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Abstract: A new strategy for radiation loss reduction in curved slab waveguides is presented. The proposed
strategy is based on the proper modiﬁcation of the boundary conditions at the core-to-cladding interface,
whereupon extremely thin conductive nanolayers with non-zero surface conductance are imposed. The
obtained numerical results show a noticeable decrease in the overall loss level.

1

Introduction

Waveguide bends with small radii of curvature are needed to
meet the increasing demands for small-scale device
integration and exigencies of highly packed optical circuits.
The desired smallest bending radius is nonetheless limited
by the level of loss, which is mainly due to the radiation of
the formerly guided modes and increases exponentially as
the radius of curvature becomes smaller [1, 2]. Intensive
research has been consequently carried out over the past
few decades on various curved structures [3, 4], where
much concentration is put into minimising the radiation
loss as much as possible without sacriﬁcing the bending
curvature [5]. In principle, most of the proposed strategies
so far resort to refractive index proﬁle engineering, which is
based on two basic yet similar principles [2]. First, the
radiation loss can be reduced by tight conﬁnement of
electromagnetic ﬁelds within the core. This can be achieved
most simply through an increase in the contrast between
the core and the cladding refractive index [1], for example,
by decreasing the outer refractive index [6], or by applying
micro-prisms of raised index along the waveguide path
[7 – 10]. Secondly, the leakage attenuation can be decreased
by driving the radiation caustic farther off the core. This
latter strategy can be implemented by using isolation
trenches [11 – 14], or more subtle arrangements of multiple
claddings [2, 15– 17], whereupon the evanescent modal
ﬁeld amplitude at the receded radiation caustic and
consequently, the radiation loss are both reduced [18].
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In this paper, a different approach is adopted, where the
boundary conditions at the outer or at the inner boundaries
of the core region are duly modiﬁed by imposing
conducting interfaces, that is, extremely thin conductive
nanolayers with surface conductance ss . These conducting
interfaces can be realised by using two-dimensional free
charge layers [19] or possibly thin sheets of graphene [20].
In contrast to the conventional refractive index proﬁle
engineering, here, we try to change the bending loss by
varying the boundary conditions, where the tangential
components of the electric ﬁeld at the conducting interface
produce a proportional surface current density imposing a
discontinuity upon the otherwise continuous tangential
magnetic ﬁeld [19, 21 – 24]. This controlled discontinuity
of the tangential magnetic ﬁeld can then considerably
reduce the bend loss by using either of the following
mechanisms. First, conducting interface can support the
surface electromagnetic waves [19, 22, 24], conﬁne the
electromagnetic energy and reduce the radiation loss.
Secondly, the conducting interface can increase the
reﬂection coefﬁcient of the outer boundary and take the
part of a reﬂector placed at the outer edge of the core. This
latter mechanism does not change the radius of the
radiation caustic; yet, effectively decreases the diffractive
tunnelling in frustrated total internal reﬂection.
Organisation of this paper is as follows: the mathematical
formulation for the TE wave propagation in a bent slab
structure is discussed in Section 2. The proposed approach
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is, however, general and can be similarly followed for the
analysis of the TM wave propagation in any planar
structure with discrete refractive index variations. In Section
3, bent loss reduction in a typical planar structure with
conducting interface is numerically studied. Electric ﬁeld
proﬁles of different leaky modes are also presented and the
underlying physics of bent loss reduction is brieﬂy revealed.
Further considerations are given in Section 4. Finally,
conclusions are made in Section 5.

2

Formulation

A number of methods have been reported for the analysis of
curved waveguides [25 – 35]. Here, we follow a rigorous
modal analysis, where electromagnetic ﬁelds are given in
terms of Bessel and Hankel functions, that is, the exact
solution of Helmholtz equation with piecewise constant
refractive indices in cylindrical coordinates (r, f, z). In the
following, we consider TE polarised waves propagating in a
bent planar waveguide, which is geometrically invariant with
respect to f. The transverse electric ﬁeld Ez then assumes
the following form [36]
Ez ¼ S(r) exp (  jbr0 f)

(1)

where b stands for the complex propagation constant of the
wave and S(r) is governed by the following equation [27]
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Here, k0 represents the wavenumber in vacuum and r0 denotes
the central curvature radius shown in Fig. 1. In this structure,
where the refractive index proﬁle n(r) is constant within radial
intervals r , r1 , r1 , r , r2 and r2 , r, the general solution
of (2) can be easily written in terms of Bessel and Hankel
functions [36]
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Although the appropriate conditions at singular end points,
that is, at r ! 0 and r ! 1, are already put into the
preceding functional form, the governing boundary
conditions for tangential electromagnetic ﬁelds at the inner
and outer boundaries, that is, at r ¼ r1 and r ¼ r2 , remain

to be applied. These conditions read as [13, 24]


