by a single
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graphene ribbon. We shall derive an analytical expression for
the surface current density induced in a graphene ribbon in
the subwavelength regime (i.e. the wavelength of the incident
wave is much larger than the width of ribbon). The solution obtained possesses infinitely many intrinsic resonances
which demonstrate that even a single graphene ribbon has
both inductive and capacitive characteristics. Thus, unlike the
multilayered stack studied in [12], the capacitive properties of
the structure cannot be attributed to the interaction between
graphene patches alone. We next turn to a periodic array of
graphene ribbons and show that the resonance features of a
single ribbon are still preserved apart from a shift caused by
the electrostatic interaction between neighboring patches. This
frequency shift will be calculated by means of perturbation
theory. Moreover, the Rayleigh expansion, in combination with
the surface current density on the graphene ribbons, will be
used to determine the amplitude of the diffracted orders in
the upper and lower homogenous media. Finally, we show
that the array can be modeled with an effective admittance.
The admittance is composed of infinite number of parallel
R-L-C circuits, each representing a single mode of the
graphene ribbon. Consequently, the proposed model correctly
predicts multiple resonances of the structure.
The paper is organized as follows. In Sec. II, we derive
an approximate analytical expression for the surface current
density of a single graphene ribbon. In Sec. III, we extend our
model to periodic arrays of graphene ribbons. In Sec. IV the
calculation of diffracted orders and the circuit model of the
structure are presented. We validate the proposed analytical
model against full-wave numerical simulations [11]. Finally,
conclusions are drawn in Sec. V. A time dependence of the
form e j ωt is assumed and suppressed throughout this study.
II. C URRENT D ISTRIBUTION ON A
NARROW G RAPHENE R IBBON
Consider a narrow graphene ribbon of width w (infinite
along y) under normal incidence, as shown in Fig. 1. The
surrounding medium is free space and the incident wave is
p-polarized (magnetic field along y). The graphene ribbon is
considered as a surface conductivity σs , computed within the
random-phase approximation [16]:
σs =

j
2e2 k B T
log [2 cosh(E F /2k B T )]
π2 j τ −1 − ω



e2
4i ω ∞ H (ε) − H (ω/2)
+
dε
(1)
H (ω/2) −
4
π 0
ω2 − 4ε2

where e is the electron charge, E F is the Fermi energy,
h̄ is the Plank constant, ω is the frequency, T = 300K is

0018-9197 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

398

IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 50, NO. 6, JUNE 2014

TABLE I
T HE F IRST T HREE E IGENVALUE AND T HEIR
C ORRESPONDING E IGENFUNCTIONS

Fig. 1. A graphene ribbon of width w, illuminated by a normal incident
p-polarized plane wave.

the temperature and τ is the relaxation time. The function
H (ε) is given by
H (ε) =

sinh(ε/k B T )
cosh(E F /k B T ) + cosh(ε/k B T )

Due to the incidence of the p-polarized wave, a surface
current density Jx will be induced on the ribbon in the
x-direction. Once divided by σs , the surface current density
must equal the total electric field on each point on the graphene
surface. Therefore, one has [17]:
Jx (x)
= E xext (x) − j ωμ0
σs

w/2

Furthermore, it may be rewritten as the Prandtl integrodifferential equation [18]
1
−k p (ω) Jx (x) + P
π
=

2 j ωε0 E xext

w/2
−w/2

(x)

1 d
+
j ωε0 d x

G0
−w/2




  
G 0 x − x  Jx x  d x 

 
 d Jx x 
x−x
dx
dx


k p (ω) = −

(2)

G0 x − x






1 (2)  
H0 k 0 x − x  
=
4j

1
P
π

where E xext (x) is the x-component of the external electric
field, and the last two terms on the right hand side of (2)
represent the electric field generated in free space by the
surface current Jx . Note that H0(2)(x) is the zeroth order
Hankel function of the second kind.
In the subwavelength regime where k0 w  1 one has


