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Abstract—In this paper we study and evaluate the performance
of a spectral-phase encoded optical CDMA (SPE-OCDMA)
system using advanced receiver structures based on second
harmonic generation (SHG) effect imposed in a Thick or Thin
crystal. This receiver structure is employed as the nonlinear
pre-processor prior to the conventional low-speed photodetector.
In our performance evaluation amplified spontaneous emission
(ASE) of the optical amplifiers, receiver front end thermal noise
and photodetector shot noise which are effective in low power
conditions, and multiple access interference (MAI) noise which
is the dominant source of noise in high power conditions in any
coherent OCDMA communications system have been considered.
We begin by studying the statistical behavior of Thick crystals in
an optically amplified digital lightwave communication system in
the context of a SPE-OCDMA communication system. The error
probability for Thick crystal receiver structure is evaluated using
Saddle-Point approximation. Furthermore, we obtain a closed
form approximation for the probability density function (pdf) of
the decision variable in SPE-OCDMA systems with Thin crystal
SHG receiver. In this analysis, to obtain approximate probability
density function, we employ Gram-Charlier expansion based on
the corresponding first order moments of the decision variable.
The first three moments are obtained in a closed form approximation and consequently a closed form expression for the error
probability is obtained by integrating the approximated pdf of
the decision variables for transmitting bit “1” and “0” in Thin
crystal receiver structure. The precision of the approximation is
verified by the Monte-Carlo simulation. Finally the performance
of SPE-OCDMA network for both Thin and Thick SHG crystals
are analytically evaluated and discussed for different number of
interfering users and different code-lengths and different speed of
the conventional photodetectors. We deduce that the performance
of Thin SHG crystal receiver is more sensitive to the transmitted
power level especially in low power conditions. It is concluded
that in low power conditions where ASE, thermal and shot
noises are the dominant noise sources, Thick SHG crystal receiver
outperforms the Thin crystal receiver. However, in high power
conditions where MAI noise is the most effective noise term, Thin
SHG crystal receiver structure outperforms the Thick crystal
receiver.
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I. I NTRODUCTION

A

MONG various optical code division multiple access
(OCDMA) systems spectrally-phase-encoded OCDMA
(SPE-OCDMA), due to its powerful means of encoding/decoding, is the most promising OCDMA system for
many upcoming all-optical networking [1]. One of the most
challenging aspects of such systems is related to its ability
in identifying the presence of ultrashort light pulses, e.g.,
femto-sec, subpico-sec, in the presence of multiple access
interference (MAI). For such detection scheme we require to
either use ultra-fast sampling technology on the order of pico
and femto-second for optimum detection or to use a powerful
alternative, but sub-optimum, namely all-optical non-linear
detection such as second-harmonic-generation (SHG), twophoton-absorption (TPA), or highly nonlinear fiber (HNLF) [24]. In general a conventional photodetector used for detection
of correctly decoded ultrashort light pulse can simply be modeled as an energy detector which evaluates the pulse energy
in its response time. In order to obtain the best detection
performance, the photodetectors must have a response time
equal to the pulse width. However, practical photodetectors
have a response time on the order of 9 pico-sec that is much
more than the typical pulse width used in SPE-OCDMA
which are on the order of subpico-sec [9]. The response
time of conventional photodetectors is typically on the order
of 100 to 1000 times the pulse width which it is on the
order of spreading duration of the encoded or incorrectly
decoded pulses in SPE-OCDMA systems. Since the energies
of incorrectly decoded pulses are within the same order of
the properly decoded pulse, the performance of such systems
surely degrades if there is no pre-processing device prior to
the low speed photodetector [11]. Most enabling technologies
proposed for implementing the pre-processors are based on
imposing a nonlinear effect in a photonic waveguide with
a large amount of discrimination between the high and low
peak power signal. Two Photon Absorption (TPA) detectors
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where their output is proportional to the square of the input
light intensity is one of those enabling technologies where the
pre-processor and the photodetector parts are integrated in a
single device. Self Phase Modulation (SPM) effect which is
imposed in special fibers with high nonlinearity coefficient
namely Highly Non-Linear Fiber (HNLF) and Second Harmonic Generation effect which is imposed in some types of
dielectric crystals are other enabling technologies employed as
pre-processors prior to conventional low speed photodetectors.
The feasibilities and applicabilities of these methods are shown
in SPE-OCDMA system in many experimental studies [2-6].
However; the analytical approaches to study the statistical
behavior of such sub-optimum schemes have received less
attention due to its mathematical complexity. Recently in
[7] the performance of a RZ-OOK lightwave communication
system using a TPA detector as the nonlinear receiver was
evaluated and reported. The resulting model was employed
in a SPE-OCDMA system and the performance of such a
system was obtained and discussed in [8]. In [9] performance
of a SPE-OCDMA system using SPM and SHG nonlinear preprocessor was obtained. Due to its mathematical complexity,
the authors succeeded in evaluating the performance of the
system using Monte-Carlo simulation. In [10], an approach
was proposed to investigate the effect of the combination
of highly nonlinear fiber and optical band pass filter as the
preprocessor prior to the photodetector. In this approach, the
amount of spreading in frequency spectrum is defined as
the decision variable and the authors obtain the mean and
the variance of the decision variable, and the probability of
error is obtained using Gaussian approximation. However, in
this paper second harmonic generation (SHG) effect in Thick
crystal which was studied in an ultrahigh speed lightwave
communication receiver [11], is considered in a SPE-OCDMA
system. In evaluating the performance of such systems we
begin by obtaining the moment generating function (MGF) of
the decision variables at the output of the sampler after the
Thick SHG crystal. Using the output MGF of the decision
variables in Saddle-Point approximation method we can evaluate the performance of the system for different parameters
of the network such as the number of users and the user’s
code length with high precision. Also in this paper we present
and study an analytical approach using the Gram-Charlier
expansion in modeling the statistical behavior of Thin SHG
crystals. Finally, the closed form approximation for the total
error probability of SPE-OCDMA system with Thick crystal
receiver structure is obtained. The results of this study are
used in a SPE-OCDMA communication system in order to
present its performance using various system parameters. The
rest of this paper is organized as follows. In Section II the
concept of spectral phase encoding-decoding technique and
the detailed description of different building blocks of a SPEOCDMA using SHG receiver structure are presented. In Section III the Second Harmonic Generation effect, the dominant
nonlinear effect in some dielectric crystals, is introduced and
the mathematical models for two extreme behaviors of this
device namely Thin and Thick crystals in the context of digital
lightwave communication systems are described. In Section IV
the statistical model of the SHG effect used as a pre-processor
in ultra-high speed optical communication systems for two

separate regimes, i.e., Thin and Thick, is presented. This model
is used for the performance evaluation of a SPE-OCDMA
receiver with SHG crystals as the pre-processor prior to the
photodetectors. The impact of thermal noise due to the front
end electronic circuitry and shot noise corresponding to the
photodetector is studied in Section V. In Section VI the
numerical results are presented and an in-depth discussion on
the performance of the SPE-OCDMA for various parameters
is presented. Finally, Section VII concludes the paper.
II. SPE-OCDMA S YSTEM D ESCRIPTION W ITH SHG
R ECEIVER S TRUCTURE
A typical SPE-OCDMA network with N users is shown in
Fig. 1. In such a system each user transmits its information
bit using OOK signaling scheme in which for transmitting bit
“1” a band-limited ultrashort light pulse, 𝐴(𝑡) with duration
𝑇𝑐 , e.g., on the order of 100𝑓 𝑠, is transmitted within one
bit duration 𝑇𝑏 and for transmitting bit “0” no pulse is
transmitted. At the transmitter side, the frequency spectrum
of the band-limited pulse with bandwidth W is divided into
Δ
𝑁0 frequency chips or bins such that 𝑊 = 𝑁0 Δ𝜔 where, Δ𝜔
is the bandwidth of each of the frequency bins. A family of
N pseudo-random binary signature sequences {𝐶𝑗 }𝑁
𝑗=1 , each
assigned to a particular user, plays a key role in a SPEOCDMA network. In this paper we assume all pseudo-random
binary codes have equal length 𝑁0 with{components that are
}
randomly selected from the binary set 𝑒𝑗0 = 1, 𝑒𝑗𝜋 = −1
with equal probability. The encoder due to jth user adds 0 or
𝜋 values to the phases of the frequency bins corresponding
to the jth user according to the elements of the assigned
code 𝐶𝑗 . In [12], it is shown that when random coding is
used as the signature sequence for each user, the encoder
spreads the incident pulse in time by a factor of 𝑁0 and
a noise-like low intensity signal with duration 𝑇 = 𝑁0 𝑇𝑐
is formed at the encoder output with 𝑇𝑐 being the assigned
pulse duration. It should be noted that the spreading time
T is not necessarily equal to the bit interval . In fact, the
ratio between the bit interval 𝑇𝑏 and the spreading time T is
called the excess spreading factor which is denoted by K. It is
Δ
usually assumed that the excess spreading factor 𝐾 = 𝑇𝑏 /𝑇
is an integer number. Finally the encoder’s output enters into
the fiber optic channel, shared among all of the network
users through the star coupler, and is interfered with other
users encoded signal. The signal due to jth user is added to
the multiple access interference (MAI) signal and the result
arrives at the receiver input of the jth user. After amplification
and filtering with an optical amplifier and an optical bandpass filter a band-limited white random process, due to the
amplified spontaneous emission (ASE) noise of the optical
amplifier, is added further to the received signal. 𝐿1 and 𝐿2
are total fiber losses before and after the optical amplifier.
𝐺𝑎𝑚𝑝 denotes the gain of optical amplifier. By assuming an
ideal star-coupler with N branches, the total amplification and
𝐺
𝐿 𝐿
losses along the path is obtained as 𝐺 = 𝑎𝑚𝑝𝑁 1 2 [22].
The resulting signal enters the jth decoder which is similar
to the jth encoder apart from the used signature sequence
which is the complex conjugate of the corresponding sequence
used in the corresponding encoder. When the input to the jth
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A typical spectral-phase encoded OCDMA system employing the optical SHG crystal as the data recovery subsystem.

decoder is the pulse coded with signature sequence 𝐶𝑗 the
output is recovered as the original short pulse with duration 𝑇𝑐
otherwise, due to the random properties of the code elements,
the output remains in the form of a low intensity noise-like
signal [12]. So, the jth decoder output is the summation of
a band-limited noise due to MAI and ASE and a short pulse
when data bit “1” is transmitted, otherwise, it only consists
of a band-limited noise term. Finally, the decoder output
enters the data recovery sub-system which in this paper it
consists of a second harmonic generation crystal as the preprocessor prior to a conventional photodetector. In subsequent
sections after presenting an introduction to the mathematical
modeling of the nonlinear SHG effect the error probability of
the aforementioned system is obtained.
III. M ATHEMATICAL M ODELING OF S ECOND H ARMONIC
G ENERATION E FFECT
In this section a simple mathematical model for a nonlinear
second harmonic generation (SHG) effect in photonic crystals
is presented. In such dielectric crystals when satisfying phase
matching conditions between the fundamental and second
harmonic waves a nonlinear effect namely second harmonic
generation dominates among other nonlinear effects. In the
most simple case, the perfect phase matching between the

fundamental and second harmonic waves happens when the
wave number due to the second harmonic wave becomes twice
the corresponding wave number of the fundamental wave [14].
When a high power optical wave at frequency 𝜔0 enters the
crystal in which the phases of the fundamental and second
harmonic waves are matched then certain amount of energy
efficiently transfers to the second harmonic wave at frequency
2𝜔0 . These phase matching conditions are hardly satisfied in
the case that the input wave is an ultrashort light pulse, mainly
due to its wide-band frequency content. In [14] by relaxing
some phase matching conditions, the transient behavior of the
photonic crystals in response to the wide-pulses has been studied when the SHG effect dominates among the other higher
order nonlinearities. Hereafter, in this paper, crystals with
dominant SHG effect are called SHG crystals. These crystals
are classified into two general forms namely Thin and Thick
SHG crystals. This classification is obtained according to the
length of the crystals. For the aforementioned classification, a
parameter namely walk-off length, denoted by 𝐿𝑤 , is defined
as follows,
𝑇𝑐
Δ
(1)
𝐿𝑤 =
𝐺𝑉 𝑀
Δ

