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We propose a circularly polarized antenna with a wide axial ratio (AR) beamwidth that consists of a normally magnetized
ferrite disk mounted on a ground plane. The device uses the resonant modes of the disk, which rotate only in the clockwise or
counter-clockwise sense in the frequency range where the effective permeability of ferrite is negative. A semianalytical model is
derived for the antenna fed by a single, conventional current probe and is validated numerically by finite element method. For a
yttrium iron garnet disk with the radius and height of 5 and 1 mm, respectively, the results show a 3 dB AR beamwidth of 90°
with an operation frequency, which can be tuned in the 4–4.5 GHz range by varying the magnetic bias field from 50 to 35 000 A/m.
Simulations show that higher AR beamwidths are achievable using finite ground conductors. Compared with previous papers, the
fabrication requirements on this structure are not critical, which enhances its potential applicability.
Index Terms— Circular polarization (CP), ferrite loaded antenna, tunable antenna, wide-angle axial ratio (AR).

I. I NTRODUCTION

C

IRCULAR polarization (CP) is a common polarization
type used in wireless systems for frequency identification, global positioning (GPS), and wireless local area
networks, since it can provide greater flexibility in orientation
angle between transmitter and receiver, and better mobility and
weather penetration than the linearly polarized antennas. For
some of these applications, such as GPS, the candidate antenna
must have a very broad angular range for CP. In such cases,
however, conventional circularly polarized microstrip antennas
are inadequate, since their axial ratio (AR) beamwidth is
normally narrow, and is restricted around the antenna boresight
[1], [2]. Furthermore, the usable, simultaneous impedance,
and AR bandwidths cannot be wide enough [3], [4].
The above-mentioned issues have been addressed by a
multitude of techniques. In [5], a regular CP antenna on a 3-D
square ground has been proposed whose 3 dB AR beamwidth
is ∼113°; however, the height of the proposed antenna
exceeds 0.45 wavelength. In [6], an 85° AR beamwidth has
been realized by integrating two bowtie patch antennas and
two trapezoidal-shaped dipoles. This structure needs a hybrid
or Wilkinson power divider in its feeding network. The use
of stacked and multilayer structures [7], [8], flatly folded
conducting walls on a pyramidal ground plane [9], and phased
arrays [10] are other methods to realize wide beamwidth CP
antennas.
In this paper, we present a compact circularly polarized,
wide-angle AR antenna that consists of a normally magnetized
ferrite disk mounted on a ground plane and covered, on top,
by a thin conducting disk. The idea here is to realize CP
properties using unidirectional resonant modes rotating only in
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the clockwise or counter-clockwise sense in a frequency range
where ferrite material exhibits negative effective permeability.
Compared with previous paper, the fabrication requirements
on this structure are not critical, which enhances its potential applicability. Using theoretical results, we show that the
proposed antenna easily achieves a 90° AR beamwidth. The
structure can be fed by a single, conventional current probe
that decreases the cost and complexity of the fabrication
process. Moreover, the 3 dB AR and −10 dB return loss
bandwidths can be frequency tuned by changing the dc bias
magnetic field applied to the ferrite. This feature eliminates
the narrow bandwidth problem in [3] and [4].
It is noteworthy that antennas on ferrite substrates have
been known to possess useful properties such as frequency
tunability [11], low radar cross-sectional scattering [12], and
beam scanning [13]. In addition, in several works, antennas
printed on magnetized ferrite substrates have been found to
radiate CP [14], [15]. However, due to the coupling between
two opposite CPs, the AR beamwidths reported were not wide
enough.
This paper is organized as follows. Section II outlines the
operation principle of the antenna. The complete antenna with
its feeding network is described in Section III. In Section IV,
the theory of Sections II and III is validated by full-wave
simulations and the results are discussed.
II. O PERATION P RINCIPLES OF THE A NTENNA
Fig. 1(a) shows the proposed antenna, which consists of
a disk of ferrite material mounted on a ground plane and
covered by a thin circular metal patch. The ferrite disk is
magnetized normal to the ground plane by a dc bias magnetic
field H0, which can be provided by a permanent magnet placed
underneath the ground plane, where the interference with the
antenna is negligible [16].
Because the vertical wall of the disk is open and exposed
to free space, no analytic solution of the problem exists.
A semianalytical treatment of this problem will be presented in
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In (1d) and (1e), magnetic losses may be easily introduced by
the replacement ω H = γ H0 + j αω, where α is the Gilbert
damping constant.
For our purpose, let us now consider the frequency range
ω⊥ < ω < ω H + ω M , where μ⊥ becomes negative [see (1e)].
In this case, (1a) is satisfied by the modal solutions
E zn = An In (q⊥r ) e− j nϕ

