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Abstract: We propose a new method to extract the modes of photonic crystal slabs and, thus,
obtain their band structures. These slabs, which are 2-D periodic structures with finite
thickness, can completely confine light and have the important advantage of simple
construction for applications in integrated optic devices. In this paper, reflection pole method
(RPM) is utilized to analyze photonic crystal slabs. Modes are poles of reflection and
transmission coefficients of multilayered structures. According to this principle, modes can be
detected by only pursuing phase variations of transmission coefficients that are equal to  rad.
Therefore, extraction of modes becomes fast and simple through obtaining these coefficients.
Photonic crystal slabs are a kind of crossed gratings, and therefore, we use Fourier modal
method (FMM) to obtain their reflection and transmission coefficients. FMM is a popular fast
convergence method for the analysis of gratings, which offers ease of implementation. In this
paper, slab band structures are calculated for dielectric rods in air and air holes in dielectric.
The achieved results are compared with 3-D finite-difference time-domain (FDTD) and plane
wave expansion (PWE) methods, demonstrating very good agreement.
Index Terms: Photonic crystal slabs, band structure.

1. Introduction
Photonic crystals are periodic dielectric structures which are designed and fabricated to manipulate
electromagnetic waves with their band gaps. Band gaps are frequency regimes in which the
propagation of an EM wave is prohibited. They can be used in many applications, such as
fabrication of ultrasmall integrated optical circuits for telecommunication systems.
For controlling of light in three directions, photonic crystals that have 3-D band gaps are required
[1]–[3]. Fabrication of such structures that are periodic in three directions is a challenging task. As an
alternative approach, photonic crystal slabs are utilized [4]–[7]. They are analogous to 2-D photonic
crystals but have a finite thickness. Distributed Bragg reflections due to presence of 2-D photonic
crystal, confine light in the in-plane direction. In the vertical direction, light is controlled by means of
total internal reflection because just like a dielectric slab, modes experience higher refractive index
than the adjacent regions. Moreover, they can be easily fabricated using available techniques and
therefore they have attracted many interests among researchers. These photonic crystal slabs are
used in optical devices such as filters, semiconductor lasers, waveguides, and optical interconnects.
Knowledge of modes supported by these structures is necessary to be able to design and optimize
them properly. Notice that in a lossless waveguide, guided modes have pure real propagation
constants, while in lossy ones, propagation constants are complex. A good numerical method should
be able to find complex propagation constants of these 3-D structures quickly and precisely.
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Fig. 1. Photonic crystal slabs. (a) Square lattice of rods in air (rod slab) with lattice constant a, radius
0:2a, and height 2:0a. (b) Triangular lattice of holes in a dielectric slab (hole slab) with lattice constant a,
radius 0:45a, and thickness 0:6a. In both cases, the dielectric constant of the high index material is
12 [4], [13].

Up to now, numerous methods have been developed to analyze these structures. The plane
wave expansion (PWE) method is one of the common methods for band structure calculation of
structures that are periodic in all dimensions. However, photonic crystal slabs are not periodic in
the vertical direction. The simplest way to satisfy this condition for these 3-D slabs is to use the
supercell technique in this direction. Band diagram is computed in a plane-wave basis and then the
light cone is overlaid as an oblique region on it [4], [8]. Although this technique does not affect guided
modes, modes above the light cone are not calculated properly. As an alternative approach, this
required condition can be obtained by introducing perfectly matched layers (PML) above and below
the slabs and artificial periodicity in the vertical direction. In this way, leaky modes can be determined
accurately [9]. For dispersive photonic crystal slabs, revised PWE method is applied to calculate their
band structures [10]. Utilizing the effective index method the 3-D problem is then turned to a 2-D one
and band structure is obtained by this method. Propagation of light in these structures has also been
studied using 3-D finite-difference time-domain (FDTD) method [11], [12].
Here, we present a novel method for band structure analysis of photonic crystal slabs. The phase
of reflection or transmission coefficients is used to calculate photonic crystal slab band structures.
Modes are poles of these coefficients, and therefore, phase variations of these coefficients;
especially, transmission coefficients equal to  rad are signs that help locate modes easily and
quickly. Thus, having only transmission coefficients, modes can be extracted simply. This method
can also be applied to photonic crystal slabs that are composed of dispersive or anisotropic media,
metallic periodic structures, waveguides, and cavities. Two common examples of these slabs i.e.,
square lattice of dielectric rods in air (rod slab), and a triangular lattice of air holes in dielectric slab
(hole slab), are exhibited in Fig. 1. These photonic crystal slabs are composed of different layers
and normally one of these layers is two-dimensionally periodic.
This paper is organized as follows. In Section 2, the computational method is briefly explained,
and fine details of band structure calculations are presented in Section 3. In this section, band
structures for square and triangular lattices are calculated, and the results have been compared
with other known methods. Finally, Section 4 summarizes the conclusions of this work.