Ez (riþ ) ¼ Ez (ri ),
Hf (riþ )  Hf (ri ) ¼ ss,i Ez ,

To facilitate future calculations, surface conductance si is
normalised to intrinsic wave impedance, whereupon ai ,
that is, normalised surface conductivity, is introduced


1
ss,i ¼ j 0
m0

1=2
(5)

ai

Although essentially a complex number, si is almost
imaginary at terahertz frequencies at which the scattering
rate of 2D charge carriers can be neglected. This also holds
true in graphene sheets, where the damping effects are
shown to be negligible even at the room temperature [22].
Therefore ai is practically an almost a real number.
Now, applying the appropriate boundary conditions (4) to
the proposed ansatz for S(r), and after some algebraic
manipulations, the non-trivial solution can be found only
under a certain condition, which is governed by the
dispersion equation.
Inspection of this equation clearly reveals that non-zero
surface conductance, that is, ai = 0, can substantially
change the overall electromagnetic behaviour and
consequently, the modal behaviour. This can be
physically understood in terms of the created surface
current density, which obviously imposes a certain
discontinuity upon the formerly continuous tangential
magnetic ﬁeld. Such possible alterations are further
discussed through various numerical examples in the next
two sections
2
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(4)

where ss,i represents the conductance of two-dimensional
charge carriers imposed at the interface r ¼ ri . It can be
described by using the Drude-like expression for
conventional 2D electron/hole gas systems, for example, in
GaAs/GaAlAs quantum-well structures, or the Dirac
spectrum for massless electrons in graphene sheets [22].

0

Figure 1 Bent waveguide with central radius r0
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3

Bend loss reduction

In this section, different bend loss reduction mechanisms
based on non-zero surface conductance are investigated by
numerically studying a typical bent planar waveguide with
the following parameters: r2 2 r1 ¼ 4l, r0 ¼ 2000l,
n1 ¼ 1.503 and n0 ¼ 1.5. Although a special case, this
example clearly demonstrates how the bend loss can be
largely reduced by using the non-zero surface conductance.
It also provides the basic understanding of the main
physical principles behind the observed beneﬁts of using
the proposed strategy. Clearly, either or both of the
interfaces can be conductive, yet, the outer interface at
r ¼ r2 , whereof the electromagnetic energy radiates away, is
here chosen to have a non-zero surface conductance, that
is, a2 = 0. Numerical study of the most general case is
therefore deferred to next section, where more complicated
combinations are considered.

3.1 Radiation loss reduction in the
principal mode
Here, the propagation constant of the ﬁrst-order leaky mode
in the aforementioned structure is more closely examined. In
Fig. 2, the attenuation level of total loss, that is, the imaginary
part of the propagation constant b, is plotted against the real
and imaginary parts of the normalised surface conductivity
a2 . The imaginary part of the normalised surface
conductivity is always positive, as it represents the inevitable
loss. The real part of the normalised surface conductivity,
in contrast, could be either positive or negative. If it is
positive, then conventional Drude-like electrons, for
instance, in GaAs/AlGaAs quantum well structures, are
involved [22]. If it is negative, the overall surface
conductivity mainly consists of the inter-band contribution,
as it could be the case in graphene sheets [22].
Inspection of this ﬁgure, however, reveals several
interesting features. These features can be easily understood

in terms of the electromagnetic role that non-zero surface
conductivity plays.
In case the imaginary part of surface conductivity is
positive, that is, the real part of a2 is negative,
electromagnetic energy has a propensity to be localised
[19, 21, 22] and exhaustive radiation loss could therefore
be prevented. This can be easily seen by the comparison
of Figs. 3 and 4, which show the electric ﬁeld proﬁles of
the ﬁrst-order leaky mode, respectively, with a2 ¼ 0 and
20.2. Although the above-mentioned electromagnetic
conﬁnement can considerably abate the radiation loss
level, it is inherently sensitive to the imaginary part of a2 ,
that is, the ohmic loss that the conﬁned wave is now
doomed to encounter while propagating along the
interface. This point is clearly demonstrated in the
zoomed-in inlay of Fig. 2, where the attenuation level is
shown to sharply rise as the imaginary part of a2 , that is,
the real part of surface conductivity representing the
ohmic loss, increases.
In case the imaginary part of surface conductivity is
negative, that is, the real part of a2 is positive,
electromagnetic energy cannot be localised to cause any
drastic change of radiation loss. Nevertheless, the presence
of positive a2 increases the electromagnetic reﬂection
coefﬁcient of the boundary whereupon a conducting sheet
is introduced [37]. Therefore the electromagnetic energy of
the wave will be pushed back to the core, whence the
diffractive tunnelling in frustrated total internal reﬂection
will be further decreased.
This is clearly demonstrated in Figs. 5a and 5b, which
show the electric ﬁeld proﬁle with a2 ¼ 0.2 and 1,
respectively. Concentration of electromagnetic energy in the
core, as it is shown in Fig. 5, explains the relatively low
sensitivity of the overall radiation loss to the imaginary part
of a2 , that is, the ohmic loss.

