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ABSTRACT the desired filter reflects the characteristics of the coiotirs-
. . . ) _ time model and can be arbitrary.

The goal of this paper is to design compact support basisespli - 1he remainder of the paper is organized as follows: The next
functions that best approximate a given filter (e.g., anlitea-  gection priefly describes the spline interpolation methogec-
pass filter). The optimum function is found by minimizing the tion[3, a novel scheme is proposed to produce new optimized
Igast square problenﬂ_g(norm ‘?f the difference between the de- splines for interpolation regardless of the type of filtgriThe
sired and the approximated filters) by means of the calculus Q,qrtormance of the proposed method is evaluated in selgtion 4
variation; more precisely, the introduced splines giveiropt by comparing the interpolation results of the proposed oukth

filtering properties with respect to their time support im&@. o, standard test images to those of well-known interpatatio
Both mathematical analysis and simulation results confiren t techniques. Sectidd 5 concludes the paper.

superiority of these splines.
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In this paper, the following notation and definitions aredise
A discrete signal is shown by eithefn] £ z(nT) and is

defined,zs(t) £ z(t)s(t) = Yoo §(t —nT) wh
The conversion of continuous-time signals such as multime-e Ini ’ (EO) 2(t)s(t) . Ln——oo T[]0 . nT) where
t) =3 §(t — nT) is the comb function. Also, the

dia data with discrete and digitized samples is a commonmitren®\"/ n=—00 ) )
nowadays. This is mainly due to the existence of powerfuktoo PeriodT” = 1 is normalizes throughout the paper without any
in the discrete domain. However, the conversion of contirsso 0SS of generality.
time signals into the discrete form by means of sampling may,efinition 1. For a discrete-time signafn], S™ is a spline of
destroy all or some parts of the data. Under certain comditio orqeryy, if,
on the continuous signal, such as bandlimitedness [10ahe
pling process is guaranteed to be one to one; i.e., therddshou 1. ;" would be a polynomial of the (at most) order, in
be a priori a continuous model. In spite of the technological the intervaln, n + 1].
movement toward digital signal processing, by the advairces
wavelet theory([2,19, 11], a revival of continuous-time miaag
for the digital data has been triggered. Multiresolutiomlgn 3. 8" e Cm 1 (—o0,00)
sis [8/18], self-similarity([3, 1]7], and singularity analg [7] are
inseparable from a continuous-time interpretation. Itisré-
fore crucial to have efficient mathematical tools that alkasy If the goal is to discover a piecewise polynomial signal
switching from the digital domain to the continuous, and ki that is m — 1 times differentiable with continuous deriva-
precisely the niche that splines, and, to some extent, wisjel tives, it is possible to calculate the integral ef(t) =
are trying to fill. S ce[n]d(t —n), m+ 1times, i.e,

In this field, polynomial splines, such as B-splines, are par
ticularly popular, mainly due to their simplicity, compasip-
port, and excellent approximation capabilities compartrtio whereul () is the unity step function and wherd+! () £

methods. Spline-based methods have spread to variousappli ; 1, 1 ; Lo _
tions since the development of B-splines|[13[14, 16]. (u* #u’) (¢). Acording to the second conditioS” (1)s(t) =

s(t), and substitutind (1) in the last equation yeilds
Though B-splines generate remarkable results in many ap:C— ®) di1) q y

plications, they are not the optimum solutions for filterprgb- zs(t) = (W xc) (t)s(t) = (W )s*ca) () (2)
lems such as interpolation. This paper, focuses on the g@mobl . o o

of designing optimal compact support splines which best apl_-lence, the above eqliatlon is satisfied, if the situationfiaee
proximate a given filter such as the ideal lowpass filter. bt,fa c.(t) £ ([(um“)s} Cx :vs) (t), wherey~" is the inverse of

1. INTRODUCTION

2. Interpolation property§™(n) = xz[n)

wheren € Z.

S (t) = (uerl * cm) (t) Q)
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y, i.e, (y xy~1)(t) = &(t). Again, by substituting (1) it can be

shown that

szt = (w e (@) ) () @)
Definition 2. For every continuous-time signg(t) define,
Ly(t) = ((ys) ™" xy) (1) (4)

If S;* is a spline of the ordem, Lsénwould be called a car-
dinal spline of ordern. Hence Lgn is independent of and is
only a function ofm.