(1g)

where n is an integer, An is a constant, In is the modified
Bessel functions of first kind, and
√
(1h)
q⊥ = k0 −εμ⊥ .

Fig. 1. (a) Geometry of the normally magnetized ferrite disk. (b) Analytical
model structure with PMC sidewall approximation.

the following section. However, for the moment, let us follow
the classic paper by Bosma [17] and assume the disk wall
to be covered by a perfect magnetic conductor (PMC), as
shown in Fig. 1(b). This approximation, which is justified if
the disk is thin compared with its radius (i.e., h  a), also
allows the neglect of the vertical variation (along z) of the
electromagnetic field inside the disk. Finally, to simplify the
calculations, the patch and ground plane conductors are taken
to be perfect.
From Maxwell equations in cylindrical coordinates, it then
follows that the electric field has a z-component only which
is governed by the Helmholtz equation [17], [18]:




∂ Ez
1 ∂ 2 Ez
1 ∂
(1a)
+ k02 εμ⊥ E z = 0.
r
+ 2
r ∂r
∂r
r
∂ϕ 2
The magnetic field is given by H = Hr r̂ + Hϕ ϕ̂ in which


μa ∂ E z
1
j ∂ Ez
−
Hr =
(1b)
ωμ0 μ⊥ r ∂ϕ
μ ∂r


∂ Ez
μa 1 ∂ E z
1
.
(1c)
+
−j
Hϕ =
j ωμ0 μ⊥
μ r ∂ϕ
∂r
In these equations, k0 is the free space wave number, ε is the
relative permittivity of ferrite material, μ0 is the permeability
of vacuum, and
ωH ωM
μ = 1+ 2
ω H − ω2
ωM ω
μa = 2
(1d)
ω H − ω2
are the diagonals, respectively, off-diagonal elements of the
permeability tensor of the ferrite where ω H = γ H0 and
ω M = γ Ms , with Ms the saturation magnetization of the
ferrite, and γ the gyromagnetic ratio. Moreover
(ω H + ω M −
=
μ⊥ = μ −
2 − ω2
μ
ω⊥
μ2a

)2

ω2

(1e)

with
ω⊥ =



ω H (ω H + ω M ).

(1f)

Substitution of (1g) in (1c) yields


An q⊥ n In (q⊥r ) μa 
n
Hr =
−
I (q⊥r ) e− j nϕ
ωμ0 μ⊥
q⊥ r
μ n


μa In (q⊥r )
A n q⊥
n

+ In (q⊥r ) e− j nϕ .
−n
Hϕ =
j ωμ0 μ⊥
μ q⊥ r

(1i)
(1j)

Note that each mode represents a field rotating in the
counter-clockwise (n > 0) or clockwise (n < 0) direction.
Imposing the PMC boundary condition on the magnetic field
in (1j) leads to the following [17]:
n

μa
(q⊥ a) In (q⊥ a)
=
.
μ
In (q⊥ a)

(2)

The resonance frequencies of the disk are found by solving
the above equation. However, unlike a conventional dielectric
disk, the resonance frequencies of the counter-clockwise and
clockwise modes are not equal as the left-hand side of (2)
depends on the sign of n. In fact, because the right-hand side
of (2) is always positive, only clockwise rotating solutions
with n < 0 are possible since μa /μ< 0 in the frequency range
of interest. The electric field of these resonant modes, given
by (1g), drops exponentially toward the disk center. These
modes are, in fact, surface waves propagating on the disk
circumference, similar to edge-guided modes in a microstrip
built on a vertically magnetized ferrite substrate [19].
Especially, since the electromagnetic field is concentrated
near the edge of the disk, we could imagine that if the PMC
condition on the disk wall is lifted, a portion of the microwave
energy contained within the ferrite disk will radiate into free
space. Like a microstrip patch [2], the radiation field may be
computed from the equivalent magnetic surface current
M n = E zn ẑ × r̂ = E zn ϕ̂