2. Proposed Computational Method
The common way to find modes of a multilayer structure is to solve an eigenvalue equation that has
obtained from Maxwell’s equations. This band structure calculation approach is used in almost all
known methods, such as the PWE method or the transfer matrix method [4], [8], [14].
There is also another approach that we have decided to utilize in finding modes. Note that,
generally, the modes are poles of a system. A physical system such as a multilayer structure has
many characteristics. Two of the most important of these characteristics are reflection and
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Fig. 2. One-dimensional multilayer structure, where the horizontal lines represent material interfaces.
The fields in each layer can be represented as a superposition of upward and downward propagating
and decaying waves. All materials are assumed to be nonmagnetic.

transmission coefficients. These coefficients can be considered as rational functions. A pole of a
system makes the magnitude of these rational functions infinite. Also at the pole, the phase
variation of these functions is exactly equal to  rad.
By knowing this simple property, one can easily find modes using the phase changes of reflection or
transmission coefficients without needing to solve eigenvalue equations. This approach is known as
reflection pole method (RPM). The RPM utilized to accurately determine the guided and leaky
waveguide modes in multilayer planar waveguides [15]. It detects them by following the phase
changes of the reflection coefficient of a multilayer structure as a function of incident wave vector. In
this paper, reflection and transmission coefficients of photonic crystal slabs are obtained using the
Fourier modal method (FMM). At first, we briefly describe RPM theory and then progress to the
introduction of FMM formulation for applying in band structure calculation of photonic crystal slabs.

2.1. Reflection Pole Method
To illustrate the basis of our method, consider the 1-D multilayer structure that is shown in Fig. 2.
In this figure, media 1 and N þ 1 are two semi-infinite homogeneous media, and the permittivity for
each layer l can be either constant or periodic function of x . For simplicity, we assume that all
materials are nonmagnetic i.e., r ;l ¼ 1 that r ;l represents the relative permeability of lth layer. For
TEz propagating modes, the electric field propagating in þx direction with a complex propagation
constant kx ¼  þ i in the lth layer can be represented by E y ;l ¼ y^ Ey ;l ðzÞexp½ið!t  kx x Þ, where
y^ is the unit vector in the þy direction. If the amplitudes of upward and downward propagating
waves in z direction in the lth layer are exhibited by ul and vl , respectively, then the envelope
Ey ;l ðzÞ will be expressed as




(1)
Ey ;l ðzÞ ¼ ul exp ikz;l ðz  zl1 Þ þ vl exp ikz;l ðz  zl1 Þ
where kz;l ¼ ½k02 l  kx2 1=2 , and zl1 represents the interface between the lth and ðl  1Þth layer.
Matching the tangential field components of electric and magnetic fields at every layer interface yields
 


ul
ul1
¼ tl
(2)
vl
vl1
where tl is the transfer matrix of lth layer [16], [17]. The tl matrix connects the fields at the top of zl1 to
the fields at the bottom of this interface. By using the recursion algorithm, the total T matrix that
connects ðu1 ; v1 Þ to ðuNþ1 ; vNþ1 Þ through ðuNþ1 ; vNþ1 ÞT ¼ T ðu1 ; v1 ÞT is simply given by T ¼ tNþ1 tN . . .
tl . . . t3 t2 , where the superscript BT [ denotes matrix transposition. When there are no incident waves in
medium 0 ðu1 ¼ 0Þ, using the total T matrix


  
 