This new notation generatéd(t) = (Lym+1 * x5) (t). If
y[n] is an invertible discrete-time signa$;” can be used to

interpolate every discrete-time signgh]; i.e, it can be easily
shown thatS;" (t) = ( Lsy * xs) (t). Thus,L,, can be defined
as the cardinal spline of the order that for any continuous-
time signaly
Lm é LS;n (5)
Assumes™ is an FIR filter and is a casual spline of order
that has non-zero values only for< ¢t < k € N. Itis desirable

to find ™ as a basis for calculating other splines of order
from their samples instead af**!. According to[(1),

k

B (t) = u™ %Y " cgm[n]d(t — nT)

n=0

(6)

where C,,,(z) has been defined as the z-transform of the co-

efficientscgm 1], i.e, Con(2) 2 F_,
can be shown that if™ is an FIR, then(z —

cgm[n]z=™. Thus, it
1)™+1 divides

Cm(271). If one wished to minimize the length gf™, it is
possible useﬁ( )£ (27! = 1)™*+!, andcg=[i] can be defined
ascgnmli] & (1) (mjl). Moreover, if for every integen we
define(z)? = z™u'(x), thens™ can be rewritten as shown
below
1R m+1
=y | 2 (" e n)’f] )

3. THE PROPOSED OPTIMIZED B-SPLINE

In many applications, it is desirable that the interpolafidter
be depicted as an ideal filter, and the second and third gonslit
of Definition 1 may not be important.

F{a}
}-{zs}

elBy] £ 7 %df — min
where F{y} is the Fourier transform of. Here, it has been
assumed that?, is known at the integers and thysy, ) s is also
known. The facttha} ;" , bxz~* has no roots on the unit circle
implies that(j3;, ) has a stable inverse aiig, does exist.

Now, calculus variation may be used in order to evaluate the
optimum 32, which minimizes the erroe[3’*]. Considering
v € C'[0,m + 1] as a function which is zero at the integers, i.e,
v(0) =7 (1) = ... = v(m+ 1) = 0. Variational derivation of
e with respect tg3* with y as a test function is equal to

e(B) +ev) — e(B)

| F{Lpp} -

(de[B'], ) = lim .
- el { k]
[F{Lgp}F{as} — F{z}] }}dt (8)
Note that according td{4)F{ Ly} = f{(ﬁm)}} In order to

minimize e[5"], (de[BY],v) should be zero for ally, which
implies that the second term inside the integral should be ze
fort € (0,m + 1); hence,

(wsxT3)*[(B5)3 1+ (B) T B0 = 1(Bg) S

KI5 *T
7] te(0,m+1)
9

where7(t) £ y(—t). Thus, it is proven that the optimized B-
spline which could give the best estimatiorugfshould satisfy
(@). By defininga(t) £ (x,+75)+[(82") +(B7)5 "] ande(t) £
[(B7);* * 7], @) can be written a8 * 52 = clic(o.m1)-
In order to derive3” from (@), forn € Z, two sequences of
functions defined a®,, (t) £ B(t + n)u'(t) — u!'(1 —¢)] and
Cn(t) & c(t +n)[u(t) — u'(1 — t)]. Now, (@) can be written
in a matrix form as follows

Bo a0 a[-1] .. al-m] 77! e
By a[l]  al0] a[—m+1] o
[ . ] ol [ | } w0)
B, afm] afm—1] ... af0] C

According to [ID){ B, },-_, is derived and thus the optimized
B-spline is evaluated a8 (t) = > B, (t — n).
Now in order to desigB!* such that the frequency response

Assume that the goal is to design an optimized spline taf L, would be the best estimation for the filter that has the

mterpolater[ ]. Also assume thdt € R™ be a vector such that
> e, bz~ " has no zeros on the unit circle.

Definition 3. 8 {z, b} is defined as follows,
1. B {x,b} € COl0,m + 1]

b, 1<n<m
0 ow.