Where 𝐺𝑉 𝑀 = ∣1/𝑉𝑔1 − 1/𝑉𝑔2 ∣ is defined as the group velocity mismatch (GVM) between the fundamental and second
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harmonic waves in the SHG crystal. In general, if the crystal
length is much greater than the walk-off length, i.e., 𝐿 ≫ 𝐿𝑤 ,
the crystal is assumed to be in Thick regime, which it can
be safely modeled as the cascade of a nonlinear square-law
device with a linear low-pass filter with a bandwidth inversely
proportional to the crystal length as follows [11],
[
]
2
(𝑡)
(2)
𝐸𝑜𝑢𝑡 (𝑡) = ℎ𝐿 (𝑡) ∗ 𝐶 × 𝐸𝑖𝑛
Where ℎ𝐿 (𝑡) in the above equation denotes the impulse
response of the low-pass filter in the Thick crystal model which
is defined as follows,
{
1
𝐿/𝑉𝑔1 < 𝑡 < 𝐿/𝑉𝑔2
𝐿
1/𝑉
(
𝑔2 −1/𝑉𝑔1 )
ℎ𝐿 (𝑡) =
0
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(3)
On the other hand, if the crystal length is much less than the
walk-off length, i.e., 𝐿 ≪ 𝐿𝑤 , then it is classified as a Thin
crystal and is simply modeled as a nonlinear square-law device
and its input/output relation is expressed as follows [11],
2
𝐸𝑜𝑢𝑡 (𝑡) = 𝐶 × 𝐸𝑖𝑛
(𝑡)

(4)

In equations (2) and (4), 𝐸𝑖𝑛 (𝑡) and 𝐸𝑜𝑢𝑡 (𝑡) are the envelope
of the input and output fields of the SHG crystal, respectively.
It should be noted that in both, Thick and Thin crystals, the
carrier frequency of the output field 𝐸2 (𝑡) is twice the carrier
frequency of the input field. The parameter C in equations
(2) and (4) is the conversion coefficient of the crystal which
Δ
is defined as 𝐶 = 𝐿 × 𝑃𝑐 . Where 𝑃𝑐 indicates the physical
2𝜒
parameter of the crystal and it is defined as 𝑃𝑐 = 𝑘4𝜅
with
the parameters 𝜅 and 𝜒 representing the dielectric constant and
the second order susceptibility of the crystal and 𝑘2 denotes
the second harmonic wave number.
IV. P ERFORMANCE C HARACTERIZATION OF
SPE-OCDMA W ITH SHG P RE - PROCESSOR
In this section we obtain the error probability corresponding
to the jth user’s (j=1,2„N) receiver. Let 𝐸𝑘 (𝑡) denote the
received field corresponding to the kth user and 𝐸𝑘𝑗 (𝑡) is
the jth decoder output when 𝐸𝑘 (𝑡) is its input. For the sake
of simplicity in presentation, hereafter, we assume that there
exist 𝑙 active interfering users, i.e., 𝑙 interfering users transmit
bit “1,” and the corresponding detection error probability is
denoted by 𝑃 𝐸𝑙 . Therefore, the total error probability will be
𝑁 −1
computed by averaging the error probabilities {𝑃 𝐸𝑙 }𝑙=0 over
the number of interfering users 𝑙 [12]. The jth decoder output
𝑟𝑗𝑙 (𝑡) given 𝑙 active interfering users can be represented as
follows,
∑
√
√
𝑟𝑗𝑙 (𝑡) = 𝐺𝐸𝑗𝑗 (𝑡) + 𝐺
𝐸𝑘𝑗 (𝑡) + 𝑍𝐴𝑆𝐸 (𝑡) (5)
𝑘∕=𝑗,𝑘∈𝐵𝑎

The set 𝐵𝑎 , with 𝑙 integers as its elements chosen from the
set {1, 2, ..., 𝑁 }, contains the active interfering user’s indices.
In the above equation, G is the total amplification and losses
of the path as defined before and 𝑍𝐴𝑆𝐸 (𝑡) = 𝑝 (𝑡) + 𝑗𝑞 (𝑡)
is the base-band equivalent of the filtered optical amplifier
noise which is assumed to be a band-limited white process
with 𝑝 (𝑡) and 𝑞 (𝑡) as its quadrature components [13]. The
random process 𝑍𝐴𝑆𝐸 (𝑡) has a two sided spectral density

Δ

equal to 𝛿/2, with 𝛿 = 𝑛𝑠𝑝 (𝐺𝑎𝑚𝑝 − 1) ℎ𝜐[13], where 𝑛𝑠𝑝 is
the spontaneous emission parameter, h is the Planck constant
and 𝜐 = 𝜔0 / (2𝜋) is the frequency of the incident optical
∑
Δ √
signal. If we define 𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡) = 𝐺
𝐸𝑘𝑗 (𝑡)
𝑘∕=𝑗,𝑘∈𝐵𝑎

as the summation of 𝑙 Gaussian random processes then
𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡) remains also as a Gaussian random process.
The decoded signal 𝐸𝑗𝑗 (𝑡) consists of an ultrashort light
pulse when jth user transmits bit “1,” otherwise, it equals
to zero. Therefore, 𝑟𝑗𝑙 (𝑡) is the summation of a Gaussian
band-limited white process and a short pulse when bit “1”
is transmitted, otherwise it is a Gaussian band-limited random
process due to the summation of MAI and ASE noises. Due
to the limiting speed of conventional photodetectors, it is
becoming a common practice to place an optical nonlinear
element prior to the photodetector in order to avoid severe
performance degradation [11]. In this paper we employ both
Thin and Thick second harmonic generation (SHG) crystals
as the nonlinear pre-processor prior to a conventional and low
speed photodetector. From (5) the decoded signal which is the
input to the SHG crystal for the jth user can be represented
as follows,
√
− 𝑇𝑏 /2 ≤ 𝑡 < 𝑇𝑏 /2 (6)
𝑟𝑗𝑙 (𝑡) = 𝐺𝑏𝑗 𝐴 (𝑡) + 𝑄𝑙 (𝑡)
Where, 𝑏𝑗 is the transmitted bit due to the desired user, i.e.,
jth user, which can be 1 or 0, 𝐴 (𝑡) is the reconstructed
or the original ultrashort light pulse and, for the sake of
mathematical simplicity in obtaining a closed form error
probability expression, it is assumed to be a rectangular pulse
with
√ a pulse width equal to 𝑇𝑐 and an amplitude equal to
𝐺 × 𝑃𝑡 where 𝑃𝑡 denotes the peak power of the transmitted
pulse. In the above equation, 𝑄𝑙 (𝑡) is the accumulated sum
of optical amplifier ASE noise and the MAI noise due to 𝑙
active interfering users, denoted by 𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡). Both
of 𝑍𝐴𝑆𝐸 (𝑡) and 𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡) can be assumed to be
Gaussian [12], [13]. So, we have,
𝑄𝑙 (𝑡) = 𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡) + 𝑍𝐴𝑆𝐸 (𝑡)

(7)

𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡) and 𝑍𝐴𝑆𝐸 (𝑡) are modeled as a zero mean
band-limited Gaussian random process with autocorrelation
2
functions 𝑅𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝜏 ) = 𝜎𝑙,𝑖𝑛𝑡𝑒𝑟𝑓
𝑒𝑟𝑒𝑛𝑐𝑒 𝑆𝑖𝑛𝑐 (𝜏 /𝑇𝑐 )
2
=
𝜎𝐴𝑆𝐸 𝑆𝑖𝑛𝑐 (𝜏 /𝑇𝑐 ) respectively.
and 𝑅𝐴𝑆𝐸 (𝜏 )
2
2
𝜎𝑙,𝑖𝑛𝑡𝑒𝑟𝑓
𝑒𝑟𝑒𝑛𝑐𝑒 and 𝜎𝐴𝑆𝐸 are the corresponding MAI
and ASE noise variances which can be expressed as follows,
2
𝜎𝑙,int𝑒𝑟𝑓
𝑒𝑟𝑒𝑛𝑐𝑒 =
2
𝜎𝐴𝑆𝐸
= 𝑇𝛿𝑐

𝑙𝐺𝑃𝑡
𝑁0

(8)

The optical band pass filter at the receiver input is assumed
to have the minimum required bandwidth (𝐵𝑜 = 𝑇1𝑐 ) in order
to keep the maximum pulse energy and reject the excessive
noise energy [21]. In this paper, for the sake of mathematical
simplicity, in obtaining the closed form expressions for the
−1
error probabilities {𝑃 𝐸𝑙 }𝑁
𝑙=0 , the sinc-shape autocorrelation
functions are approximated by a triangular pulse with the same
amplitude. Because of the statistical independence between
ASE noise 𝑍𝐴𝑆𝐸 (𝑡) and MAI noise 𝑍𝑙,𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 (𝑡), the
equivalent variance due to the noise 𝑄𝑙 (𝑡) is obtained as
2
2
𝜎𝑙2 = 𝜎𝐴𝑆𝐸
+ 𝜎𝑙,𝑖𝑛𝑡𝑒𝑟𝑓
𝑒𝑟𝑒𝑛𝑐𝑒 . In this stage, all the conditional
𝑁 −1
error probabilities {𝑃 𝐸𝑙 }𝑙=0 , given 𝑙 interfering users, are
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evaluated without including the thermal noise due to the electronic circuitry, and the shot noise and the dark current noise
due to the photodetector. However, Section V is dedicated
to investigate the impact of the above aforementioned noise
sources along with the MAI and ASE. Based upon equation (6)
and due to Gaussian statistics of 𝑄𝑙 (𝑡), the probability 𝑃 𝐸𝑙
is inferred as the error probability of the SHG data recovery
sub-system in detecting the presence of the light pulse 𝐴 (𝑡)
in an additive Gaussian noise environment. It should be noted
that this problem has been studied, analytically, in [11] for
Thick SHG crystal pre-processor. So, the error probabilities
−1
{𝑃 𝐸𝑙 }𝑁
𝑙=0 in Thick crystal case, can be computed by applying
the same approach presented in [11].
A. Derivation of 𝑃 𝐸𝑙 for Thick SHG Crystal Pre-processor
Based on the mathematical model presented in Section III
for Thick SHG crystal and by substituting 𝑟𝑗𝑙 (𝑡) for 𝐸𝑖𝑛 (𝑡)
in equation (2), the SHG crystal output 𝑅𝑙 (𝑡) is obtained as
𝑅𝑙 (𝑡) = ℎ𝐿 (𝑡) ∗ 𝑌 𝑙 (𝑡) where 𝑌 𝑙 (𝑡) denotes the square-law
device output in the represented model. Let 𝑌 𝑙 denote the
decision variable in SHG data recovery sub-system for 𝑙 active
interfering users then we have [11],
1
𝑌 =
𝑇𝑝
𝑙

𝑇
∫𝑝 /2

𝑙

2

𝑅 (𝑡) 𝑑𝑡 =
−𝑇𝑝 /2

𝑇𝑝2

𝑚𝑙
∑
𝑛=−𝑚𝑙

𝑦𝑛𝑙 𝐻𝐿

(𝑛)