(3)

on the disk wall, which yields the far-zone electric field [20]
E f (R) =
where

j k0 e− j k0 R
R̂ × Fn ( R̂)
4π R


Fn ( R̂) =



S

M n (R  )e j k0 R̂· R ds 

(4)

(5)

is the magnetic current form factor. In these equations, the
primed coordinates represent the magnetic current source and
the unprimed coordinates represent the observation point.
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Fig. 2. Equivalent magnetic surface current model for the magnetized ferrite
disk structure shown in Fig. 1.

After substituting (1g) and (3) into (5), carrying out the
integration, and using (4), we obtain the far-zone field
E f (R) =

j k0e− j k0 R
[Fn,+ (ϕ̂ cos θ + j θ̂)
4π R
+Fn,− (ϕ̂ cos θ − j θ̂)]

III. A NTENNA M ODEL W ITH C URRENT P ROBE F EED
(6)

where θ is the polar angle in spherical coordinates (Fig. 2),
θ̂ is the corresponding unit vector, and
Fn,± = 2πah An j n In (q⊥ a) e∓ j ϕ
× sin (k0 h cos θ ) Jn∓1 (k0 a sin θ ) .

(7)

If the radius of the ferrite disk is much smaller than the
free space wavelength (λ0 ), then k0 a sin θ  1. Besides, since
only negative values of n are allowed, we have
 

 
2|n|
 Fn,+   Jn−1 (k0 a sin θ ) 
 ∼ k0 a sin θ

=
.

F  J
2
n,−
n+1 (k 0 a sin θ )

k0 e− j k0 R Fn,−
θ̂ + j ϕ̂ cos θ .
4π R

Now, we employ the idea presented above to design a wideangle AR antenna. To excite the n = −1 mode, a simple
current-probe feed consisting of a thin wire is used, which
pierces the ferrite disk and connects to the circular metal patch
on top (Fig. 3). In what follows, we compute the impedance
of the resulting antenna.
As an approximation, the variation of the probe current in
the z-direction is neglected. Next, we analyze the response of
the ferrite disk to an infinitely thin electric current line source
carrying a constant current i 0 and traversing the disk at the
position r0 , ϕ0 . The current density of the line source is
J i = ẑ

(8)

The second term inside the bracket in (6) will thus be much
larger than the first term so that
E f (R) ∼

Fig. 3. Cross sectional (top) and top view (bottom) of the ferrite disk with
the current probe feed at rw ,ϕw .

(9)

The polarization of this electric field is left-handed elliptical
with the AR given by


1
A R = 20 log10
.
(10)
cos θ
The resulting 3 dB AR, which is a measure of CP, has
a beamwidth of 90° (−45° < θ < 45°). Besides, the AR
is independent of the azimuthal angle ϕ, which is a direct
consequence of the absence of the counter-clockwise rotating
fields. Therefore, the structure of Fig. 1 can be used as a wideangle circularly polarized antenna. Note also that the state
of polarization can be switched by reversing the direction of
the bias magnetic field [15], which now results in counterclockwise resonating modes and right-handed elliptical polarization. Finally, from (7), it follows that for disks, which are
small in comparison with λ0, the highest far-field amplitude
(therefore highest radiated power) for a given amplitude of the
surface electric field is obtained for n = −1.

i0
δ (r − r0 ) δ (ϕ − ϕ0 ) .
r0

(11)

Note that (1a) is still valid for r < r0 and r > r0 . Hence,
for r < r0 , we expand the field in modal solutions [see (1g)
and (1j)]
E z< (r, ϕ) =