0
0
RNþ1
T11 T12
¼T
¼
(3)
1
T1
T21 T22 T1
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then the complex reflection and transmission coefficients are
RNþ1 ¼

T12
T22

T1 ¼

1
T22

(4)

and in the opposite case i.e., when ðvNþ1 ¼ 0Þ, these coefficients are given by
R1 ¼ 

T21
T22

TNþ1 ¼

T11 T22  T12 T21
:
T22

(5)

It is shown in [18] that by solving the equation ðT22 ¼ 0Þ, one can find kx ’s, which are the guided
or leaky modes that supported by this structure. Based on (4) and (5) for each mode, independent
of the incident region, the magnitude of reflection and transmission coefficients become infinite, or
in other words, kx ’s are the poles of the reflection and transmission coefficients.
The reflection or transmission coefficient can be approximated as a rational function with zeros Zl
and poles Pl such as
QNz
ð  Zl Þ
RðÞ ’ AðÞ QNl¼1
(6)
p
l¼1 ð  Pl Þ
where AðÞ is a slowly varying envelope. We know from Bode diagram theory that the phase of
reflection coefficient in the vicinity of a complex pole Pk ¼ k þ ik can be written as


  k
ðÞ ¼ ﬀRðÞ ¼ 0 þ tan1
(7)
k
where 0 is a constant phase that shows the influence of other zeros and poles. We have assumed
that zeros and other poles are far enough from this pole. In these circumstances for a pure real pole
that represents a lossless guided mode, the phase of reflection coefficient varies exactly  rad. In the
case of a lossy guided or leaky mode, k is not zero, and therefore, the phase variation at the location
of mode is not sharp like a step function. For these modes, instead of monitoring the variation of the
phase of reflection coefficient, it is better to calculate the derivative of phase that is a Lorentzian-type
curve as
d
1=k
¼
:
d  1 þ ½ð  k Þ=k 2

(8)

As evident from (8), by knowing the location of peak and HWHM of this curve, real and imaginary parts
of this complex propagation constant can be easily found.
It should be noted that the reflection coefficient also has zeros in the nominator, which can decline
the effect of the poles on phase, when are being close to poles. For example, in this case the
Lorentzian-type curve changes to a zigzag shape and therefore the extraction of modes becomes
difficult. One solution is to use only the denominator of reflection coefficients i.e., T22 . As seen in (4)
and (5), T22 is common in all reflection and transmission coefficients, and all modes are the solutions
of the equation T22 ¼ 0. Although we can analytically find T22 in 1-D multilayer structures, due to the
use of numerical methods, it is almost impossible to derive it in closed form for 2-D or 3-D structures.
The key solution is to use transmission coefficients instead of reflection coefficients because they
have the same poles and have no zeros. Therefore, the extraction of modes is made easier by using
the phase of transmission coefficients instead of reflection coefficients.

2.2. Fourier Modal Method
Based on the discussions in the previous section, the extraction of modes will be very simple if we
have the phase of transmission or reflection coefficients. Therefore, we need a fast and accurate
numerical method to obtain these coefficients.
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We know photonic crystal slabs as multilayer structures that in a layer with finite thickness, permittivity is periodic in two noncollinear directions just like a crossed grating. For example photonic crystal
slabs that are exhibited in Fig. 1, are composed of three layers where the middle layer is 2-D periodic
in x1 and x2 directions. There are several kinds of methods to analyze and obtain transmission
coefficients of a multilayer structure. Among these existing modal methods, Rigorous Coupled-Wave
Analysis (RCWA) is the most popular and well-known method for analysis of all types of gratings,
particularly crossed gratings [19]. The most important advantage of RCWA is its simple implementation
but, it converges slowly in TM polarization especially in the case of metallic gratings. In this paper, we
utilize a frequency domain method that is known as FMM [20]. In fact this method is an improved
version of RCWA with its convergence rate increased by an appropriate application of Fourier
factorization rules [21]. In this subsection, we present only the required formulation for implementation
of FMM. The following relations have been adapted to the special case of photonic crystal slabs.
Consider photonic crystal slabs that are shown in Fig. 1. The shortest periods in x1 and x2
directions are denoted by d1 and d2 , respectively. x1 and x2 are not necessarily orthogonal so that if
the x1 axis is parallel to x axis then  defines the angle between x2 and y axes. For example, in a
photonic crystal with triangular lattice,  is =6, while  is 0 for square lattices. When the first and
third layers are the same, the photonic crystal slab design is symmetric. The first and third layers
can be air or any other homogeneous media. The photonic crystal architecture (symmetric or
asymmetric) is very significant in mode excitation of these structures.
In the periodic layer we can expand the permittivity function ðx1 ; x2 Þ in a 2-D Fourier series
X
mn exp½iðmK1 x1 þ nK2 x2 Þ:
(9)
ðx1 ; x2 Þ ¼
m;n