2

Using equation (9) the decision variables 𝑌0𝑙 and 𝑌1𝑙 for
transmitting bit “0” and bit “1” are obtained as follows,
( )
( )𝑇
⃗0𝑙
𝑌0𝑙 = 𝑉⃗0𝑙 𝑄2(2𝑚𝑙 +1) 𝑉
(11)
( )
( )𝑇
⃗𝑙
𝑌 𝑙 = 𝑉⃗ 𝑙 𝑄2(2𝑚 +1) 𝑉
1

+∞

(10)

1

𝑙

Where 𝑄2(2𝑚𝑙 +1) is a diagonal matrix with the order
2 (2𝑚𝑙 + 1) and where its main diagonal elements denoted
2(2𝑚 +1)
are proportional to the Fourier coefficients
by {𝑞𝑛,𝑛 }𝑛=1 𝑙
of the low-pass filter ℎ𝐿 (𝑡),
2
𝑞𝑛,𝑛 = 𝑞𝑛+2𝑚
( 𝑙 +1,𝑛+2𝑚)𝑙 +1 = 𝑇𝑝 ∣𝐻𝐿 (𝑛 − 𝑚𝑙 − 1)∣
𝑛−𝑚𝑙 −1
𝑚𝑙

= 𝑆𝑖𝑛𝑐2

2

𝑛 = 1, 2, 3, ..., 2𝑚𝑙 + 1

(12)
Let us denote Ψ𝑙0 (𝑠) and Ψ𝑙1 (𝑠) as the characteristic functions
of the decision variable 𝑌 𝑙 for transmitting bit “0” and “1”
respectively. With the aid of Turin lemma [16] in evaluating
the characteristic function of the quadratic forms of Gaussian
random variables the corresponding characteristic functions
of 𝑌1𝑙 and 𝑌0𝑙 denoted by Ψ𝑙1 (𝑠) and Ψ𝑙0 (𝑠) are obtained as
follows [11],
Ψ𝑙1 (𝑠) =

(9)

Where {𝐻𝐿 (𝑛)}𝑛=−∞ denotes the Fourier coefficients due to
the impulse response ℎ𝐿 (𝑡) and 𝑇𝑝 indicates the photodetector
integration time. The low-pass filter in Thick SHG crystal
model is Sinc-shape in frequency domain which can be,
approximately, assumed
{ }𝑚𝑙 band-limited in its main lobe. In the
are the Fourier coefficients due
above equation, 𝑦𝑛𝑙 𝑛=−𝑚
𝑙
𝑙
to 𝑌 (𝑡) falling into the SHG filter window, i.e.,[−𝑚𝑙 , ..., 𝑚𝑙 ],
where 𝑚𝑙 is the cut-off index of the Fourier coefficients corresponding to the low-pass filter ℎ𝐿 (𝑡) in SHG crystal model.
It can be easily deduced from (3) that if 𝑇𝐿 = 𝐿 × 𝐺𝑉 𝑀
is the time duration of the impulse response ℎ𝐿 (𝑡) then
𝑚𝑙 is obtained as 𝑚𝑙 = ⌊𝑇𝑝 /𝑇𝐿 ⌋. Based upon Papoulis’s
well known theorem on Gaussianity on narrow-band systems
output and by applying the conditions corresponding to Thick
SHG
it can be deduced that the Fourier coefficients
{ 𝑙 }𝑚crystal
𝑙
are jointly Gaussian random variables [15]. In
𝑦𝑛 𝑛=−𝑚
𝑙
order to evaluate the error probability 𝑃 𝐸𝑙 the random vectors
⃗ 𝑙 and 𝑉⃗ 𝑙 are defined as follows,
𝑉
1
0
{[ 𝑙
] }
( )𝑇
𝑙
𝑙
𝑦−𝑚𝑙 , 𝑦−𝑚
, 𝑦−𝑚
, ...,
Δ
𝑟
⃗
𝑙 +1
𝑙 +2
𝑉1
= 𝑅𝑒𝑎𝑙
∣1
𝑙
𝑙
, 𝑦𝑚
𝑙 −1
𝑙
{[ 𝑦0𝑙 , ..., 𝑦𝑚
] }
( )𝑇
𝑙
𝑙
𝑦−𝑚𝑙 , 𝑦−𝑚𝑙 +1 , 𝑦−𝑚𝑙 +2 , ...,
Δ
𝑉⃗1𝑖
= Im𝑎𝑔
∣1
𝑦0 , ..., 𝑦 𝑙
, 𝑦𝑙
( )𝑇 [( )𝑇 ( )𝑇 ]𝑚𝑙 −1 𝑚𝑙
Δ
⃗𝑟 , 𝑉
⃗𝑖
𝑉⃗1𝑙
= 𝑉
1
1
{[
] }
( )𝑇
𝑙
𝑙
𝑙
𝑦−𝑚𝑙 , 𝑦−𝑚
, 𝑦−𝑚
, ...,
Δ
𝑟
⃗
𝑙 +1
𝑙 +2
𝑉0
= 𝑅𝑒𝑎𝑙
∣0
𝑙
𝑙
, 𝑦𝑚
𝑙 −1
𝑙
{[ 𝑦0𝑙 , ..., 𝑦𝑚
] }
( )𝑇
𝑙
𝑙
𝑦−𝑚𝑙 , 𝑦−𝑚𝑙 +1 , 𝑦−𝑚𝑙 +2 , ...,
Δ
𝑉⃗0𝑖
= Im𝑎𝑔
∣0
𝑦0 , ..., 𝑦 𝑙
, 𝑦𝑙
( )𝑇 [( )𝑇 ( )𝑇 ]𝑚𝑙 −1 𝑚𝑙
Δ
⃗0𝑟 , 𝑉
⃗0𝑖
𝑉⃗0𝑙
= 𝑉

1

[

1
(
)]1/2
det 𝐼2(2𝑚 +1) −2𝑠Φ𝑙1 𝑄2(2𝑚 +1)
𝑙
⎧ 𝑙
( )−1
⎨ [
− (1/2) (⃗
𝜂1 )𝑇 Φ𝑙1

× exp
Ψ𝑙0 (𝑠) =

[

𝐼
−
)−1
(2(2𝑚𝑙 +1)
𝐼2(2𝑚𝑙 +1) − 2𝑠Φ𝑙1 𝑄2(2𝑚𝑙 +1)

⎩

1
(
)]1/2
det 𝐼2(2𝑚 +1) −2𝑠Φ𝑙0 𝑄2(2𝑚 +1)
𝑙
𝑙

]

⎫
⎬
𝜂1 ⎭
⃗

(13)

In the above equation, Φ𝑙1 and Φ𝑙0 are the covariance matrices
and ⃗𝜂1 and ⃗𝜂0 are the mean vectors corresponding to the
vectors 𝑉⃗1𝑙 and 𝑉⃗10 respectively and 𝐼2(2𝑚𝑙 +1) represents the
identity matrix of order 2 (2𝑚𝑙 + 1). The elements of Φ𝑙1 ,
Φ𝑙0 , ⃗𝜂1 , and ⃗𝜂0 are evaluated similar to the approach in [11].
Finally, the conditional error probability 𝑃 𝐸𝑙 for 𝑙 interfering users is evaluated using the Saddle-Point approximation
method [17].
B. Derivation of 𝑃 𝐸𝑙 for Thin SHG Crystal Pre-processor
The decision variable which is obtained for Thin SHG data
recovery sub-system corresponding to the jth user with 𝑙 active
interfering users can be expressed as follows [11],
𝐶2
𝑌 =
𝑇𝑝
𝑙

𝑇∫𝑝 /2

4

𝑟𝑗𝑙 (𝑡) 𝑑𝑡

(14)

−𝑇𝑝 /2

In (14) 𝑇𝑝 denotes
√ the integration time of the photodetector
and 𝑟𝑗𝑙 (𝑡) = 𝐺𝑏𝑗 𝐴 (𝑡) + 𝑄𝑙 (𝑡), defined in equation (6),
represents the input signal of SHG data recovery sub-system
shown in Fig. 1. To evaluate the error probability 𝑃 𝐸𝑙 we
need to estimate the probability density function (pdf) of the
decision variable 𝑌 𝑙 . Note that, the decision variable is not
Gaussian at the sampler output for Thin and Thick SHG crystals [11]. So, it is necessary to evaluate the pdf of the decision
variable for accurate performance characterization. We employ
a well-known Gram-Charlier function expansion for approximating the pdf of the decision variable since one can obtain
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its statistical moments using analytical approach. Gaussian
function as the Gram-Charlier kernel results in not such a
good approximation in approximating the corresponding pdf
of the decision variable 𝑌 𝑙 , so we have chosen the Gamma
kernel which is preferable for positive random variables. Using
Gram-Charlier expansion with Gamma function as its kernel
the pdf of the decision variable 𝑌 𝑙 is approximated with four
terms of the expansion as follows [18],
𝑓[ 𝑙 (𝑥) = 𝑔 (𝑥/𝛽𝑙 ) ≈ 𝑒−(𝑥/𝛽𝑙 ) (𝑥/𝛽𝑙])𝛼𝑙
𝑙 𝛼𝑙
𝑙
𝑐𝑙0 𝐿𝛼
0 (𝑥/𝛽𝑙 ) + 𝑐1 𝐿1 (𝑥/𝛽𝑙 )
𝑙 𝛼𝑙
𝑙
+𝑐2 𝐿2 (𝑥/𝛽𝑙 ) + 𝑐𝑙3 𝐿𝛼
3 (𝑥/𝛽𝑙 )

(15)

𝛼𝑙
𝛼𝑙
𝛼𝑙
𝑙
Where 𝐿𝛼
0 (𝑥),𝐿1 (𝑥), 𝐿2 (𝑥) and 𝐿3 (𝑥) in the above
equation are the Laguerre polynomials of the first, second,
third and fourth degree with the parameter 𝛼𝑙 . The function
𝜑𝛼𝑙 (𝑥) = 𝑒−𝑥 𝑥𝛼𝑙 is the Gamma function which is considered
as the kernel of the Gram-Charlier expansion and 𝑐𝑙0 ,𝑐𝑙1 ,𝑐𝑙2 and
𝑐𝑙3 are the expansion coefficients. With selecting appropriate
values for 𝛼𝑙 and 𝛽𝑙 the first and second coefficients 𝑐𝑙1 and
𝑐𝑙2 can be assumed to be 0. So we have [18],
𝛼𝑙

𝑓[ 𝑙 (𝑥) = 𝑔 (𝑥/𝛽𝑙 ) ≈ 𝑒−(𝑥/𝛽𝑙 ) (𝑥/𝛽
] 𝑙)
𝑙 𝛼𝑙
𝑙
(𝑥/𝛽
)
+
𝑐
𝐿
(𝑥/𝛽
)
𝑐𝑙0 𝐿𝛼
𝑙
𝑙
3 3
0

(16)

With the above assumption the coefficients 𝑐𝑙0 and 𝑐𝑙3 are
computed in Appendix (A) as follows [18],
𝑐𝑙0 =
𝑐𝑙3 =

1
𝛽𝑙 Γ(𝛼𝑙 +1)
1
𝛽𝑙 Γ(𝛼𝑙 +4)

[

𝑚𝑙2
𝛽𝑙2

(𝛼𝑙 + 3) −

𝑚𝑙3
𝛽𝑙3

]

(17)

The suitable values for 𝛼𝑙 and 𝛽𝑙 that lead us to the above
form of Gram-Charlier expansion are evaluated in Appendix
(A) as follows,
( 𝑙 )2
( )2
𝑚1
𝑚𝑙2 − 𝑚𝑙1
𝛼𝑙 =
( )2 − 1 , 𝛽𝑙 =
𝑚𝑙1
𝑚𝑙2 − 𝑚𝑙1