∞

An In (q⊥r ) e− j nϕ

(12a)

n=−∞

Hϕ< (r, ϕ) =

∞

q⊥
j ωμ0 μ⊥ n=−∞


μa In (q⊥r )

+ In (q⊥r ) e− j nϕ . (12b)
×An −n
μ q⊥ r

The radial component of the magnetic field is not given
here. Similarly, for r > r0 , we may write
E z> (r, ϕ) =

∞

[Bn In (q⊥r ) + Cn K n (q⊥r )] e− j nϕ

(13a)

n=−∞


Bn −n μμa Inq(q⊥⊥r r) + In (q⊥r ) e− j nϕ
n=−∞

∞
q⊥
⊥ r)
+ j ωμ
Cn −n μμa K nq(q
+ K n (q⊥ r ) e− j nϕ
⊥r
0 μ⊥

q⊥
Hϕ> (r, ϕ) = j ωμ
0 μ⊥

∞

n=−∞

(13b)
in which modified Bessel functions of the second kind (K n )
are also considered since the origin is excluded.

8000208

IEEE TRANSACTIONS ON MAGNETICS, VOL. 50, NO. 3, MARCH 2014

For the determination of the constants An , Bn , and Cn , we
match the fields at the position of the line source by demanding
E z< (r0 , ϕ) = E z> (r0 , ϕ)
i0
Hϕ> (r0 , ϕ) − Hϕ< (r0 , ϕ) = δ.
r0

(14a)

∞

yn [Bn In (q⊥ a)+Cn K n (q⊥ a)] e− j nϕ .

n=−∞

(15)
The details of the calculation are presented in the Appendix.
The complex quantity yn represents the admittance of the free
space region observed at the disk boundary in the nth mode
and, for a thin ferrite disk, is given by
yn =

Un

(16)

− Nn

∞ 2



sin (k z h)  
Jn kρ a Hn(2) kρ a
Un = ωε0 a
k z2 h
1
2

0

k z2 n 2

+ 2 2 2 Hn(2)
k0 kρ a
∞
Nn =

(k z h)
2
kz h

sin2

0








kρ a Jn kρ a dk z




(17)



 


1
+ j kρ a Jn kρ a Hn(2) kρ a dk z
π
(18)

(2)

where Hm is the Hankel function of the second kind and
kρ2 = k02 − k z2 .

j ωμ0μ⊥
K 0 (q⊥ |r − r0 |)
2π
∞
j ωμ0μ⊥
+
χn In (q⊥r ) In (q⊥r0 )
2π
n=−∞

G (r, r0 ) = −

(14b)

However, for a full solution of the problem, an extra boundary
condition is needed at the disk edge at r = a. In general,
this is a complicated problem similar to that of radiation
from the open end of a waveguide. Mathematically, it is
impossible to locally match the tangential components of the
electromagnetic field of the disk given by (13a) and (13b) for
r = a, with the free space field as modes with a z-dependent
field distribution or different polarization have been neglected.
In a dielectric waveguide, a strategy to circumvent this
problem is outlined in [21]. Here, the distribution of the
electric field on the boundary surface is equated to that of the
main propagating mode in the waveguide, which is then used
to calculate the magnetic field outside the guide (in free space).
However, instead of demanding the tangential components
of the calculated magnetic field and the waveguide mode to
match, only the total complex power crossing the boundary
surface is required to be continuous. Following this approach
for each mode n, we find that at the boundary of the disk, the
azimuthal component of the magnetic field must be given by
Hϕ> (a, ϕ) = −

fact the Green’s function of the disk (response to a line source)
and equals

(19)

Next, we calculate An , Bn , and Cn by substituting
(12a)–(13b) in (14a), (14b), and (15), multiplying these equations by e j mϕ , and computing their integral over ϕ from 0 to
2π. This yields an algebraic system of equations for An , Bn ,
and Cn whose solution is substituted back into (12a) and (13a)
to evaluate the electric field inside the disk. This field is in

× exp [− j n (ϕ − ϕ0 )]