 
1 (2)  
1
H0 k 0 x − x   ≈ −
ln k0 x − x  
(3)
4j
2π
Besides, due to the electrostatic nature of the problem, the
third term on the right hand side will become much larger than
the second, so the second term can be dropped:
d
Jx (x)
1
= E xext (x) −
σs
2π j ωε0 d x
 
w/2

 
  d Jx x

ln k0 x − x
dx
×
dx

2 j ωε0
σs

is the (generally complex) wavenumber of the plasmonic
wave propagating on an infinite sheet of graphene at the
frequency ω [19].
To solve (5) consider the eigenvalue problem

and


(5)

Here Jx (0) = Jx (w) = 0[11], P denotes principal value
integration, and

−w/2

w/2

 
1 d Jx x 
dx
x − x dx

w/2
−w/2

 
1 dψn x 
d x  = kn ψn (x)
x − x dx

(6)

where
ψn is the n’th normalized eigenfunction
 w/2
( −w/2 ψn2 (x)d x = 1) and kn is the corresponding eigenvalue.
A method for calculating ψn and kn by using Fourier
expansion of eigenfunctions is presented in the Appendix. The
first three eigenvalues and the corresponding (approximate)
eigenfunctions are presented in Table 1. For higher order
eigenvalues the following excellent approximation can be
used:
1 π
(7)
kn ∼
= (n − ) , ψn = w−1/2 sin(nπ x/w) n > 3
4 w
Returning to (5), we now expand the current density on the
ribbon as follows:
∞

Jx (x) =
(4)

−w/2

The above equation is of pure electrostatic nature as the
2nd term on its right hand side is simply the electrostatic field
generated by a surface charge density ρs = (− j ω)−1 d Jx /d x.

An ψn (x)

(8)

n=1

which, after substitution in (5), leads to
2 j ωε0
An =
kn − k p (ω)

w/2
E xext (x)ψn (x)d x
−w/2

(9)
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Fig. 3.

Periodic array of graphene ribbons.

distribution of a graphene ribbon (circles) near its first three
resonances obtained from full-wave electromagnetic simulations. For comparison the corresponding eigenfunctions from
Table 1 (solid line) are also plotted on the same figures.
Excellent agreement is observed between the numerical data
and our quasi-static treatment. Note that the presence of
resonances in the response of a graphene ribbon to an incident
field demonstrates its dual inductive-capacitive character even
in the absence of other graphene ribbons.
Finally, it should be mentioned that though the above
equations were obtained for the case that the host medium is
free space, they can be readily generalized to the case where
the ribbon is sandwiched between two homogenous media
with permittivities ε1 and ε2 , respectively. Since the treatment
is essentially electrostatic, it suffices to replace ε0 with the
effective permittivity [20] εe f f = (ε1 + ε2 )/2.
III. E XTENSION TO A P ERIODIC A RRAY OF R IBBONS

Fig. 2.
Current distribution on the graphene ribbon for the (a) first,
(b) second and (c) third mode, obtained by full wave simulation (circles).
The corresponding approximate eigenfunctions from Table 1 are also plotted
(solid line).

For normal plane wave incidence the external field is
constant E xext (x) = E xinc , so we have
2 j ωε0
Sn E xinc
An =
kn − k p (ω)

(10)

 w/2
where Sn = −w/2 ψn (x)d x. The latter quantity vanishes for
even values of n as the corresponding ψn ’s are odd functions
with respect to the center of the ribbon (x = 0).
Equation (8) shows that the current density on the ribbon
exhibits infinitely many resonances at frequencies ωn where
kn = Rek p (ωn ). Near each resonance the distribution of
current density will be given by the corresponding eigenfunction. These are, in fact, the quasi-static modes of
the ribbon. Figure 2 (a), (b) and (c) show the current