(18)

In the above equation, 𝑚𝑙1 , 𝑚𝑙2 and 𝑚𝑙3 are the first, second and
third order moments of the decision variable 𝑌 𝑙 respectively.
These moments are obtained in closed form expressions in
Appendices (B) and (C) for transmitting bit "0" and “1.”
The probability density functions for transmitting bit “1” and
“0” are denoted by 𝑓1𝑙 (𝑥) and 𝑓0𝑙 (𝑥), respectively. The error
probabilities for transmitting bit “1” and “0” denoted by 𝑃 𝐸1𝑙
and 𝑃 𝐸0𝑙 are computed as follows,
𝑇
∫ℎ 𝑙
𝑓1𝑙 (𝑥) 𝑑𝑥 , 𝑃 𝐸0𝑙 = 1 −
𝑓0 (𝑥) 𝑑𝑥
−∞
−∞
(
)
1
𝑙
𝑙
𝑃 𝐸𝑙 = 2 𝑃 𝐸1 + 𝑃 𝐸2

𝑃 𝐸1𝑙 =

𝑇
∫ℎ

(19)
In the above equation Th indicates the optimum threshold
for the comparator used in SHG data recovery sub-system in
order to make a decision with minimum total error probability.
According to the above equation, by integrating the pdf
computed in (16) for transmitting bit “1” i.e., 𝑓1𝑙 (𝑥), the closed

form expression for evaluating 𝑃 𝐸1𝑙 is obtained as follows,
( )
𝑃 𝐸1𝑙 = 𝑐𝑙0 𝛽𝑙 Γ (𝛼𝑙 + 1) 𝛾𝛼𝑙 +1 𝑇𝛽ℎ𝑙 +
( )
𝑐𝑙3
𝛾𝛼𝑙 +1 𝑇𝛽ℎ𝑙 −
6 (𝛼𝑙 + 1) (𝛼𝑙 + 2) (𝛼𝑙 + 3) 𝛽𝑙 Γ (𝛼𝑙 + 1)
( )
𝑐𝑙3
𝑇ℎ
+
(𝛼
+
2)
(𝛼
+
3)
𝛽
Γ
(𝛼
+
2)
𝛾
𝑙
𝑙
𝑙
𝑙
𝛼
+2
2
𝛽𝑙
( )𝑙
𝑙
𝑐3
𝑇ℎ
−
2 (𝛼𝑙 + 3) 𝛽𝑙 Γ (𝛼𝑙 + 3) 𝛾𝛼𝑙 +3
𝛽𝑙
( )
𝑙
𝑐3
𝑇ℎ
6 𝛽𝑙 Γ (𝛼𝑙 + 4) 𝛾𝛼𝑙 +4
𝛽𝑙
(20)
In the above equation 𝑐𝑙0 , 𝑐𝑙3 , 𝛼𝑙 and 𝛽𝑙 are computed in
(17) and (18) in terms of the first, second and third order
moments 𝑚𝑙1 , 𝑚𝑙2 and 𝑚𝑙3 for transmitting bit “1.” The
function Γ (𝛼𝑙 ) is the Gamma function which is defined as
+∞
Δ ∫
Γ (𝛼𝑙 ) =
𝑒−𝑥 𝑥𝛼𝑙 −1 𝑑𝑥. The function 𝛾𝛼𝑙 (𝑥) is the incom0

Δ

plete Gamma function, i.e., 𝛾𝛼𝑙 (𝑥) =

1
Γ(𝛼𝑙 )

∫𝑥
0

𝑒−𝜏 𝜏 𝛼𝑙 −1 𝑑𝜏 .

The integration in (19) due to the error probability 𝑃 𝐸0𝑙 is
obtained in a closed form expression as in equation (20)
except that the coefficients 𝑐𝑙0 , 𝑐𝑙3 , 𝛼𝑙 and 𝛽𝑙 are computed
for transmitting bit “0” instead of bit “1.”
C. Derivation of System Total Error Probability
The total error probability, denoted by PE, is obtained by
averaging the conditional error probability 𝑃 𝐸𝑙 over 𝑙 as
follows,
𝑁
−1
∑
𝑝𝑟𝑜𝑏 (𝑙) 𝑃 𝐸𝑙
(21)
𝑃𝐸 =
𝑙=0

It should be noted that the number of active interfering users
𝑙 is a random variable with binomial distribution [12]. As
observed in Fig. 1, the bit interval is divided into K time slots
and the ultrashort light pulse is in the first time slot of the bit
interval. After encoding process the pulse spreads in that time
slot. So the probability of one interference appearing in a time
1
. There exist 𝑁 − 1 total interfering
instant is obtained as 2𝐾
users. Therefore, the number of active interfering
users) is a
(
1
binomial random variable with parameters 𝑁 − 1, 2𝐾
. Let
𝑝𝑟𝑜𝑏 (𝑙) denote the cumulative distribution function (cdf) of
the number of active interfering users. So it can be obtained
as follows,
(
)(
)𝑙 (
)𝑁 −1−𝑙
1
1
𝑁 −1
(22)
𝑝𝑟𝑜𝑏 (𝑙) =
1−
𝑙
2𝐾
2𝐾
Fig. 2 compares the results of the analytic approach to
evaluate the performance of SPE-OCDMA with Thin SHG
receiver with the results of Monte-Carlo simulation. In this
comparison there exist 12 active users in which a set of 12
random codes with length 511 acts as the signature sequences.
Δ
Let’s define 𝑃 𝑅𝐷 = 𝑇𝑃 /𝑇𝑐 as the ratio between the photodetector response time and the ultrashort light pulse’s duration,
hence small PRD corresponds to fast photodetectors and large
PRD corresponds to slow photodetectors. In data recovery subsystem of the receiver Thin SHG crystal is employed prior
to a photodetector with PRD=25. In each trial of MonteCarlo simulation, the samples of a Gaussian random process
due to MAI and ASE noise are generated in one bit interval
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Fig. 2. Analytical and Monte-Carlo simulation performance comparison in a
SPE-OCDMA system with Thin SHG crystal as its pre-processor (PRD=25).

Fig. 3. Impact of the thermal noise and shot noise in the performance of
Thin crystal receiver structure.

and are added to the samples of ultrashort light pulse. The
minimum sampling time of the simulation is assumed to be
𝑇𝑐 /10 which is obtained by trial and error. The summation
enters into the data recovery sub-system which includes Thin
SHG crystal followed by the photodetector. In each transmitted
power level the number of trials is chosen 10 times the inverse
of error probability. This figure verifies that using the GramCharlier expansion up to third order terms to approximate
pdf of decision variable 𝑌 𝑙 results in a good approximation
in obtaining the error probability of the data recovery subsystem based on Thin SHG crystal. The typical values of the
other parameters used for performance evaluation in Fig. 2 are
shown in Table I. Fig. 2 also compares the performance of the
system with the optimum detection scheme as a benchmark.
In such scheme the detection process is based on comparing
the sample of the decoded signal at the peak value time instant
with an optimum threshold. It should be noted that the ASE
noise of the optical amplifier is also considered in sketching
Fig. 2.

has a Gaussian distribution. Therefore the pdf of the decision
variable 𝐼 𝑙 can be obtained by the convolution of the pdf due
to MAI and ASE, which is obtained in the previous sections,
with the pdf of the conditional shot noise and thermal noise
which is Gaussian. Therefore, the pdf of the decision variable
by considering thermal and shot noises is obtained as follows,

V. S HOT N OISE AND T HERMAL N OISE E FFECT
In previous section we obtained the performance of a SPEOCDMA with SHG crystal without including the shot noise
due to the photodetector and the thermal noise due to the
electronic front end stage of the receiver. To consider the above
effects we redefine the decision variable at the sampler output
as follows,
𝑙

𝐼 =
=

𝑖𝑙𝑀𝐴𝐼, 𝐴𝑆𝐸, 𝑠ℎ

𝜂𝑞 𝑙
ℎ𝜐 𝑌

(𝑡) + 𝑖𝑡ℎ (𝑡)

+ 𝐼𝑠ℎ + 𝐼𝑡ℎ

@𝑡=𝐾𝑡 𝑇𝑏 +𝑇 /2

(23)

Where 𝜂, 𝑞, ℎ and 𝜈 are photodetector quantum efficiency,
electon charge, Plank constant and the optical frequency,
respectively. In the above equation, 𝑖𝑙𝑀𝐴𝐼, 𝐴𝑆𝐸, 𝑠ℎ (𝑡) indicates
the flow of photoelectrons corresponding to MAI, ASE and
their corresponding shot noise effects. 𝑖𝑡ℎ (𝑡) indicates the
photoelectrons current due to the front end thermal noise
which has a Gaussian distribution. The shot noise current
conditioned on MAI and ASE is assumed to be Gaussian.
Hence, conditioning on MAI and ASE, the decision variable 𝐼 𝑙

Thin 𝑆𝐻𝐺, (𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
:
) 𝑝𝑑𝑓
( 𝑞𝜂 )−1 𝑙 ( ( 𝑞𝜂 ))
2
2
𝑓 𝑥/ ℎ𝜐
𝑓𝐼 𝑙 (𝑥) = 𝑔 𝑥; 0, 𝜎𝑠ℎ,𝑙 + 𝜎𝑡ℎ ∗ ℎ𝜐
Thick 𝑆𝐻𝐺, 𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛
𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
𝐺𝐹 :
) 𝑀
( 2
2
( ( 𝑞𝜂 ))
𝜎𝑠ℎ,𝑙 +𝜎𝑡ℎ
2
𝑙
Ψ𝐼 𝑙 (𝑠) = exp
𝑠 Ψ 𝑠 ℎ𝜐
2
(24)
)
(
Where, 𝑔 𝑥; 𝑚, 𝜎 2 denotes the Gaussian pdf with mean
m and variance 𝜎 2 . Ψ𝑙 (𝑠) and 𝑓 𝑙 (𝑥) denote the MGF
and the pdf of the decision variable 𝑌 𝑙 obtained in the
previous section for both Thick and Thin crystal receiver
structures. In the above equation 𝜂, ℎ and 𝜐 are photodetector quantum efficiency, plank’s constant and optical fre2
2
𝐵 𝑇𝑟
is obtained as 𝜎𝑡ℎ
= 4𝐾
quency, respectively. 𝜎𝑡ℎ
𝑅𝐿 𝑇𝑝 for
a receiver front end circuitry with temperature 𝑇𝑟 and the
equivalent resistance 𝑅𝐿 . 𝐾𝐵 is the Boltzmann constant.
𝜇𝑠ℎ,𝑙 = 𝐸 (𝑖𝑀𝐴𝐼, 𝐴𝑆𝐸, 𝑠ℎ (𝑡) ∣𝑀 𝐴𝐼, 𝐴𝑆𝐸)∣@𝑡=𝐾𝑡 𝑇𝑏 +𝑇 /2 =
( 𝑞𝜂 ) ( 𝑙 )
indicates the mean of the shot noise when MAI
ℎ𝜐 𝐸 𝑌
and ASE are assumed to be deterministic. The variance of
2
for Thin and Thick receiver structures
the shot noise 𝜎𝑠ℎ,𝑙
2𝑞𝜇𝑠ℎ,𝑙
2
=
can be obtained as 𝜎𝑠ℎ,𝑙
𝑇𝑝 . The conditional error
𝑁 −1

probabilities {𝑃 𝐸𝑙 }𝑙=0 for Thick crystal receiver structure
are evaluated using Saddle-Point approximation using the new
MGFs obtained in equation (24). For Thin crystal receiver
structure, the conditional error probabilities are obtained using
the new pdfs in equation (24).
VI. N UMERICAL R ESULTS

The numerical results are shown in Figs. 3–8. The typical
values for the parameters used in the performance evaluation
are presented in Table I. Fig. 3 and Fig. 4 show the performance of the SPE-OCDMA system for different thermal noise
level for Thin and Thick crystal receiver structures respectively.
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Fig. 4. Impact of the thermal noise and shot noise in the performance of
Thick crystal receiver structure.