In this expansion, K1 ¼ 2=d1 , K2 ¼ 2=d2 , and mn are the 2-D Fourier coefficients. Due to the
periodicity of permittivity, the electromagnetic fields can be expressed in such a quasi-periodic form
X
ðx1 ; x2 ; zÞ ¼
(10)
m;n ðzÞexp½iðkx1 m x1 þ kx2 n x2 Þ
m;n

where kx1 m ¼ kx1 0 þ mK1 , and kx2 n ¼ kx2 0 þ nK2 . Also, kx1 0 and kx2 0 are the components of the
incident wave vector in the x1 and x2 directions, respectively. Note that in the case of band structure
calculations, kx1 0 and kx2 0 are given in different directions of the Brillouin zone.
Similar to other electromagnetic problems, the start point is Maxwell’s equations which are solved
in the new coordinate system ðx1 ; x2 ; zÞ. By using the relation (10) for electromagnetic fields and
applying Fourier factorization rules, i.e., Laurent and inverse rules, the following eigenvalue
equation is obtained in the second layer:
 

 E1
2
2
2
FG  k0 cos kz
¼0
(11)
E2
where F and G are two matrices that are defined in [20], and their arrays are calculated from 2-D
Fourier series coefficients of permittivity using Fourier factorization rules. If we consider 2M þ 1 and
2N þ 1 Fourier series coefficients in x1 and x2 directions, respectively, then solving the aforementioned eigenvalue equation yields 2ð2M þ 1Þð2N þ 1Þ eigenvalues. Also,  represents permeability of this layer, k0 is 2= and  is the vacuum wavelength. kz ’s are propagation constants of various
modes in the z direction that are related to eigenvalues of (11) in such a way that
Re½kz  þ Im½kz  9 0:

(12)

Here, time dependence expði!t Þ are used. ½E1 ; E2 T is the electric part of eigenvectors where E1 and
E2 denote components in the x1 and x2 directions, respectively. The magnetic part of eigenvectors is
given by
 
 
sec
E1
H1
G
¼
:
(13)
H2
E2
 j k0 kz
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Therefore, the final expansion of electric and magnetic fields in this layer are expressed as
X

E ðr Þ ¼
uq expðikzq zÞ þ vq expðikzq zÞ exp½iðkx1 m x1 þ kx2 n x2 ÞE mnq
m;n;q

H ðr Þ ¼

X

uq expðikzq zÞ  vq expðikzq zÞ exp½iðkx1 m x1 þ kx2 n x2 ÞH

(14)

mnq

m;n;q

where ¼ 1; 2, and kzq , E mnq , and H mnq are the same eigenvalues and eigenvectors obtained from
(11) and (13). By comparison of these relation with relation (10) we see that the z functionality is
written as the superposition of upgoing and downgoing waves. The only unknown parameters are uq
and vq that can be calculated using matching the boundary conditions at the interfaces of this layer.
Up to now we have obtained electromagnetic fields in periodic layer. Although we can use the
above equations for homogeneous layers but to reduce the computational time its better to use
Rayleigh expansion for these layers. Thus, in the top ðl ¼ 3Þ and bottom ðl ¼ 1Þ layers electric fields
can be written

 X


3
3
z þ
R mn exp i kx1 m x1 þ kx2 n x2 þ kzmn
z
E 3 ðr Þ ¼ I exp i kx1 0 x1 þ kx2 0 x2  kz00
1