In this section, we extend the result obtained for a single
ribbon to a periodic array of coplanar graphene ribbons of
period D as shown in Fig. 3. We show that the interaction
between the ribbons can be accurately taken into account by
applying first order perturbation theory and modifying the
eigenvalues in (6).
When the normally incident, p-polarized wave hits the
array of parallel ribbons, surface currents flowing in the
x-direction are once again induced on each ribbon. For each
individual ribbon, equation (4) remains valid provided that the
electric field induced by charges on neighboring ribbons is
also included in its right hand side. Let the area of the i -th
ribbon in the array be designated by di < x < di + w and its
current density by Jx,i . Then on the i -th ribbon (5) must be
generalized as
1
−k p Jx,i (x) + P
π
1
+
π

dl +w
l( =i) d
l

di +w

di

 
1 ∂ Jx,i x 
dx
x − x
∂x

 
1 ∂ Jx,l x 
d x  = 2 j ωε0 E xext (11)
x − x
∂x

Since we are considering normal incidence, the external
electric field E xext is taken to be a constant and identical for all
array elements. Besides, as the array is periodic and contains
infinite number of ribbons, the distribution of current density
on all array elements must be the same due to symmetry.
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TABLE II
T HE F IRST T HREE E IGENVALUES OF (13) FOR D IFFERENT
F ILL -FACTORS , O BTAINED BY P ERTURBATION T HEORY

As a result (11) leads to the following equation for current
distribution on an individual ribbon
 
w/2
1
1 ∂ Jx x 
−k p Jx (x) + P
dx
π
x − x ∂x

As for the eigenfunctions, we leave them unaltered and use
φn ∼ ψn .
Consequently, for a periodic array of graphene ribbons, the
surface current density of each graphene ribbon is obtained
from (8) and (10) where kn is replaced by the modified
eigenvalues qn calculated by (15). As in case of a single
graphene ribbon, resonances will be observed but now near the
modified frequencies found from qn = Rek p (ωn ). Take note
that increasing the fill factor, which results in a smaller gap
(D − w) and stronger interaction between adjacent patches,
mostly affects the lowest eigenvalue. The latter becomes
smaller so that the corresponding resonance is shifted to lower
frequencies (longer wavelengths).

−w/2

1
+
π

w/2
l( =0)−w/2

 
∂ Jx x 
1
ext
d x  = 2 j ωε0 E x,i
(x) (12)
x −x  +l D ∂ x 

valid in the interval −w/2 < x < w/2. It should be mentioned
that the external field now also includes the radiated far fields
of all the elements other than i .
Consider next the eigenvalue problem:
1
P
π

w/2
−w/2

1
+
π

 
1 ∂φn x 
dx
x − x ∂x
∞

w/2

l=−∞( =0)−w/2

 
∂φn x 
1
d x  = qn φn (x)
x − x + l D ∂x
(13)

Once the eigenfunctions φn and eigenvalues qn are found,
the solution will again be given by (8)-(10) except that ψn , kn
must be replaced by φn , qn respectively. Instead of trying to
directly solve (13), however, we treat the second term on
its left hand side as an interaction-induced perturbation to
the ‘unperturbed’ eigenvalue problem (6) for a single ribbon.
It then follows from conventional perturbation theory that, up
to the first order in the perturbation
1
qn = k n +
π

∞

w/2

w/2

1
qn = k n −
π

∞

rn e jβ1n z e− j αn x

(16-a)

n=−∞
−1 − jβ10 z
E 1x = Y10
e
−

+∞

−1
Y1n
rn e jβ1n z e− j αn x (16-b)

n=−∞

for region I (z<0), and
+∞

+∞

(14)

w/2 w/2

l=−∞( =0)−w/2 −w/2

+∞

H1y = e− jβ10 z +

τn e− jβ2n z e− j αn x

(17-a)

−1
Y2n
τn e− jβ2n z e− j αn x

(17-b)

n=−∞

−w/2

 
dψn x 
1
×
dxdx
x − x + l D dx
which, after partial integration, may be written as

The existence of resonances for graphene ribbons in both
isolated and array forms hints at its dual capacitive-inductive
character from an electromagnetic point of view. It is therefore instructive to derive an equivalent circuit model which
demonstrates these properties explicitly. Such a model will be
derived below for an array of graphene ribbons by considering
the scattering of a p-polarized plane wave.
The current distribution on each element in a periodic array
of graphene ribbons was derived in the previous section.
To analyze the scattering of the incident plane wave, however,
we need to compute the electromagnetic fields generated by
these currents in the surrounding homogenous media. The total
field in these regions is given by the well-known Rayleigh
expansion:

H2y =

ψn (x)
l=−∞( =0)−w/2

IV. C IRCUIT M ODEL

 

 dψn (x) dψn x 

×ln x − x + l D 
d x d x  (15)
dx
dx
where we have used ψn (−w/2) = ψn (w/2) = 0. Our
calculations based on (15) show that higher order eigenvalues
remain almost unchanged and, in practice, only the first
three eigenvalues must be modified. The first three perturbed
eigenvalues are given in Table 2 for different fill-factors (w/D).