Fig. 5. Performance of power linear receiver and Thick crystal receiver
structure for different photodetector speeds.

TABLE I
T YPICAL PARAMETER VALUES U SED IN T HIS PAPER
𝜆
𝐺𝑉 𝑀
𝐿
𝑃𝑐
𝜒
𝜅
𝑇𝑐
𝑃 𝑅𝐷
𝑇𝑟
𝑅𝐿
𝐺𝑎𝑚𝑝
𝐿1
𝐿2
𝐾
𝑁
𝑁0

Optical Wavelength
Group Velocity Mismatch
Length of Thick crystal
The physical coefficient of the crystal
Second order susceptibility of the crystal
Dielectric constant of the crystal
Ultrashort pulsewidth
Processing Ratio of the Detector
Receiver temperature
Load Resistance
Gain of the optical amplifier
Path loss before the optical amplifier
Path loss after the optical amplifier
Excess spreading factor
Number of users
Code length

1.55𝜇𝑚
0.4𝑝𝑠/𝑚𝑚
> 1𝑐𝑚
≈ 320𝑚−1
1.6 × 10−8 𝑒𝑠𝑢
4
400𝑓 sec
25,50,100
300∘ 𝐾
1000Ω
30𝑑𝐵
−10𝑑𝐵
−5𝑑𝐵
5
10,20
127,511

The impact of photodetector shot noise is also sketched in
these figures. The length of signature sequence, the number
of users and the 𝑃 𝑅𝐷 due to the photodetectors are fixed
at 127, 5 and 100 respectively. As it is shown in Fig. 3
the performance of Thin crystal receiver is more sensitive to
the thermal and shot noise compared to the performance of
Thick crystal receiver. This is because of the longer length of
the Thick crystal which provides more gain for the pulse in
combating thermal and shot noises. Also, by comparing Fig. 3
and Fig. 4, we deduce that in low transmitted peak powers,
e.g., less than 7𝑑𝐵𝑚, and in the presence of high level of
thermal noise with 𝑅𝐿 = 100𝐾Ω and the shot noise, the
performance of Thick crystal receiver structure outperforms
the Thin crystal receiver one by several orders of magnitude.
Fig. 5 shows performance of the SPE-OCDMA system
for different values of PRDs in two different conditions. In
first case a simple conventional photodetector is used for
the ultrashort pulse detection and in second case a nonlinear
Thick SHG crystal is used prior to the photodetector. Fig. 6
sketches the performance of a SPE-OCDMA system with a
nonlinear Thin crystal employed as the pre-processor, and
it is compared with the performance of the receiver with a
simple photodetector. As it is shown performance of the SPE-

Fig. 6.
Performance of power linear receiver and Thin crystal receiver
structure for different photodetector speeds.

OCDMA receivers substantially degrades when the simple
conventional low speed photodetector is used compare to the
case in which Thin or Thick SHG crystals are employed
prior to the photodetectors. The performance of the optimum
detector which samples the received signal exactly at the peak
value time instant is also shown as a benchmark. These figures
also show that a large amount of performance improvement
in the sub-optimum, but practical receivers, based on Thin or
Thick SHG crystals is required.
Fig. 7 sketches the performance of Thick crystal receiver
structure for different number of users. The transmitted peak
power varies in three levels namely 𝑃𝑡 = −5, 0, 5𝑑𝐵𝑚 which
form three curves in Fig. 7. The 𝑃 𝑅𝐷 corresponding to the
photodetector is assumed to be 25 which results in 100 GHz
bandwidth for a very fast photodetector impulse response
when the pulse width is fixed at 400𝑓 𝑠. The length of the
signature sequences used in the network is fixed at 127. As it
is expected in each transmitted power level the performance of
SPE-OCDMA receivers improves while the number of users
decreases because of decreasing the variance of the MAI noise.
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receiver structure and its accuracy was verified by the MonteCarlo simulation. Using the analytical expressions the performance of SPE-OCDMA systems in terms of the code-length,
the number of users and also the speed of the photodetector
was presented and the amount of performance degradation
due to the increase in the number of users, decrease in the
code-length and decrease in photodetector speed was shown
numerically. It was also shown that using the SHG crystals in
the receiver the performance outperforms substantially compared to the power-linear receivers. Furthermore it was shown
that even though a large amount of performance improvement
is achieved by SHG crystals but their performance is still
few orders of magnitudes worse than the performance of the
optimum detection.
Fig. 7. Error probability versus the number of users in Thick crystal receiver
structure.

A PPENDIX A
In this appendix the coefficients 𝛼, 𝛽, 𝑐0 and 𝑐3 corresponding to the pdf approximation of the decision variable Y in
Thin SHG crystal data recovery sub-system is obtained. Using
the Gram-Charlier expansion with the Gamma function as its
kernel, the pdf 𝑓 (𝑥) of the decision variable can be written
as follows [18],
𝑓 (𝑥) =

+∞
∑

𝑎𝑖 𝑒−𝑥 𝑥𝛼 𝐿𝛼
𝑖 (𝑥)

(A.1)

𝑖=0

Where 𝐿𝛼
𝑖 (𝑥) is the generalized Laguerre polynomial of
degree i with the parameter 𝛼 which is defined as follows
[18],
−𝑥 𝛼
𝑥 𝑑𝑖 ( −𝑥 𝛼+𝑖 )
Δ 𝑒
𝑒 𝑥
(A.2)
(𝑥)
=
𝐿𝛼
𝑖
𝑖! 𝑑𝑥𝑖
∞

Fig. 8. Error probability versus the code length in Thin crystal receiver
structure.

The performance degrades when the peak transmitted power
decreases from 5𝑑𝐵𝑚 to −5𝑑𝐵𝑚. The performance trend
by increasing the length of signature sequence from 64 to
1024 is sketched in Fig. 8 for three cases of 10, 15 and 20
number of users. The peak power level of the transmitter is
fixed at 5𝑑𝐵𝑚. The 𝑃 𝑅𝐷 due to the photodetectors used
in the receiver is fixed at 25. As it is observed in this figure
the performance of SPE-OCDMA receiver improves while the
code length increases because of the decrease in variance due
to the MAI noise.
VII. C ONCLUSION
In this paper a nonlinear sub-system employing Second Harmonic Generation effect imposed in Thin and Thick crystals
was considered as the pre-processor prior to the low-speed
photodetector to overcome the difficulties in the detection
of the ultrashort light pulses in a SPE-OCDMA system. We
presented an in-depth analysis for the performance evaluation
of the SPE-OCDMA systems with Thin and Thick crystal
receiver structures. We obtained a closed form expressions
as an approximation for the error probability in Thin crystal

The expansion coefficients {𝑎𝑖 }𝑖=0 are computed using the
following orthogonality relation between the Laguerre polyΔ
nomials with 𝜙𝛼 (𝑥) = 𝑒−𝑥 𝑥𝛼 as the weight function.
𝑖!
Γ(𝛼+𝑖+1)

𝑎𝑖 =

∫∞
0

𝛼
𝑒−𝑥 𝑥𝛼 𝐿𝛼
𝑖 (𝑥) 𝐿𝑗 (𝑥) 𝑑𝑥 = 𝛿 (𝑖, 𝑗)

𝑖!
Γ(𝛼+𝑖+1)

∫∞
0

𝐿𝛼
𝑖 (𝑥) 𝑓 (𝑥) 𝑑𝑥

(A.3)

Where 𝛿 (𝑖, 𝑗) is the Kronecker delta function which is 1 when
i and j are equal and otherwise it is 0. Let us define a scaling
factor 𝛽 and changing the expansion variable as 𝑥 → 𝑥/𝛽
then we have [18],
𝑓 (𝑥) =

∞
∑

𝛼

𝑐𝑖 𝑒−𝑥/𝛽 (𝑥/𝛽) 𝐿𝛼
𝑖 (𝑥/𝛽)

(A.4)

𝑖=0
∞

Where {𝑐𝑖 }𝑖=0 can be computed with changing the integration
variable x to 𝑡 = 𝑥/𝛽 as follows,
𝑖!
𝑐𝑖 =
𝛽Γ (𝛼 + 𝑖 + 1)

∫∞

𝐿𝛼
𝑖 (𝑥/𝛽) 𝑓 (𝑥/𝛽) 𝑑𝑥

(A.5)

0

Because of the difficulty in obtaining higher order statistical
moments used for pdf approximation, the expansion in (A.4)
is computed up to fourth order. The corresponding expansion
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coefficients are computed as follows [18],
𝑚(
1

𝑐0 =

)

1
(𝑚2 −𝑚21 )Γ 𝑚2𝑚−𝑚
2
1
[
]
1
𝑐1 = 𝛽Γ(𝛼+2) 1 + 𝛼 − 𝑚𝛽1
[
1
1
𝑐2 = 𝛽Γ(𝛼+3)
(𝛼 + 1) (𝛼 + 2) − 2𝑚
(𝛼 + 2) +
[
] 𝛽
𝑚2
𝑚3
1
𝑐3 = 𝛽Γ(𝛼+4) 𝛽 2 (𝛼 + 3) − 𝛽 3

𝑚2
𝛽2

]

(A.6)
In the above equation, 𝑚1 , 𝑚2 and 𝑚3 are the first, second
and third order moments of the decision variable with pdf
denoted by 𝑓 (𝑥). The parameters 𝛼 and 𝛽 are chosen in such
a way that the second and third order terms are eliminated,
i.e., 𝑐1 = 𝑐2 = 0. Then we have,
𝛼=

𝑚21
−1
𝑚2 − 𝑚21

,

𝛽=

𝑚2 − 𝑚21
𝑚1

(A.7)

A PPENDIX B
In this appendix we obtain closed form expressions for the
first three moments of the decision variable represented in (14)
for Thin crystal SHG crystal data recovery sub-system when
bit “0” is transmitted. In this case, 𝑟𝑗𝑙 (𝑡) contains only the
band-limited noise 𝑄𝑙 (𝑡) = 𝑄𝑙𝑥 (𝑡) + 𝑗𝑄𝑙𝑦 (𝑡) in which 𝑄𝑙𝑥 (𝑡)
and 𝑄𝑙𝑦 (𝑡) are the quadrature components of noise. Let’s
Δ

2

4

𝑙
define the random process 𝑆0𝑙 (𝑡) as 𝑆0𝑙 (𝑡) = 𝐶
𝑇𝑝 × 𝑟𝑗 (𝑡)
for transmitting bit “0,” so, according to equation (14), the
decision variable 𝑌0𝑙 is the integral of this random process.
The autocorrelation function of 𝑆0𝑙 (𝑡), denoted by 𝑅0𝑙 (𝜏 ) is
evaluated using Maple software as follows,
4
2
2
4
𝑅0𝑙 (𝜏 ) = 64𝑅𝑄
𝑙 (𝜏 )+256𝑅𝑄𝑙 (𝜏 ) 𝑅𝑄𝑙 (0)+64𝑅𝑄𝑙 (0) (B.1)