E ðr Þ ¼

X

m;n



1
T mn exp i kx1 m x1 þ kx2 n x2  kzmn
z :

(15)

m;n

In these expressions, R mn and T mn are the reflected and transmitted field amplitudes. I reprepﬃﬃﬃﬃ
sents components of incident wave in the top layer. Also, kl ¼ k0 l is the lth layer wavenumber
l
and kmn is given by
l
kzmn
¼ kl2  kx21 m  kx22 n

1=2

(16)

l
l
such that Re½kzmn
 þ Im½kzmn
 9 0.
Now, the S-matrix algorithm is used to match boundary conditions at the interfaces between
adjacent layers [22], [23]. Following the notation of [23], in periodic layer W1 and W2 , matrices which
are needed for the W ! S variant of the S-matrix algorithm can be written as
 
 
E1
H1
W1 ¼
; W2 ¼
:
(17)
E2
H2

Also, þ is a diagonal matrix with diagonal elements expðikzq hÞ, where h is the thickness of this
layer. These required matrices for the S-matrix algorithm in homogeneous layers are given by




C l Al
Dl 0
l
W1 ¼ I; W2 ¼
¼
;
(18)
þ
0 Dl
Bl
Cl
where I is the identity matrix, and Al , B l , C l , and D l are diagonal matrices with diagonal entries
Almn ¼

kx21 m  kl2
;
l
l k0 kzmn

l
Bmn
¼

kl2  kx22 n
;
l
l k0 kzmn

l
Cmn
¼

kx1 m kx2 n  kl2 sin
;
l
l k0 kzmn

 l

l
Dmn
¼ exp ikzmn
z :

(19)

By using the initial condition S 0 ¼ I, the output of S-matrix recursion algorithm is S 3 that relates
the upward and downward waves in media 1 and 3 in this way:
 
   2
 
2
1
Tuu Rud
u3
u1
2 u
¼
S
¼
:
(20)
2
2
1
3
Rdu Tdd
v
v
v3
If there are no incident plane waves in media 1, then u 1 ¼ 0, and the transmitted and reflected
coefficients in medium 1 and 3, respectively, can be calculated easily from (20).
To summarize of this section, it is seen that with FMM implementation, the transmitted and reflected
amplitudes of different diffracted orders can be obtained when a plane wave is illuminated at a given
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angle of incident to the photonic crystal slab. In band structure calculation for different directions of the
Brillouin zone, the incident wave vectors are given. Thus, we can easily find reflection and
transmission coefficients, and then, by checking their phase changes, modes are accurately
detectable.

3. Photonic Crystal Slab Band Structures
By the mathematical expressions presented in the previous section, one can implement this method
to obtain band structures of photonic crystal slabs. To do this, additional knowledge about these
structures and their band structures is required. First, we describe enough details about them and
then obtain band structures for three various slabs.
Photonic crystal slab band structures have a main differentiating characteristic from 2-D photonic
crystal band structures. This feature is related to the presence of light cone in these band structures.
Light cone is a continuous region consisting of radiation modes. The modes which are localized in the
plane of slab are known as guided or Bloch modes and occur only outside the light cone. Therefore,
there is a boundary between guided and leaky modes in the band structures that is adjusted by
parameters such as slab thickness, refractive index contrast, and filling factor of these periodic
lattices. For modes below the light cone, i.e., guided modes, there is no coupling to radiation
continuum, and these modes propagate with no losses. From another point of view, each hole in a
hole slab or rod in a rod slab causes an out-of-plane radiation, individually. However, the total
scattering of all holes or rods is null, thus there is no out-of-plane loss for these guided modes. Note
that here we consider completely periodic slabs in both directions. If the slab is finite in x1 or x2 direction
then there are losses even in guided modes, and these losses are independent of the number of
periods [5], [24]. Here, we only extract these guided modes and do not consider leaky modes in the
light cone, although they can be calculated using the derivative of phase of transmission coefficients.
Another feature of photonic crystal slabs is related to the symmetry of their modes. In 2-D photonic
crystal band structures, modes are categorized into transverse electric field polarization modes (TE
modes) and transverse magnetic field polarization modes (TM modes), in these slabs, modes are not
pure TE or TM modes. Considering a plane parallel with x1  x2 plane, which divides these slabs
equally in vertical direction, one can classify the modes in two categories. Modes with even symmetry
with respect to this plane are called even or TE-like modes and modes with odd symmetry are known
as odd or TM-like modes.
The horizontal axis of a typical band structure is composed of different sections that represents
various directions of the Brillouin zone of the corresponding photonic crystal lattice. In order to plot
band structure for a rod slab, we consider three sections of Brillouin zone as follows:
8
0 G kx G =a;
ky ¼ 0
< X;
XM;
kx ¼ =a;
0 G ky G =a
(21)
:
M; 0 G kx ¼ ky G =a
and in hole slabs band structures, these three sections can be expressed as
pﬃﬃﬃ
8
0 G kx G =a;
=ðp3
< M;
ﬃﬃﬃaÞ G ky G 0
MK; =a G kx G 4=ð3aÞ; =ð 3aÞ G ky G 0
:
K;
0 G kx G 4=ð3aÞ;
ky ¼ 0