E 2x =
n=−∞

for region II (z>0), where rn and τn are the reflection and
transmission coefficients, respectively, and
2π
n
D
2π
εi − αn2 , i = 1, 2
=
λ
ωεi
=
, i = 1, 2
βin

αn =

(18-a)

βin

(18-b)

Yin

(18-c)

In (18-b) λ is the free space wavelength. The z component of
the wave vector, βin is either negative real (propagating wave)
or positive imaginary (evanescent wave).
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Fig. 4. (a) Proposed equivalent circuit for the structure shown in Fig. 3:
the periodic array of graphene ribbons is modeled with a shunt admittance,
Yg , and the surrounding homogenous mediums are modeled with transmission
lines. (b) The admittance representing the graphene ribbons can be regarded
as infinite number of series R-L-C circuits that are parallel to each other.

Following boundary conditions should be applied in the
boundary between the two regions where the graphene ribbons
are deposited [21]:
E 1x = E 2x
H1y − H2y = Jx (x)

(19-a)
(19-b)

Substituting (16) and (17) in (19) we obtain, after some
straightforward mathematical manipulations,
1+
n =0

Y2n
Y1n

rn e− j αn x + 1 −

Y20
Y20
+ (1 +
)r0 = Jx (x)
Y10
Y10
(20)

where Jx is given by (17) in which the external field is the
incident field plus the radiated (reflected) field by the array.
All reflection coefficients are easily calculated by multiplying
both sides of (29) by e− j αn x and taking the integral over one
period. For subwavelength regime, the zeroth reflection order
is only propagating and its amplitude, r0 is written as
r0 =

Yg + Y20 − Y10
Yg + Y20 + Y10

(21)
Fig. 5.
Absorption spectra of periodic array of graphene ribbons with
different values of ribbon width: (a) w/D = 0.1, (b) w/D = 0.5 and
(c) w/D = 0.9. The results are obtained by using the proposed circuit model
(solid curve) and full-wave simulations (dots).

where according to (8), (9) and (21) Yg reads as
∞

Yg =
n=1(odd)

σs−1 +

qn
2 j ωεef f

−1

Sn2
D

(22)

In this relation even modes are absent as the corresponding
values of Sn are zero (see section II).
The reflection coefficient given in (21), is the same as the
reflection coefficient of the circuit shown in Fig. 4(a): two
transmission lines with characteristic admittances Y10 and Y20 ,
and a shunt admittance Yg , modeling regions I and II, and the
array of graphene ribbons, respectively.
At sufficiently low frequencies and low temperatures where
ω  2E F and E F >> 2k B T , 2nd term on the right hand side
of (1) becomes negligible, and σs will be of the Drude form.

Then each term in the above summation may be viewed as
the admittance of a series R-L-C circuit with the resistance,
inductance and capacitance of the n’th mode given by
Rn =

D π2
,
Sn2 e2 E F τ

Ln =

D π2
S 2 2εe f f
, Cn = n
2
2
Sn e E F
D qn

(23)

The total admittance of the ribbon array is thus the sum
of the admittances of each mode as shown in Fig. 4(b). At
high frequencies, where σs will not have the simple Drude
form, the capacitance does not change while the resistance and
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inductance are given by the frequency-dependent expressions
Rn =

D
Re{σs−1 },
Sn2

Ln =

D I m{σs−1 }
Sn2
ω

(24)