In the above equation 𝑅𝑄𝑙 (𝜏 ) is the autocorrelation function
of the noise 𝑄𝑙 (𝑡). Using the sampling theorem the random
process 𝑆0𝑙 (𝑡) can be written as follows [19],
[
]
+∞
∑
𝑡 + 𝑇𝑠 /2 − 𝑛𝑇𝑠
𝑆0𝑙 (𝑛𝑇𝑠 − 𝑇𝑠 /2) 𝑆𝑖𝑛𝑐
𝑆0𝑙 (𝑡) =
𝑇𝑠
𝑛=−∞
(B.2)
Where, 𝑇𝑠 is the sampling time corresponding to the random
process 𝑆0𝑙 (𝑡). According to (B.1) the bandwidth of the
process is four times the bandwidth of the process 𝑄𝑙 (𝑡)
which is equal to 1/𝑇𝑐 , Therefore the sampling time 𝑇𝑠 is
evaluated as 𝑇𝑠 = 𝑇𝑐 /4. Substituting (B.2) in (14) and defining
𝑇∫
)
(
𝑝 /2
Δ
𝑠
𝑑𝑡 the decision variable 𝑌0𝑙 for
𝑔𝑛 = 𝑇1𝑠
𝑆𝑖𝑛𝑐 𝑡−𝑛𝑇
𝑇𝑠
−𝑇𝑝 /2

transmitting bit “0” is calculated as follows,
𝑌0𝑙 =

+∞
∑
1
𝑆 𝑙 (𝑛𝑇𝑠 − 𝑇𝑠 /2) 𝑔𝑛
4𝑃 𝑅𝐷 𝑛=−∞ 0

(B.3)

+∞

Fig. 9 shows the sequence {𝑔𝑛 }𝑛=−∞ versus its index for
a typical value of PRD that is equal to 100. As it is shown
+∞
in this figure the sequence {𝑔𝑛 }𝑛=−∞ is approximated with
a binary sequence. It is equal to 1 for the indices in the
range of [−2𝑃 𝑅𝐷, 2𝑃 𝑅𝐷] and it is equal to 0 for the other
indices.Therefore, (B.3) simplifies to the following equation,
𝑌0𝑙 =

1
4𝑃 𝑅𝐷

2𝑃
𝑅𝐷
∑
𝑛=−(2𝑃 𝑅𝐷−1)

𝑆0𝑙 (𝑛𝑇𝑠 − 𝑇𝑠 /2)

(B.4)

Fig. 9. The linear combination coefficients due to the decision variable in
Thin SHG pre-processor (PRD=100).

For the sake of mathematical simplicity, let’s approximate the
autocorrelation function 𝑅𝑄𝑙 (𝜏 ) of the noise signal 𝑄𝑙 (𝑡)
with a triangular function as follows,
{
(
)
∣
𝜎𝑙2 1 − ∣𝜏
∣𝜏 ∣ < 𝑇𝑐
𝑇𝑐
(B.5)
𝑅𝑄𝑙 (𝜏 ) ≈
0
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
In Appendix (D), the first, second and third order moments of
the random variables in the form of equation (B.4), denoted by
the functions 𝑀1𝑙 (𝑁𝑠 ), 𝑀2𝑙 (𝑁𝑠 ) and 𝑀3𝑙 (𝑁𝑠 ), are evaluated
as follows,
[ ]
Δ
𝑚𝑙1,0 = 𝑀1𝑙 (𝑁𝑠 ) = 𝐸 𝑌0𝑙 = 2𝜎𝑙4 × 𝐶 2
[( )2 ]
8
2
Δ
1 𝜎𝑙 (814𝑁𝑠 −689+64𝑁𝑠 )
= 16
𝑚𝑙2,0 = 𝑀2𝑙 (𝑁𝑠 ) = 𝐸 𝑌0𝑙
× 𝐶4
𝑁𝑠2
[( )3 ]
Δ
=
𝑚𝑙3,0 = 𝑀3𝑙 (𝑁𝑠 ) = 𝐸 𝑌0𝑙
12
5
2
5
3
2.3407×10
𝑁
+19536𝑁
𝜎
𝑠
𝑠 −3.68628×10 +512𝑁𝑠 )
1 𝑙 (
× 𝐶6
= 64
𝑁𝑠3
(B.6)

Where, 𝑁𝑠 denotes the number of elements of the summation
in (B.4), i.e., 𝑁𝑠 = 4𝑃 𝑅𝐷.
A PPENDIX C
In this appendix we obtain the closed form expressions for
the first three moments of the decision variable corresponding
to the Thin crystal SHG data recovery sub-system when bit “1”
is transmitted. In this case, 𝑟𝑗𝑙 (𝑡) contains both the rectangular
short pulse 𝐴 (𝑡) and the band-limited noise signal 𝑄𝑙 (𝑡).
The pulse 𝐴 (𝑡) is assumed to
√ be the rectangular pulse with
duration 𝑇𝑐 and amplitude 𝑃𝑟 in which 𝑃𝑟 denotes the
received peak power. So, we have,
{ √
𝑃𝑟
∣𝑡∣ < 𝑇𝑐 /2
(C.1)
𝐴 (𝑡) =
0
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
Δ

Let’s define the random process 𝑆1𝑙 (𝑡) as 𝑆1𝑙 (𝑡) =

4
𝑟𝑗𝑙 (𝑡)
𝑆1𝑙 (𝑡) in

𝐶2
𝑇𝑝

×

when bit “1” is transmitted. The random process
the interval [−𝑇𝑝 /2, 𝑇𝑝 /2] is studied in three subintervals, 𝐼1 = [−𝑇𝑝 /2, −𝑇𝑐/2], 𝐼2 = [−𝑇𝑐 /2, 𝑇𝑐 /2] and
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𝐼3 = [𝑇𝑐 /2, 𝑇𝑝 /2] separately. So, the random process 𝑆1𝑙 (𝑡)
can be written as follows,
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𝑚01 =

2
4
(𝑢1 +𝑢2 +𝑢3 +𝑢4 )(𝑎4
0 +8𝑎0 +8) 𝜎𝑙
× 𝐶2
4×𝑃 𝑅𝐷
4
)
⎤
⎡ ( 2
2
2
2
𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 𝜈0 +
⎥
⎢
⎥
⎢ 2 (𝑢 𝑢 + 𝑢 𝑢 + 𝑢 𝑢 ) 𝜈 +
1 2
2 3
3 4
1
⎦
⎣

𝑆1 (𝑡) ⎧
[(
]
[
)2 ( 𝑙
)2 ]2
𝑇𝑝

𝑇𝑐
𝑙

𝑄
(𝑡)
+
𝑄
(𝑡)
𝑡
∈
𝐼
=
−
,
−

1
𝑥
𝑦
2
2

2 (𝑢1 𝑢3 + 𝑢2 𝑢4 ) 𝜈2 + 2𝑢1 𝑢4 𝜈3 𝜎𝑙8

]2

𝑚02 =
× 𝐶4
√ )2
⎨ [ ( 𝑙
16
(4×𝑃 𝑅𝐷))2
(
⎡
⎤
]
[
𝑄𝑥 (𝑡) + 𝑃𝑟 +
3
3
3
3
2
𝑇
𝑇
𝑐
𝑐
𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 𝜇00 +
=𝐶 ×
( 𝑙
)2
𝑡 ∈ 𝐼2 = − 2 , 2
⎢
⎥

⎢ 6 (𝑢 𝑢 𝑢 + 𝑢 𝑢 𝑢 ) 𝜇 +
⎥
𝑄 (𝑡)