(22)

where a is the lattice constant of these slabs.
As the first example in this section, consider rod slab that is shown in Fig. 1(a). In order to find
guided modes for a given kx 0 and ky 0 that are given by (21), transmission coefficients are obtained
using FMM. Each given kx 0 and ky 0 correspond to an incident angle that determines the
propagation direction of the incident plane wave in FMM. By varying normalized frequency,
transmission coefficients are obtained. Therefore, we have the phase of these coefficients as a
function of normalized frequency. These phase characteristics have sudden steps. Based on RPM,
a step exactly height of  rad refers to a guided mode. In general, in FMM implementation, there are
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Fig. 3. Phase changes of x1 and x2 components of (0, 0)th transmitted order versus normalized
frequency for rod slab. (a)–(d) are at ðkx ¼ =2; ky ¼ 0Þ in the X direction, (e) and (f) are at ðkx ¼ ;
ky ¼ =2Þ in the XM direction, and (g) and (h) are at ðkx ¼ =2; ky ¼ =2Þ in the M direction,
respectively. (a) and (b) demonstrate an odd mode, while (c) and (d) show that guided mode is even.
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Fig. 4. Photonic band structure for rod slab in air [illustrated in Fig. 1(a)]. The dot-dashed line represents
band gap for odd modes at ! ¼ 0:34  0:425 and light cone boundary indicated by dashed line. Odd
and even modes are shown by solid circles and squares.

ð2M þ 1Þð2N þ 1Þ diffracted orders. Although the phase changes are observed in almost all of
these orders, we only investigate phase variation of (0, 0)th transmitted order.
After detecting modes, we are going to identify which mode is odd and which one is even. We
observe that in the X direction where ky 0 ¼ 0, an odd mode does not affect the phase of x2
component of ðm; 0Þth orders, but  rad phase changes exist in the x1 component of these especial
orders and in the x1 and x2 components of all other orders. In contrast, for an even mode, there
were no phase changes observed only in the x1 components of ðm; 0Þth orders. Therefore, one can
use this property to easily distinguish between odd and even modes. In other direction (i.e., XM and
M directions), the  rad phase changes appear in the x1 and x2 components of all orders.
Eventually, by using the continuity of bands in adjacent directions, we can complete even or odd
bands. In Fig. 3, phase changes of x1 and x2 components of (0, 0)th transmitted order for four
different modes of rod slab are shown.
It is evident from part (a)–(d) of Fig. 3 that in the X direction at kx ¼ =2, there is an odd mode at
! ¼ 0:2059 and an even mode at ! ¼ 0:2389, where ! is normalized frequency. At ! ¼ 0:2059,
there is phase change only in x1 component of transmitted order, while at ! ¼ 0:2389, phase
change is observed in the x2 component. In the XM direction at ky ¼ =2, there is a mode in
! ¼ 0:3178, and  rad phase changes in both components are obvious. Also, this is true for
kx ¼ ky ¼ =2 at ! ¼ 0:2622 in M direction, as illustrated in Fig. 3(g) and (h). The step function shape
of these phase changes confirms that the extracted mode have a pure real propagation constant. Due
to being below the light cone, we already expect that there is no loss for the propagation of these
modes.
It must be noted that phase variation of height  rad does not exist in all of the reflected orders. In
other words, as discussed in Section 2, in some conditions, there is a zero placed very close to a pole
that neutralizes the effect of pole in phase of some reflected orders especially (0, 0)th order and the
detection of the mode will be difficult, but in the location of a guided mode,  rad phase change is
observed in almost all transmitted orders. This is the key point to detect spurious modes. By only
checking finite number of transmitted orders one can distinguish real modes from spurious modes.
Using the details of this method that are explained above, the band structure of this rod slab is
obtained and shown in Fig. 4. The gap for odd modes at ! ¼ 0:34  0:425 is illustrated by dot-dashed
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Fig. 5. Band structures corresponding to the two slabs of Fig. 1, where background medium has a
dielectric constant of 2, and other parameters are the same with Fig. 1. (a) is the square rod slab, and (b) is
the triangular hole slab band structures. The dashed line represents light cone boundary, and the solid
lines demonstrate numerical results presented in [4] using the PWE method. In (b), the open circles
represent FDTD results. The insets illustrate the Brillouin zone and the irreducible Brillouin zone of these
lattices.