Now, let us verify the accuracy of the proposed circuit model
through a numerical example. Consider a periodic array of
graphene ribbons whose period is D = 8μm deposited on
a substrate with ε2 = 2.25ε0, and the incident medium is
free space (ε1 = ε0 ). The charges relaxation time and Fermi
energy are assumed to be: τ = 10−12 s, and E F = 0.2 eV.
The absorption of the structure is plotted as a function of
the wavelength in Figs. 5(a), (b) and (c) for w/D = 0.1, 0.5
and 0.9, respectively. The dots show the rigorous results [11]
and the solid curves are obtained by using the proposed circuit
model. Excellent agreement is observed between the proposed
model and the rigorous results.
It is obvious from these figures that the structure possess
multiple resonances each corresponding to one of the series
R-L-C circuits in the proposed model. These multiple resonances cannot be predicted with the previous work [12],
modeling the structure with only one R-L-C admittance.
Furthermore, as a result of the interaction between ribbons,
which increases by increasing the fill-factor, the resonances
are shifted to longer wavelengths. This effect is due to the
reduction of the eigenvalues (qn ) of the odd modes as shown in
Table 2. The widening of the resonances caused by increasing
the fill-factor may also be understood in circuit terms. The
width of a resonance is inversely proportional to the quality
factor of its corresponding
R-L-C branch which is given by
√
Q = (1/Rn ) L n /Cn . At long wavelengths where (23) is
applicable, we have
Q=

τe


qn E F
2πεe f f

(25)

Thus, a higher fill-factor will cause a smaller qn and, in turn,
a lower Q which manifests itself as a broader resonance.
V. C ONCLUSIONS
We have derived an analytical expression for the surface
current density of a graphene ribbon illuminated by a TM
polarized plane wave. The expression has been derived under
quasi-static approximation and it has been extended to periodic
arrays of graphene ribbons by using perturbation theory.
We demonstrated that interaction between the ribbons only
changes the resonant frequency of the structure.
Moreover, we have proposed a circuit model for the structure consisting of parallel R-L-C circuits. This work confirms
the dual capacitive-inductive properties of the graphene arrays,
however, it suggests that even non-interacting ribbons have this
dual feature. This is in contrast with the previous work [12]
that attributed the capacitive property to the interaction of the
ribbons. Also, multiple resonances and their quality factor are
accurately predicted by the proposed model.
Our work gives a deeper insight to the physical properties
of graphene ribbons and it may be useful for devising different
novel devices such as perfect absorbers [22] and metasurface
conformal cloaks [15].

A PPENDIX : S OLUTION OF THE P RANDTL
E IGENVALUE P ROBLEM
In order to solve the eigenvalue problem (6) one may
introduce the new variables
w
w
(A.1)
x = cos θ, x  = cos θ 
2
2
which, after substitution in (6), lead to
 
π
d ψ̄n θ 
2
1
P
dθ  = kn ψ̄n (θ ) (A.2)
πw
cos θ  − cos θ dθ 
0

with ψ̄n (θ ) = ψn [(w/2) cos θ]. We next expand ψ̄n (θ ) in a
Fourier sine series on the interval 0 < θ < π:
∞

Anp sin ( pθ)

ψ̄n (θ ) =

(A.3)

p=1

which, after substitution in (A.2) yields
 
π
∞
cos pθ 
2
n
dθ  = kn
pAp P
πw
cos θ  − cos θ
p=1

0

∞

Anp sin ( pθ )
p=1

(A.4)
By using Glauert’s identity [23]
 
π
cos pθ 
π sin pθ
P
dθ  =

cos θ − cos θ
sin θ

(A.5)

0

the above equation becomes:
2
w

∞

∞

p Anp sin ( pθ ) = kn
p=1

Anp sin θ sin ( pθ)

(A.6)

p=1

After multiplying both sides by sin(qθ ) and taking the
integral from 0 to π, one obtains the generalized matrix
eigenvalue problem
q Anq =
Tq p =

kn w
π

∞

Tq p Anp

(A.7)

p=1


1 1 − (−1)q+ p−1
1 1 − (−1)q− p+1 
+
1 − δq− p,−1
2 (q + p)2 − 1
4 q − p+1

1 1 − (−1)q− p−1 
1 − δq− p,1
−
(A.8)
4 q − p−1

Solution of this problem with a finite number of coefficients
gives the coefficients Anp and the eigenvalues kn .
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