1 2 3
2 3 4
11
⎢
⎥

⎢
⎥
 [( 𝑦 )
]
]
[
⎢
⎥
2

(
)
6
(𝑢
𝑢
𝑢
+
𝑢
𝑢
𝑢
)
𝜇
+
1
2
4
1
3
4
12
2
2
⎢
⎥

𝑇
(
)
𝑇𝑐
𝑝
⎩ 𝑄𝑙 (𝑡) + 𝑄𝑙 (𝑡)
⎢
⎥
2
2
2
2
𝑡 ∈ 𝐼3 = 2 , 2
⎢
⎥
𝑥
𝑦
𝑢
+
𝑢
𝑢
+
𝑢
𝑢
+
𝑢
𝑢
+
𝑢
1 2
2 3
1 2
2 3
⎢
⎥
𝜇
⎢ 3
10 + ⎥
2
2
⎢
⎥
(C.2)
𝑢
𝑢
+
𝑢
𝑢
4
3
3
4
⎢
⎥
( 2
)
⎢
⎥
⎢ 3 𝑢 𝑢3 + 𝑢1 𝑢2 + 𝑢2 𝑢4 + 𝑢2 𝑢2 𝜇20 +
⎥
Therefore, the decision variable for transmitting bit “1” can
1
3
2
4
⎣
⎦
( 2
)
2
𝑢
+
𝑢
𝑢
3
𝑢
𝜇
1 4
30
𝜎𝑙12
1 4
be written as the summation of 𝑁1 = 2 × 𝑃 𝑅𝐷 − 2 samples 𝑚0 =
× 𝐶6
3
64
(4×𝑃 𝑅𝐷)3
𝑙
𝑙
of 𝑆0 (𝑡) in the interval 𝐼1 and 𝑁2 = 4 samples of 𝑆1 (𝑡) and
(C.6)
𝑁3 = 2 × 𝑃 𝑅𝐷 − 2 samples of 𝑆0𝑙 (𝑡).
Where, {𝜈0 , 𝜈1 , 𝜈2 , 𝜈3 } and√{𝜇00 , 𝜇11 , 𝜇12 , 𝜇10 , 𝜇20 , 𝜇30 } are
Δ
𝑌1𝑙 = 𝑌[− + 𝑌 0 + ]𝑌 + :
the polynomials in 𝑎0 = √ 𝑃2𝑟 of degree 8 and 12, respec𝜎𝑙 /2
𝑅𝐷−2
1
𝑌 − = 2×𝑃
×
tively.
The
coefficients
of
these
polynomials are computed in
4×𝑃 𝑅𝐷
2×𝑃 𝑅𝐷−2
−2
Appendix (E). It should be noted that 𝑌 0 is related to 𝑌𝑛0 as
∑
𝐶 2 ×𝜎𝑙4 /4 0
𝑆1𝑙 (𝑛𝑇𝑠 − 𝑇𝑠 /2)
0
=
𝑌
4𝑃 𝑅𝐷 𝑌𝑛 .
𝑛=−(2×𝑃 𝑅𝐷−1) [
]
]
[
𝑙
𝑙
𝑢1 𝑆1 (−3𝑇𝑠 /2) + 𝑢2 𝑆1 (−𝑇𝑠 /2) +
𝑌 0 = 4×𝑃1𝑅𝐷 ×
A PPENDIX D
𝑢3 𝑆1𝑙 (𝑇𝑠 /2) + 𝑢4 𝑆1𝑙 (3𝑇𝑠 /2)
)
(
2𝑇
𝑠
∫
In
this
appendix
we
obtain
a closed form expression for the
𝑠
𝑑𝑡 , 𝑗 = 1, 2, 3, 4
: 𝑢𝑗 = 𝑇1𝑠
𝑆𝑖𝑛𝑐 𝑡+𝑇𝑠 /2−(𝑗−2)𝑇
𝑇𝑠
first, second and third order moments of the random variable
−2𝑇𝑠
𝑁𝑠 (
)
∑
]
[
𝑡
2×𝑃
2 2
∑𝑅𝐷 𝑙
𝑝2𝑚 + 𝑞𝑚
in which 𝑃⃗ = [𝑝1 , 𝑝2 , ..., 𝑝𝑁𝑠 ]
𝑌 = 𝑁1𝑠
2×𝑃 𝑅𝐷−2
1
+
𝑌 = 4×𝑃 𝑅𝐷 2×𝑃 𝑅𝐷−2
𝑆1 (𝑛𝑇𝑠 − 𝑇𝑠 /2)
𝑚=1
𝑛=3
𝑡
⃗
(C.3) and 𝑄 = [𝑞1 , 𝑞2 , ..., 𝑞𝑁𝑠 ] are the independent zero mean
Where 𝑌 − , 𝑌 0 and 𝑌 + are the integral of 𝑆1𝑙 (𝑡) in the inter- Gaussian random vectors with the covariance matrix denoted
vals 𝐼1 , 𝐼2 and 𝐼3 respectively. It is obvious that the random by Θ𝑁 ×𝑁 . The (m,n)th element of the covariance matrix
variables 𝑌 − and 𝑌 + are independent and for mathematical Θ𝑁 ×𝑁 is indicated by 𝜃𝑚,𝑛 . We assume that the covariance
simplicity the covariance between the random variables 𝑌 0 , matrix Θ𝑁 ×𝑁 is a quad-diagonal matrix, i.e., all the elements
𝑌 − and 𝑌 + is neglected. So, the first, second and third order of the matrix except the main diagonal and three upper and
moments of the decision variable for transmitting bit “1” are lower diagonals are equal to 0. Also it is assumed that the
elements of the matrix are defined as follows,
evaluated as follows,
{
[ 𝑙]
−
0
𝜎𝑙2
∣𝑚 − 𝑛∣ < 4
1 − ∣𝑚−𝑛∣
𝐸 [𝑌1 =]𝑚+
1 + 𝑚1 + 𝑚1
4
𝜃
=
(D.1)
𝑚,𝑛
( 𝑙 )2
+
−
+ 0
0
0
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
2
𝐸 𝑌1
= 𝑚2 + 𝑚2 + 𝑚2 + 2𝑚1 𝑚1 +
)2
+ −
0 −
Δ (
Let us define the random variables 𝑋𝑖 = 𝑝2𝑖 + 𝑞𝑖2 , 𝑖 =
[( ) ] 2𝑚1 𝑚1 + 2𝑚1 𝑚1
(C.4)
3
−
+ −
0
= 𝑚+
𝐸 𝑌1𝑙
1, 2, ..., 𝑁 .
3 + 𝑚3 + 𝑚3 + 3𝑚2 𝑚1 +
(
)
+ −
+
−
0
3𝑚1 (𝑚2 + 3𝑚1 ) 𝑚2 + 𝑚2 +
−
0 + −
A. First Order Moment:
3𝑚02 𝑚+
1 + 𝑚1 + 6𝑚1 𝑚1 𝑚1
{ − − −}
{ 0 0 0}
The statistics of the pair {𝑝𝑖 , 𝑞𝑖 } is unchanged by varying
Where,
𝑚}1 , 𝑚2 , 𝑚3
,
𝑚1 , 𝑚2 , 𝑚3
and
{
+
+
the index i. So, the first moment of the random variable Y is
𝑚+
are
the
corresponding
moments
of
the
,
𝑚
,
𝑚
1
2
3
random variables 𝑌 − , 𝑌 0 and 𝑌 + respectively. The moments computed as follows,
[
]
𝑁𝑠
𝑁𝑠
due to the variables 𝑌 − and 𝑌 + can be evaluated using the
∑
∑
Δ
1
𝑙
𝑀1 (𝑁𝑠 ) = 𝐸 𝑁𝑠
𝑋𝑖 = 𝑁1𝑠
𝐸 [𝑋𝑖 ]
expressions related to the moments of the decision variable
(D.2)
𝑛=1
𝑛=1
4
2
for transmitting bit “0.” The following expressions show
= 𝐸 [𝑋1 ] = 2𝜎𝑙 × 𝐶
the relations between the moments of 𝑌 − and 𝑌 + with the
functions 𝑀1𝑙 (𝑁 ), 𝑀2𝑙 (𝑁 ) and 𝑀3𝑙 (𝑁 ) defined in (B.6).
B. Second Order Moment:
)
(
+
−
𝑃 𝑅𝐷−1
𝑙
𝑚1 = 𝑚1 = 2×𝑃 𝑅𝐷 𝑀1 (2 × 𝑃 𝑅𝐷 − 2)
The expected value due to the square of the random variable
)2
(
Y
is
computed as follows,
−
𝑃 𝑅𝐷−1
𝑚+
(C.5)
𝑀2𝑙 (2 × 𝑃 𝑅𝐷 − 2)
[
]
2 = 𝑚2 = 2×𝑃 𝑅𝐷
𝑁𝑠
𝑁𝑠
)3
(
Δ
1 ∑
1 ∑
𝑙
+
−
𝑀
𝑃 𝑅𝐷−1
(𝑁
)
=
𝐸
𝑋
𝐸 [𝑋𝑖 ]
𝑙
𝑠
𝑖 = 𝑁𝑠
1
𝑁𝑠
𝑚3 = 𝑚3 = 2×𝑃 𝑅𝐷 𝑀3 (2 × 𝑃 𝑅𝐷 − 2)
(D.3)
𝑛=1
𝑛=1
4
2
=
𝐸
[𝑋
]
=
2𝜎
×
𝐶
1
𝑙
Using the expressions for the first, second and third order
moments of the normalized random variable 𝑌𝑛0 obtained in
Appendix (E) the corresponding moments due to the random
variable 𝑌 0 are evaluated as follows,

We can classify the terms in the summation (D.3) into five
distinct classes such that the elements in each class have the
same values in that summation. In fact 𝐸 [𝑋𝑖 𝑋𝑗 ] belongs
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TABLE II
T HE N UMBER OF E LEMENTS AND THE C ORRESPONDING VALUES OF THE
C LASSES FOR S ECOND O RDER M OMENT
Class
Number
1
2
3
4
5

Number of elements
𝑛𝑢𝑚0 = 𝑁𝑠
𝑛𝑢𝑚1 = 2 (𝑁𝑠 − 1)
𝑛𝑢𝑚2 = 2 (𝑁𝑠 − 2)
𝑛𝑢𝑚3 = 2 (𝑁𝑠 − 3)
𝑛𝑢𝑚4 = 𝑁𝑠2 − 7𝑁𝑠 − 12

The corresponding
(
) value4
𝑠0 = 384 𝜎𝑙8 /16
( 8 × 𝐶)
4
𝑠1 = (228.25)
( 8 𝜎)𝑙 /16 4× 𝐶
𝑠2 = 132 𝜎(𝑙 /16 ×
𝐶
)
𝑠3 = 78.75 𝜎𝑙8 /16 × 𝐶 4
8
4
𝑠4 = 4𝜎𝑙 × 𝐶

to class1 when ∣𝑖 − 𝑗∣, belongs to class2 when ∣𝑖 − 𝑗∣ = 0,
belongs to class3 when ∣𝑖 − 𝑗∣ = 1, belongs to class4 when
∣𝑖 − 𝑗∣ = 2 and finally it belongs to class5 when ∣𝑖 − 𝑗∣ ≥ 4.
The number of elements in each class and its corresponding
value is evaluated using the Maple software and are represented in Table II. By substituting the values of each class
in the summation (D.3) and doing some algebra, the second
order moment of the random variable Y is obtained as follows,
(

𝑀2𝑙

𝑛𝑢𝑚0 𝑠0 + 𝑛𝑢𝑚1 𝑠1 +
(𝑁𝑠 ) =
+𝑛𝑢𝑚2 𝑠2 + 𝑛𝑢𝑚3 𝑠3 + 𝑛𝑢𝑚4 𝑠4
8
2
1 𝜎𝑙 (814𝑁𝑠 −689+64𝑁𝑠 )
× 𝐶4
= 16
𝑁2
1
𝑁𝑠2

𝑠

)
=

TABLE III
T HE N UMBER OF E LEMENTS AND THE C ORRESPONDING VALUES OF THE
C LASSES FOR T HIRD O RDER M OMENT
Class
Number

Number of elements

1

𝑛𝑢𝑚0 = 𝑁𝑠

2

𝑛𝑢𝑚1 = 6𝑁𝑠 − 6

3

𝑛𝑢𝑚2 = 6𝑁𝑠 − 12

4

𝑛𝑢𝑚3 = 6𝑁𝑠 − 18

5

𝑛𝑢𝑚4 = 6𝑁𝑠 − 12

6

𝑛𝑢𝑚5 = 12𝑁𝑠 − 36

7

𝑛𝑢𝑚6 = 12𝑁𝑠 − 48

8

𝑛𝑢𝑚7 = 6𝑁𝑠 − 24

9

𝑛𝑢𝑚8 = 12𝑁𝑠 − 60

10

𝑛𝑢𝑚9 = 6𝑁𝑠 − 36

11
12

(D.4)

13
14

C. Third Order Moment:

15

The expected value due to the cube of the random variable
Y is computed as follows,
Δ

[(

𝑀3𝑙 (𝑁 ) = 𝐸
=

1
𝑁𝑠3

1
𝑁𝑠

𝑁𝑠 ∑
𝑁𝑠 ∑
𝑁𝑠
∑
𝑖=1 𝑗=1 𝑘=1

𝑁𝑠
∑
𝑛=1

)3 ]
𝑋𝑖
(D.5)

𝐸 (𝑋𝑖 𝑋𝑗 𝑋𝑘 )

To obtain a closed expression for the above summation,
the terms are classified into 15 different classes in such a
way that the elements in each class have the same value.
In fact, 𝐸 (𝑋𝑖 𝑋𝑗 𝑋𝑘 ) belongs to class1 when (∣𝑖 − 𝑗∣ = 0,
∣𝑗 − 𝑘∣ = 0), belongs to class2 when (∣𝑖 − 𝑗∣ = 1, ∣𝑗 − 𝑘∣ =
0), belongs to class3 when (∣𝑖 − 𝑗∣ = 2, ∣𝑗 − 𝑘∣ = 0),
belongs to class4 when (∣𝑖 − 𝑗∣ = 3, ∣𝑗 − 𝑘∣ = 0), belongs
to class5 when (∣𝑖 − 𝑗∣ = 1, ∣𝑗 − 𝑘∣ = 1), belongs to class6
when (∣𝑖 − 𝑗∣ = 1, ∣𝑗 − 𝑘∣ = 2), belongs to class7 when
(∣𝑖 − 𝑗∣ = 1, ∣𝑗 − 𝑘∣ = 3), belongs to class8 when (∣𝑖 − 𝑗∣ = 2,
∣𝑗 − 𝑘∣ = 2), belongs to class9 when (∣𝑖 − 𝑗∣ = 2, ∣𝑗 − 𝑘∣ =
3), belongs to class10 when (∣𝑖 − 𝑗∣ = 3, ∣𝑗 − 𝑘∣ = 3),
belongs to class11 when (∣𝑖 − 𝑗∣ = 0, ∣𝑗 − 𝑘∣ ≥ 4), belongs
to class12 when (∣𝑖 − 𝑗∣ = 1, ∣𝑗 − 𝑘∣ ≥ 4), belongs to class13
when (∣𝑖 − 𝑗∣ = 2, ∣𝑗 − 𝑘∣ ≥ 4), belongs to class14 when
(∣𝑖 − 𝑗∣ = 3, ∣𝑗 − 𝑘∣ ≥ 4) and finally it belongs to class15
when (∣𝑖 − 𝑗∣ ≥ 4, ∣𝑗 − 𝑘∣ ≥ 4). The number of elements in
each class and also their corresponding values, computed in
Maple software, are shown in Table III. By substituting the
values of each class in the summation (D.5) and doing some
algebra, the third order moment of the random variable Y is

𝑛𝑢𝑚10 = 3𝑁𝑠2
−21𝑁𝑠 + 36
𝑛𝑢𝑚11 = 6𝑁𝑠2
−54𝑁𝑠 + 120
𝑛𝑢𝑚12 = 6𝑁𝑠2
−66𝑁𝑠 + 180
𝑛𝑢𝑚13 = 6𝑁𝑠2
−78𝑁𝑠 + 252
𝑛𝑢𝑚14 = 𝑁𝑠3 − 21𝑁𝑠2
+146𝑁𝑠 − 336