lines in this figure. In this figure, light cone boundary is shown by dashed lines. Solid circles and
squares show odd and even modes, respectively, that are obtained by our method. The inset
illustrates the Brillouin zone and the irreducible Brillouin zone of square lattices.
To verify our numerical results, the band structures for a rod and a hole slab have been compared
with the results obtained using other numerical methods. The parameters of these slabs are the
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same with Fig. 1, but the background has a dielectric constant of 2. Their band structures are
exhibited in Fig. 5(a) and (b). Note that in obtaining hole slab band structure analogous to square
lattices, even and odd modes are recognizable where ky ¼ 0, i.e., only in the K direction. In this
figure, solid lines demonstrate numerical results presented in [4] using PWE method. In part (b), 3-D
FDTD results have been added that are represented by open circles.
As is obvious in (a) and (b) of Fig. 5, our results have very good agreement with another
frequency domain technique i.e., PWE method that has been used in [4]. In our method, modes can
be extracted from transmission coefficients with no need to solve any eigenvalue equation. Also,
any artificial periodization like what is reported in the proposed methods in [4], [8]–[10] is not
necessary.
In the case of the triangular lattice, in the M direction of Fig. 5(b), the obtained results using our
proposed method are very slightly different from those obtained using 3-D FDTD method. We know
that guided modes cannot be in light cone but, in the M direction, some modes that are obtained
with the FDTD method are in this region. Therefore, we can conclude the accuracy of our method is
more than that of the FDTD method. This proposed Fourier domain method is faster than other fully
numerical methods like FDTD. For a given wave vector, it took 30 min to obtain the
eigenfrequencies by using the 3-D FDTD method, while it took only 10 min by this proposed
method, which demonstrate its computational efficiency.
It is clear from Fig. 5 that there is a gap for odd modes and a gap for even modes in rod and hole
slab band structures, respectively. These gaps are not complete 3-D photonic band gaps. Although
there are no guided modes in these gaps, radiation modes still exist there. The parameters M and N
that specify the number of 2-D Fourier series coefficients of ðx1 ; x2 Þ in the periodic layer are equally
set to 10, in order to obtain these band structures. As the values of M and N increase, the running
time of FMM grows exponentially; however, this has no considerable influence on the accuracy of
extracted modes.

4. Conclusion
Photonic crystal slabs are 3-D structures that can be used in fabricating optical devices such as
planar waveguides. Band structure analysis and detecting their modes is very significant for
optimized use of them. Guided modes well below light cone that have pure real propagation
constants can easily be extracted from phase changes of transmission coefficients of theses slabs,
although these phase changes should be equal to  rad and occur in most transmitted orders to
clearly demonstrate a real mode. These photonic crystal slabs can be considered as multilayered
structures, and therefore, we obtain their transmission coefficients by FMM. Therefore, without
solving any additional eigenvalue or dispersion equation, we acquire modes accurately and quickly.
Also, using the derivative of phase of transmission coefficients, one can easily find real and
imaginary parts of propagation constants of leaky modes.
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