2. B {w,b}[n] = {

interpolation property, and is the impulse response,

hin] = {1 n=20

R XOR0)

(11

If a desired impulse responssds substituted for in (@), then
for the optimized5™ {h, b}, the following expression is mini-
mized:

el i = [ U \FiLa) - FPdE (12)
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Fig. 1. The optimized spline versus B-spline, of order
three. (3{h,b} is the optimized basis spline built for es-
timating the ideal lowpass filteh(t) = %(Z”) with b =
(0.235,0.484,0.235)
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Fig.. 2 Thg comparison 9f the proposed method and the CUbi?ig. 3. Comparison of different methods for the Lena image:
spline for ideal lowpass filter. (a) The original image, (b) bilinear interpolation, (c) bixc
Interpolation. (d) WZP Cycle-Spinning[12], (e) SAI19ha
Thus, ™ is the most proper basis for estimating the interpo-(f) the proposed method.

lation by the ideal filtef. Sinceh(t) = §(¢), producing
sampled to provide the low solution images for interpolatim

(8™ % (Bm)s Y # 8™ = (Br) L « h (13) image applications, splines can be used for zooming and en-
te(0,m+1) largements. For comparison, three other image interpolati
methods are also simulated: 1-bicubic interpolation, 2elet-
4. SIMULATION RESULTS domain zero padding cycle-spinnirig [12] and 3-soft-decisi

estimation technique for adaptive image interpolatior].[T8-
The performance of the proposed method for an ideal lowpadsle [4 shows the Peak Signal-to-Noise Ratio (PSNR) perfor-
filter has been compared to the B-spline and the results are demance of these three methods when applied to the seven well-
picted in Figs.[ll anf]2. Fid.] 1 shows the comparision of theknown test images. In all cases, the proposed optimizedespli
optimized basis spline built for estimating an ideal longpfils  interpolation algorithm performed best among all methés.
ter and the cubic B-spline. Fig] 2 shovig,. as compared to high frequency content images, such as Barbara and Baboon,
L3. The optimized spline is superior to the B-spline methodthe proposed algorithm outperforms other methodsds.

The SNR values of these methods 20e39dB and13.15dB for Since PSNR is an average quality measure, the spatial lo-
the proposed method and the B-spline method, respectieely, cations where the proposed algorithm produces signifigantl
m = 3. smaller interpolation errors than the other competing esh

To consider practical applications, the method was tested oare plotted in Fig.[13. The differences are more noticeable
several standard monochrome images. These images are dovameund the edge of the hat. The result of the present study com



[5] H.S. Hou and H.C. Andrews. Cubic splines for im-
Table 1. PSNR (dB) Results of the Reconstructed Images by  age interpolation and digital filteringEEE Transactions

Various Methods (Image Enlargement fr@56 x 256t0 512 x on Acoustics Speech and Signal Processig508-517,
512) 1978.
| Images | Bicubic [6] | WZP-CS[[12]] SAI[19] | Opt.Spline]  [6] R.Keys. Cubic convolution interpolation for digital age
Lena 30.13 30.05 30.88 32.29 processinglEEE Transactions on Acoustics, Speech and
Baboon 21.34 21.70 22.09 22.50 Signal Processing29(6):1153-1160, 1981.
Barbara 23.32 23.88 23.71 25.10
Peppers 28.61 28.60 28.01 30.64 [7]1 S. Mallat and W.L. Hwang. Singularity detection and pro-
Couple 26.73 26.86 26.96 27.91 cessing with waveletsinformation Theory, IEEE Trans-
Bout 26.93 27.07 27.63 28.50 actions on 38(2):617 —643, March 1992.
Girl 29.97 30.20 29.94 30.90

[8] S.G. Mallat. A theory for multiresolution signal decom-
position: the wavelet representatidpattern Analysis and
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wavelet scheme based on cycle-spinning interpolation eas b
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ating in the wavelet domain. demic Pr, 1999.
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interpolation results obtained by this method are bettan th main image resolution enhancement using cycle-spinning.
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Simulation results show aboldB improvement in most of the
cases. In the future, we plan to focus on the applicationedeh [13]
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