The corresponding
( ) value
𝑚0,0 = 𝐸( 𝑋13 )
= 46080 𝜎(𝑙12 /64 )× 𝐶 6
𝑚0,1 = 𝐸( 𝑋1 𝑋22)
= 22182 𝜎(𝑙12 /64 )× 𝐶 6
𝑚0,2 = 𝐸( 𝑋1 𝑋32)
= 10368 𝜎(𝑙12 /64 )× 𝐶 6
𝑚0,3 = (𝐸 𝑋1 𝑋)42
= 4680 𝜎𝑙12 /64 × 𝐶 6
𝑚1,1 = 𝐸( (𝑋1 𝑋2)𝑋3 )
= 10425 𝜎𝑙12 /64 × 𝐶 6
𝑚1,2 = (𝐸 (𝑋1 𝑋)2 𝑋4 )
= 4433 𝜎𝑙12 /64 × 𝐶 6
𝑚1,3 = (𝐸 (𝑋1 𝑋)2 𝑋5 )
= 2100 𝜎𝑙12 /64 × 𝐶 6
𝑚2,2 = (𝐸 (𝑋1 𝑋)3 𝑋5 )
= 1856 𝜎𝑙12 /64 × 𝐶 6
𝑚2,3 = (𝐸 (𝑋1 𝑋)3 𝑋6 )
= 1250 𝜎𝑙12 /64 × 𝐶 6
𝑚3,3 =( 𝐸 (𝑋1 𝑋
) 4 𝑋7 )
= 788 𝜎𝑙12(/64 ) × 𝐶 6
𝑚0,𝑥 = (𝐸 𝑋12 )𝐸 (𝑋1 )
= 3072 𝜎𝑙12 /64 × 𝐶 6
𝑚1,𝑥 = (𝐸 (𝑋1 𝑋)2 ) 𝐸 (𝑋1 )
= 1826 𝜎𝑙12 /64 × 𝐶 6
𝑚2,𝑥 = (𝐸 (𝑋1 𝑋)3 ) 𝐸 (𝑋1 )
= 1056 𝜎𝑙12 /64 × 𝐶 6
𝑚3,𝑥 =( 𝐸 (𝑋1 𝑋
) 4 ) 𝐸 (𝑋1 )
= 630 𝜎𝑙12 /64 × 𝐶 6
3
𝑚𝑥,𝑥 =
( 𝐸 (𝑋1))
= 512 𝜎𝑙12 /64 × 𝐶 6

obtained as follows,
(𝑁 ) =
𝑀3𝑙 ⎛
𝑛𝑢𝑚0 𝑚0,0 + 𝑛𝑢𝑚1 𝑚1,0 + 𝑛𝑢𝑚2 𝑚2,0
⎜ +𝑛𝑢𝑚3 𝑚3,0 + 𝑛𝑢𝑚4 𝑚1,1 + 𝑛𝑢𝑚5 𝑚1,2
⎜
1 ⎜
𝑁𝑠3 ⎜ +𝑛𝑢𝑚6 𝑚1,3 + 𝑛𝑢𝑚7 𝑚2,2 + 𝑛𝑢𝑚8 𝑚2,3
⎝ +𝑛𝑢𝑚9 𝑚3,3 + 𝑛𝑢𝑚10 𝑚0,𝑥 + 𝑛𝑢𝑚11 𝑚1,𝑥
+𝑛𝑢𝑚
𝑚
12 𝑚2,𝑥 + 𝑛𝑢𝑚13 𝑚3,𝑥 + 𝑛𝑢𝑚
⎛
⎞ 14 𝑥,𝑥
5
2
2.3407
×
10
𝑁
+
19536𝑁
𝑠
𝑠 ⎠
𝜎𝑙12 ⎝
−3.68628 × 105 + 512𝑁𝑠3
1
× 𝐶6
= 64
𝑁3
𝑠

⎞
⎟
⎟
⎟=
⎟
⎠

(D.6)

A PPENDIX E
In this appendix we obtain the first, second and third order
moments of the normalized random variable 𝑌𝑛0 = 𝑢1 𝑋1 +
𝑢2 𝑋2 + 𝑢3 𝑋3 + 𝑢4 𝑋4 . In this expression the random variables
)2
Δ (
4
{𝑋𝑖 }𝑖=1 are defined as 𝑋𝑖 = 𝑃𝑖2 + 𝑞𝑖2 , 𝑖 = 1, 2, 3, 4
⃗ =
where the random vectors 𝑃⃗ = [𝑃1 , 𝑃2 , 𝑃3 , 𝑃4 ]𝑡 and 𝑄
⃗ is a zero
[𝑞1 , 𝑞2 , 𝑞3 , 𝑞4 ]𝑡 are independent Gaussian vectors. 𝑄
𝑡
mean random vector and [𝑎0 , 𝑎0 , 𝑎0 , 𝑎0 ] is the mean value
corresponding
to the random vector 𝑃⃗ where 𝑎0 is defined as
√
Δ
𝑃
𝑟
𝑎0 = √ 2 . The covariance matrix due to these vectors are
𝜎𝑙 /2

denoted by Θ4×4 that is defined as follows,
⎡
1.00 0.75 0.50 0.25
⎢ 0.75 1.00 0.75 0.50
Θ4×4 = ⎢
⎣ 0.50 0.75 1.00 0.75
0.25 0.50 0.75 1.00

⎤
⎥
⎥
⎦

(E.1)
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By squaring and cubing the random variable 𝑌𝑛0 and doing
some simple algebra we have,
( )
𝑚0,1 = 𝐸 [𝑌𝑛0 =](𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 ) 𝐸 (𝑋1 )
(
) ( )
( )2
= 𝑢21 + 𝑢22 + 𝑢23 + 𝑢24 𝐸 𝑋12 +
𝑚0,2 = 𝐸 𝑌𝑛0
2 (𝑢1 𝑢2 + 𝑢2 𝑢3 + 𝑢3 𝑢4 ) 𝐸 (𝑋1 𝑋2 ) +
2 (𝑢1 𝑢[3 + 𝑢2 𝑢]4 ) 𝐸 (𝑋1 𝑋3 ) + 2𝑢1 𝑢4 𝐸 (𝑋1 𝑋4 )
(
) ( )
( )3
= 𝑢31 + 𝑢32 + 𝑢33 + 𝑢34 𝐸 𝑋13 +
𝑚0,3 = 𝐸 𝑌𝑛0
6 (𝑢1 𝑢2 𝑢3 + 𝑢2 𝑢3 𝑢4 ) 𝐸 (𝑋1 𝑋2 𝑋3 ) +
6 ((𝑢1 𝑢2 𝑢4 + 𝑢1 𝑢3 𝑢4 ) 𝐸 (𝑋1 𝑋2 𝑋
) 4 )(+
)
3 (𝑢21 𝑢3 + 𝑢1 𝑢23 + 𝑢22 𝑢4 + 𝑢2)
𝑢24 𝐸 𝑋12 𝑋3 +
)
(
𝑢21 𝑢2 + 𝑢1 𝑢22 + 𝑢22 𝑢3 +
3
𝐸 𝑋12 𝑋2 +
2
2
2
𝑢
𝑢
+
𝑢
𝑢
+
𝑢
𝑢
3 )4 ( 3 4 )
( 2 3
3 𝑢21 𝑢4 + 𝑢1 𝑢24 𝐸 𝑋12 𝑋4
(E.2)
The terms related to the correlations among the elements of
4
the set {𝑋𝑖 }𝑖=1 is obtained using the Maple software and can
be represented by the polynomials of the input pulse amplitude
𝑎0 as the following expressions.
𝐸 (𝑋1 ) = 𝑎40 + 8𝑎20 + 8
( )
Δ
𝜈0 = 𝐸 𝑋12 = 𝑎80 + 32𝑎60 + 288𝑎40 + 768𝑎20 + 384
Δ

𝜈1 = 𝐸 (𝑋1 𝑋2 ) = 𝑎80 + 28𝑎60 + 221𝑎40 + 518𝑎20 + 228.25
Δ

𝜈2 = 𝐸 (𝑋1 𝑋3 ) = 𝑎80 + 24𝑎60 + 164𝑎40 + 336𝑎20 + 132
Δ

𝜈3 = 𝐸 (𝑋1 𝑋4 ) = 𝑎80 + 20𝑎60 + 117𝑎40 + 208.5𝑎20 + 78.75
( )
Δ
10
8
6
𝜇00 = 𝐸 𝑋13 = 𝑎12
0 + 72𝑎0 + 1800𝑎0 + 19200𝑎0+
86400𝑎40 + 138240𝑎20 + 46080
)
(
Δ
10
8
6
𝜇10 = 𝐸 𝑋12 𝑋2 = 𝑎12
0 + 64𝑎0 + 1422𝑎0 + 13441𝑎0+
4
2
53328𝑎 + 74925𝑎0 + 22182
( 2 ) 0 12
Δ
8
6
𝜇20 = 𝐸 𝑋1 𝑋3 = 𝑎0 + 56𝑎10
0 + 1088𝑎0 + 9024𝑎0 +
4
2
31632𝑎 + 39552𝑎0 + 10368
( 2 ) 0 12
Δ
8
6
𝜇30 = 𝐸 𝑋1 𝑋4 = 𝑎0 + 48𝑎10
0 + 798𝑎0 + 5688𝑎0 +
4
2
17289𝑎0 + 19080𝑎0 + 4680
Δ

10
8
6
𝜇11 = 𝐸 (𝑋1 𝑋2 𝑋3 ) = 𝑎12
0 + 56𝑎0 + 1090𝑎0 + 9064𝑎0 +
31849𝑎40 + 36870𝑎20 + 10425
Δ

10
8
6
𝜇12 = 𝐸 (𝑋1 𝑋2 𝑋4 ) = 𝑎12
0 + 48𝑎0 + 802𝑎0 + 5744𝑎0 +
4
2
17473𝑎0 + 1909𝑎0 + 4433
(E.3)
The polynomials are of degree 8 and 12 for computing the
second order moment 𝑚0,2 and the third order moment 𝑚0,3
respectively. Therefore, by substituting the above values in
(E.2) the first, second and third order moments corresponding
to the random variable Y is obtained as follows,

( )
(
)
𝑚0,1 = 𝐸 [𝑌𝑛0 =](𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 ) 𝑎40 + 8𝑎20 + 8
( )2
(
)
= 𝑢21 + 𝑢22 + 𝑢23 + 𝑢24 𝜈0 +
𝑚0,2 = 𝐸 𝑌𝑛0
2 (𝑢1 𝑢2 + [𝑢2 𝑢3 +]𝑢3 𝑢4 ) 𝜈1 + 2 (𝑢1 𝑢3 + 𝑢2 𝑢4 ) 𝜈2 + 2𝑢1 𝑢4 𝜈3
( )3
(
)
𝑚0,3 = 𝐸 𝑌𝑛0
= 𝑢31 + 𝑢32 + 𝑢33 + 𝑢34 𝜇00 +
6 (𝑢
( 1 𝑢2 𝑢3 + 𝑢2 𝑢3 𝑢4 ) 𝜇11 + 6 (𝑢)1 𝑢2 𝑢4 + 𝑢1 𝑢3 𝑢4 ) 𝜇12 +
3 (𝑢21 𝑢3 + 𝑢1 𝑢23 + 𝑢22 𝑢4 + 𝑢2 𝑢24 𝜇02 +
)
3 (𝑢21 𝑢2 + 𝑢1 𝑢22 )+ 𝑢22 𝑢3 + 𝑢2 𝑢23 + 𝑢23 𝑢4 + 𝑢3 𝑢24 𝜇01 +
3 𝑢21 𝑢4 + 𝑢1 𝑢24 𝜇03
(E.4)
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