(20)

where r and r0 are the 2-D position vector of the observation
point, respectively, line source in the horizontal (x − y) plane
and
χn =

j ωμ0 μ⊥ ayn −n μμa K n (q⊥ a)+(q⊥ a) K n (q⊥ a)
j ωμ0 μ⊥ ayn −n μμa In (q⊥ a)+(q⊥ a) In (q⊥ a)

. (21)

In the above derivation, we have used the addition theorem
for Bessel functions [22]. It is noteworthy that the second term
on the right-hand side of (21) drops exponentially toward the
center of the ferrite disk. Also, it is noteworthy that the poles
of the Green’s function, i.e., the zero’s of the denominator of
χn , correspond to the (damped) resonances of the ferrite disk.
For yn = 0, which implies perfect magnetic wall condition
[see (15)], these resonances become identical to those given
by (2). In general, however, the position of the resonance will
be shifted compared with the PMC case due to the imaginary
part of yn. Besides, the real part of yn , which is caused by
radiation into free space, will give the resonances a finite
width.
With the Green’s function computed, the impedance
observed by a wire passing vertically through the ferrite disk
can be readily calculated if the wire is viewed as an impressed
source of current (full treatment of this problem involves the
self-consistence calculation of current density on the wire,
which is outside the scope of this paper). To simplify the
calculation, we consider a wire with circular cross section
carrying a total current of I that is distributed uniformly on
its surface. The electric field induced by the wire is

I
G (r, r 0 ) dl0
(22)
E z (r) =
πd
C

where d is the diameter of the wire and C is the boundary
of its cross section in the horizontal plane. The impedance
observed by the wire is then found by evaluating the complex
power delivered by the impressed current, which yields

1
E z (r) dl.
(23)
Z =−
π Id
C

Next, we substitute (20) and assume the wire to be thin,
i.e., q⊥ d  1. This allows us to make the approximation
K 0 (q⊥ |r − r 0 |) ∼ − ln (q⊥ |r − r 0 |)

(24)

and to replace both r, ϕ and r0 , ϕ0 by the (cylindrical) coordinates rw , ϕw of the center of the wire in the summation (see
Fig. 3). The final result for impedance is

 

∞
j ωμ0 μ⊥
q⊥ d
2
Z =−
ln
+
χn In (q⊥rw ) . (25)
2π
2
n=−∞
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Fig. 5. Electric field distribution computed by HFSS along the circular patch
at the resonance frequency. The design parameters are the same as in Fig. 4.

Fig. 4.
Comparison of theoretical and full-wave simulation results for
(a) antenna input impedance and (b) return loss. The frequency range is
ω⊥ < ω < ω H + ω M · a = 5 mm, rw = 2.1 mm, h = 1 mm, H0 =
15000 A/m, and the ground dimensions = 80 × 80 mm2 .

Fig. 6. Comparison of theoretical and full-wave simulation results for AR
pattern at the resonance frequency. The design parameters are the same as in
Fig. 4.

Near the resonances of the ferrite disk, χn becomes very
large, which is directly reflected in Z . For matching purposes,
Z may also be tuned by changing the probe position rw .
IV. R ESULTS AND D ISCUSSION
To verify the theoretical results of the previous sections,
the ferrite disk antenna of Fig. 3 is simulated by commercial
software HFSS, which uses the finite element method. In all
the simulations, yttrium iron garnet (YIG) with a saturation
magnetization (4 π Ms ) of 0.173 T, magnetic line width
(H = 2αω/γ ) of 10 Oe, and relative permittivity of 15.3 is
used as the ferrite disk material.
Fig. 4 shows the input impedance and return loss of the proposed antenna in the frequency range ω⊥ < ω < ω H + ω M ,
where μ⊥ becomes negative (antenna parameters are given
in the caption). The resonance frequency observed in the
simulations is 4.225 GHz, whereas the analytical calculation
yields 4.440 GHz. We believe that the main reason for this
disparity of ∼5% is the neglect of the z-dependent modes of
the ferrite disk, which may be excited near the disk boundary.
To validate the exponential behavior of electric fields at
this resonance frequency, the full-wave field distribution along
the circular patch is shown in Fig. 5, which validates the
theoretical results given in (1g).
The AR pattern of the antenna at resonance is shown in
Fig. 6 where the analytical AR given in (10) is compared
with the simulated AR in planes of ϕ = 0° and ϕ = 90°.
The results demonstrate a 3 dB AR beamwidth of 90°, which
is independent of the azimuthal angle ϕ. Furthermore, from

Fig. 7. Full-wave AR pattern at the resonance frequency ( f = 4.225 GHz)
for different ground dimensions. The other design parameters are the same as
in Fig. 4.