Figure 2 Attenuation level of loss for the ﬁrst-order leaky mode against the real and imaginary parts of a
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Figure 3 Electrical wavefunction of ﬁrst mode against r– r1
with a1 ¼ a2 ¼ 0, b1/k0 ¼ 1.5021 2 4.725  1024 i
Inner and outer boundaries are shown by using solid lines

Two different mechanisms are therefore perceptible. In the
ﬁrst mechanism, electromagnetic energy is more strongly
bound at the outer interface than it formerly was. Although
the radiation loss is drastically decreased in this fashion, the
ohmic loss, which is inevitably incurred, is likely to become
the dominant loss factor. In the second mechanism,
however, the electromagnetic energy is pushed back to the
core, where the ohmic loss of conducting layers cannot
cause much trouble.
These mechanisms are controlled by the algebraic sign of
the real part of the normalised surface conductivity, which
happens to be a crucial factor in determining how the
overall loss level will change.
Figure 5 Electrical wavefunction of ﬁrst mode against
r2r1 with
a a1 ¼ 0, a2 ¼ 0.2, b1/k0 ¼ 1.5006 2 1.714  1024 i
b a1 ¼ 0, a2 ¼ 1, b1/k0 ¼ 1.5001 2 1.312  1025 i

3.2 Radiation loss reduction in the
second mode

Figure 4 Electrical wavefunction of ﬁrst mode against r– r1
with a1 ¼ 0, a2 ¼ 20.2: b1/k0 ¼ 1.5064 2 5.386  1026 i
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This section is devoted to the propagation constant of the
second-order leaky mode in the aforementioned structure.
In Fig. 6, the attenuation level of loss is similarly plotted
against the real and imaginary parts of the normalised
surface conductivity a2 . Although the preceding
mechanisms are still working, the observed radiation loss
reduction conspicuously differs when the second-order
mode is considered. This difference, which is strong
enough to kill one mode and keep the other, can be
understood by noting that the electromagnetic proﬁle of
the second-order mode has two antinodes and is
consequently harder to conﬁne. As a result, the overall loss
161
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Figure 6 Loss against real and imaginary parts of a for the
second leaky mode
level is not much sensitive to the ohmic loss incurred by
introducing surface conductivity. This is clearly shown in
Fig. 6, where the increase of the imaginary part of a2 does
not cause any sharp rise in the observed attenuation level
even if the real part of a2 is negative.
In Fig. 7, the transverse electric ﬁeld proﬁle of the secondorder mode is plotted with a2 ¼ 0. This ﬁgure clearly
demonstrates why the second-order mode is lossier than
the principal mode.

4

Further considerations

In this section, we consider the most general case where both
the boundaries at r ¼ r1 and r ¼ r2 are assumed conducting,
that is, a1 = 0 and a2 = 0.

Figure 8 Electric ﬁeld proﬁle
a Electric ﬁeld proﬁle of the ﬁrst-order mode propagating
in the last structure with a1 ¼ 20.2 and a2 ¼ 20.2 is plotted:
b1/k0 ¼ 1.5064 2 4.451  1026i
b Electric ﬁeld proﬁle of the second-order modes propagating
in the last structure with a1 ¼ 20.2 and a2 ¼ 20.2 is plotted:
b2/k0 ¼ 1.5032 2 4.436  1025i

In case the inner boundary is conducting and the real part
of the normalised surface conductivity is positive, then the
electromagnetic energy will be expelled forward whence it
more easily radiates away. This can be explained by the
increased reﬂection from the core to inner cladding
interface. Therefore the real part of the normalised surface
conductivity at r ¼ r1 should be always negative or else the
overall loss level increases.

Figure 7 Electrical wavefunction of second mode against
r 2 r1 with a1 ¼ a2 ¼ 0, b2/k0 ¼ 1.4972 2 1.814  1023i
162
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As the presence of negative a1 results in further
conﬁnement of the electromagnetic energy, combination of
two conducting interfaces with negative normalised surface
conductivities at r ¼ r1 and r ¼ r2 is expected to decrease
the overall loss level. This combination, however, is much
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Figs. 9a and 9b, where the electric ﬁeld proﬁle of the ﬁrstand second-order modes propagating in the same structure
with a1¼ 20.2 and a2¼ 0.2 are plotted.

5

Conclusion

In this paper, extremely thin conductive nanolayers with nonzero surface conductance ss are employed to alter the
electromagnetic boundary conditions at the core-tocladding interface. In this fashion, the radiation loss of the
curved structure can be reduced because of two different
reasons. First, the electromagnetic energy could be further
conﬁned to the core. Secondly, the reﬂection coefﬁcient of
the outer interface could be increased to frustrate the
electromagnetic tunnelling. Different numerical examples
are given, unfavourable effects of the ohmic loss are taken
into account and the presented results are intuitively
interpreted.
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