HFSS simulations, it is observed that using a finite ground and
adjusting its dimensions, AR beamwidths much higher that 90°
are achievable (Fig. 7). This effect cannot be accounted for by
the theory presented in Sections II and III, but we believe that
it is caused by additional radiation from the finite ground,
which acts as a secondary antenna. Analysis of this effect is
too complicated and outside the scope of this paper.
Fig. 8 shows the circularly polarized radiation patterns of
the antenna on x − z (ϕ = 0°) and y − z (ϕ = 90°) planes.
The radiation pattern is practically independent of ϕ, which
validates the analytical results in (9). The left-hand circular
polarized gain at the resonance frequency is ∼7 dB, with the
front to back ratio ∼13 dB. The back lobe observed is due to
the use of a finite ground in the simulations and is decreased
by increasing the ground dimensions.

8000208

IEEE TRANSACTIONS ON MAGNETICS, VOL. 50, NO. 3, MARCH 2014

Fig. 9. Full-wave simulated of the return loss against the magnetic bias field.
The other design parameters are the same as in Fig. 4.

Fig. 8. Circularly polarized radiation patterns at the resonance frequency, the
design parameters are the same as in Fig. 4. Dashed line: right-hand circularly
polarized pattern. Solid line: left-hand circularly polarized pattern. (a) x-z and
(b) y-z plane.
TABLE I
T UNABILITY OF F ERRITE D ISK A NTENNAS

One of the main advantages of the proposed CP antenna
is the possibility to tune its operation frequency by changing
the magnetic parameters of the ferrite disk. This is achieved
by varying the dc bias field H0 and can compensate for
the narrow frequency bandwidth of the antenna (the small
impedance frequency bandwidth observed is not a result of
the design but due to the high dielectric constant of YIG
material used). Table I lists the antenna resonance frequency
for various bias fields ranging from 50 to 35 000 A/m. The
corresponding resonance frequencies are shifted from 4.025 to
4.500 GHz, which is also evident from the antenna return loss
shown in Fig. 9. It is noteworthy that changing H0 does not

destroy the antenna radiation parameters, especially the 3 dB
AR beamwidth (see Table I). Therefore, the proposed antenna
can be used as a frequency tunable CP antenna. Besides,
although the third column of Table I lists the upper margin
of tunability region to be limited by its impedance matching
value, this issue can be resolved by the use of a wideband
matching network in addition to the probe.
As a final point, it must be mentioned that the configuration proposed has some similarities with the structures in
[14] and [23]. However, the crucial point in this paper is the
use of negative permeability, which allows the realization of
wide-angle CP properties. This is in contrast with other works
where the positive permeability region has been considered.
The structure is also different from that of [16], which is based
on a leaky wave antenna.
V. C ONCLUSION
In this paper, a wide-angle circular polarized antenna is
presented, which consists of a normally magnetized ferrite
disk on top of a ground plane. For realizing wide-angle CP
properties, the ferrite disk is operated in its negative permeability region, where either clockwise or counter-clockwise
rotating resonant modes are excited. Using field analysis of
the ferrite disk, antenna parameters have been calculated and
validated numerically. The results obtained demonstrate a 3 dB
AR beamwidth of 90°, which can be potentially increased
to >120° by changing the ground dimensions. Moreover, by
varying the applied bias magnetic field, the antenna can be
frequency tuned without distorting its radiation parameters.
Compared with other CP antennas, this structure is compact,
is easy to design and fabricate, and does not require a complicated feeding network. As such, it can be a good candidate
for realizing wide-angle CP antennas.
A PPENDIX
For the derivation of (15)–(18), we take the electric field
on the boundary surface (S  ) of the ferrite disk to be given
by (13a) for r = a. This field has a z-component only and is
z-independent. Next, consider the surface S consisting of S 
and parts of the surface of the circular metal patch, which are
exposed to free space. With no sources outside the antenna,
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where 0 < z < h and
∞
 


1
cos (k z z) cos k z z 
Fn z, z =
π

application of the extinction theorem [24] to S results in

¯  R, R   · n̂ × H  R   d S 
∇ × Ḡ
S


= j ωε0

¯  R, R   ·  E  R   × n̂  d S 
Ḡ

0


 



1+ j π kρ a Jn kρ a Hn(2) kρ a dk z

(26)

¯ is the dyadic Green function in semi-infinite space
where Ḡ
bound by the infinite ground plane, n = r̂ is the unit normal
to S, and R is a point inside the volume enclosed by S.
We neglect the tangential magnetic field on parts of S, which
are on the metal patch (tangential electric field automatically
vanishes on the patch, which is assumed perfectly conducting). This amounts to the neglect of fringe currents on the
patch and allows us to restrict the domain of integration in
(26) to S  . Moreover, we disregard the z-component of the
magnetic field on S  as it leads to an equivalent electric current
(n × Hz z) parallel to the ground plane whose effect will be
much reduced by its image. From these approximations, and
the use of cylindrical coordinates, the ϕ component of (26)
yields



 
∂ G R, R 
Hϕ R d S  = j ωε0
−
∂r
S





 
 1 ∂ 2 G R, R 
 


cos ϕ −ϕ G R, R − 2
E z R d S 
×


k0 rr ∂ϕ∂ϕ
S

(27)
in which R i = (r  , − z  ) is the image of R = (r  , z  ) with
respect to the ground plane at z = 0, and




Now, consider an individual term of (13a) with the corresponding surface electric field
E zn = Ē zn e− j nϕ

(29)

Ē zn

(30)

= Bn In (q⊥ a) + Cn K n (q⊥ a) .

We substitute this expression into (27) and use the representation

∞
e− j k0 | R−R |
1



=
e− j m (ϕ−ϕ )
8π j
4π  R − R  
m=−∞

∞

 



Jm kρ r Hm(2) kρ r  e− j kz (z−z ) dk z

(31)

−∞

where r < r  and kρ is given by (19). After carrying out the
integrations, and letting r → a, it follows that on S 
Hϕ (ϕ, z) = H̄ϕn (z) e− j nϕ

(32)

where Hϕn satisfies the integral equation
h


 
1 n
H̄ϕ (z) − Fn z, z  H̄ϕn z  dz  = −ωε0 a Ē zn Wn (z)
2
0

Wn (z) =
0

(33)



sin (k z h) cos (k z z)  

J n kρ a Hn(2) kρ a
kz


 

k z2 n 2
(2)
+ 2 2 2 Hn kρ a Jn kρ a dk z .
(35)
k0 kρ a

The term in (34) under the brackets will rapidly vanish once
|kρ a| > 1. Thus, only those values of k z for which |kρ a| < 1
will contribute to the integral. From (19), it then follows that
for a thin ferrite disk, i.e., h  a, k0 h  1, the arguments of
the cosines in (34) are very small as z, z  < h. Therefore, Fn
is almost constant and may approximated by its average value
Fnav

1
= 2
h

h h
0



Fn z, z  dzdz  .

(36)

0

The complex power crossing S  for each mode is

 ∗
1
Pn =
E zn Hϕn d S.
2

(37)

S

Since the modal electric field is independent of z, Pn becomes
proportional to the average field
1
h

h
H̄ϕn
0

(28)

(34)

∞

S



e− j k0 | R−R i |
e− j k0 | R−R |



.
G R, R  =
+
4π  R − R   4π  R − R i 
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−ωε0 a Ē zn 1
(z) dz =
1/2 − h Fnav h

h
Wn (z) dz

(38)

0

where (33) has been used. Because Pn is continuous, the
z-independent magnetic field inside the disk will approach
the above value for each n as r → a from within the disk.
Substitution of (35) in (38) will then result in (15)–(18).
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