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Abstract—In this paper, we divide a wide frequency range
into multiple subbands and in each subband detect whether
in a primary user (PU) is active or not. We assume that PU
signal at each subband and the additive noise are white zeromean independent Gaussian random processes with unknown
variances. We also assume that at least a minimum given number
of subbands is vacant of PU signal and propose an invariant
Generalized Likelihood Ratio (GLR) detector. The concept of
the grouping of subbands allows faster spectrum sensing of a
subset of subbands which may be occupied by a specific PU.
Also, we evaluate trade-offs involved in the proposed algorithms
by simulation.
Index Terms—Spectrum sensing, cognitive radio, dynamic
spectrum sharing, energy detector.

man-made noise or the other causes, we may interfere with
the colored noise [9], [13], in this paper we consider an
additive white Gaussian noise. In Section II, we assume that
the variance of the additive white zero-mean Gaussian noise is
unknown and at least a minimum given number of subbands is
vacant of PUs. We also model the signals of the PUs as zeromean Gaussian processes with unknown variances. In Section III, we derive the GLR detector for each of the subbands.
The concept of grouping and the computational complexity
of the proposed detector are investigated in Section III-A
and Section III-B, respectively. The simulation results and
available tarde-offs have been provided in Section IV.
II. S IGNAL M ODEL AND P ROBLEM S TATEMENT

I. I NTRODUCTION

R

ECENT measurements reveal that many portions of
the licensed spectrum are not used during significant
time periods [1]. Since the number of users and their data
rates steadily increase, the traditional fixed spectrum policy
is inefficient and is no longer a feasible approach. One
proposal for alleviating the spectrum scarcity is allowing the
Secondary Users (SU) to exploit the unused spectrum holes
over some frequency ranges by using Cognitive Radio (CR)
technology [2]. One of the major challenges of implementing
this technology is that the CRs must accurately monitor and be
aware of the presence of the PUs over a particular spectrum.
To address this challenge, several efficient methods have been
proposed [3]–[6]. The Energy Detector (ED)(a.k.a. radiometer)
is a common method to detect an unknown signal in additive
noise [7]. This method is optimal for white Gaussian noise if
the noise variance is known. Unfortunately, the performance of
the ED is susceptible to errors in the noise variance [8]. It has
been shown that to achieve a desired probability of detection
under uncertain noise variance, the Signal-to-Noise Ratio
(SNR) has to be above a certain threshold [9]. While there
has been an intensive work on the spectrum sensing problem
in the case of known noise variance, not enough attention
has been made to the spectrum sensing under unknown noise
variance except [9]–[12].
In this paper, we investigate the spectrum sensing problem
in the case of unknown noise variance. Even though due to
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Suppose that the frequency bandwidth is divided into K
subbands. The SU receives L samples for each frequency
subband (for example using K-point Fast Fourier Transformation (FFT)). We also assume that the signal samples are
independent random variables with complex Gaussian distributions. This assumption, for instance, is valid for Orthogonal
Frequency Division Multiplexing (OFDM) signal in which
each carrier is modulated by an independent data stream. The
detection at the k th ∈ S  {1, 2, · · · , K} subband is written
as:

Xk ∼ CN (0, σ 2 IL ), Hok : (vacant)
Pk :
(1)
Xk ∼ CN (0, σk2 IL ), H1k : (occupied).
where CN (0, σk2 IL ) denotes a zero-mean L-dimensional multivariate complex Gaussian distribution, IL is the L×L identity
matrix, σ 2 and σk2 are the noise and the received signal
variance under the condition that a PU is absent and present
at k th subband, respectively. We assume that the variance
of noise σ 2 is approximately constant across the scanning
subbands (white noise). The objective is to determine the
status of the subbands S, and partition S as S = Sv ∪ So ,
Sv ∩ So = φ, where Sv and So denote the subsets of indexes
which are vacant or occupied by a PU, respectively.
In the context of dynamic spectrum sharing, the false alarm
probability Pfa indicates the probability that a spectrum hole
(a vacant subband) is falsely detected as an occupied band,
i.e., Pfa represents the percentage of the spectrum holes which
are not used. Therefore, the SUs must reduce the false alarm
probability Pfa as much as possible. On the other hand, the
missed detection probability, i.e., Pm = 1−Pd, determines the
probability that an occupied subband is mistakenly detected
as a spectrum hole. Such a missed detection induces harmful
interference for PU. Thus, the missed detection probability
must be small enough to avoid perceptible performance loss
for the PU. Under white Gaussian noise assumption, it can
be easily observed that these probability values are the same
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for all subbands. From (1), we have K interrelated composite
hypothesis testing problems with K + 1 unknown parameters,
i.e., σ 2 and {σk2 }K
k=1 . In general, we can not find a proper
solution for each of the above K problems if we attempt to
solve them individually. Thus, since the noise variance σ 2
is a common unknown parameter, we treat these problems
altogether. We assume that at least a given minimum number
of subbands (M ) out of K subband are vacant, i.e., |Sv | ≥ M
where |.| is the cardinality of (.). Let D ⊆ Sv (|D| = M )
denote the indexes of M vacant subbands1. This assumption is
quite reasonable, since the current dynamic spectrum sharing
research is motivated by the fact that many parts of the
spectrum are under-utilized in the most of the times which
makes the concept of spectrum sharing to be attractive. Our
assumption is justified by the same fact. In practice, one may
obtain the minimum number of vacant subbands M using
the activity history of PUs over the whole spectrum. It is
obvious that for a vacant subband we have σk2 = σ 2 and for
an occupied subband σ 2 < σk2 as σk2 is the variance of the PU
signal plus the noise variance σ 2 .
III. P ROPOSED GLR DETECTOR
th

For the k subband, the Probability Density Functions
(PDF) of the observations under the hypotheses H0k and H1k
are respectively given by:
⎫
⎧
⎬
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⎩ σ2
(πσ 2 )L(|D∪{k}|)
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The noise variance in (4-5) is estimated as the ensemble
mean of the energies over D. To find the ML estimation
of the subset D, we substitute σ 2 and σi2 from (4) and (5)
respectively in (2) and (3) and maximize the results over
D. We easily see that the ML estimate of D (obtained by
these optimizations under H0k and H1k ) for both cases is the
set of the indexes of the M smallest energy values in the
vector [X1 2 , X2 2 , · · · , XK 2 ] = diag[XH X]. In [12],
a similar result for the ML estimate of D is proven using
maximal invariant approach where the signals are treated
as parameters in the context of array signal processing. In
addition, to satisfy the condition σ 2 ≤ σk2 we require the
subset D be chosen such that
1
|D ∪ {k}|

Xm 2

⎭

1
1
exp − 2 Xm 2 .
L
2L
π σm
σm
(3)

note that Sv denotes the indexes of all vacant subbands, while D
as a subset of Sv denotes the indexes of M vacant subbands. Since Sv is not
known in advance, with the assumption that |Sv | ≥ M , at the first step of
the detection algorithm, the subset D with the cardinality of M is estimated,
as will be discussed later.



Xm 2 ≤

1 
Xm 2 .
K

(6)

m∈S

m∈D∪{k}

Interestingly, the above mentioned ML estimate of D guarantees (6). This result justifies our intuition, as the subbands
with lower energy levels are more likely to contain only
 is selected by sorting the vector of
noise. Thus, the subset D
subbands energies. In this operation, an occupied subband may
 only if the observed energy
be mistakenly misclassified in D
in that subband is smaller than at least |S| − M + 1 other
subbands. We refer to this unlikely case as a misclassification
in which a missed detection may also happen or be prevented
in the detection step. By substituting (4) and (5) respectively
in (2) and (3), we obtain the following Likelihood Ratio (LR)
function:
LRk (X)

=

(2)
⎫
⎬

2
where σm
, σ 2 and D are unknown parameters, X =
[X1 , · · · , XK ] ∈ CL×K is the input data matrix and .
denotes the Euclidian norm of a vector. We substitute the
Maximum Likelihood (ML) estimations of these parameters
under each hypothesis in order to derive a GLR detector. By
maximizing the above PDFs, the ML estimations of σ 2 and
σi2 under H0k and H1k are
⎧

1
2 =
⎨σ
Xm 2
|D∪{k}|L
k
m∈D∪{k}
(4)
H0 :
2
⎩2
∀i ∈ S\(D {k})
σi = XLi  ,
⎧

1
2 =
⎨σ
Xm 2
|D\{k}|L
k
m∈D−{k}
H1 :
(5)
2
⎩2
∀i ∈ S\(D\{k}).
σi = XLi  ,
1 Please
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which can be written in the following form:
LRk (X) =
⎧
⎪
(M−1)(M −1)L
⎪
⎨
MML
⎪
MML
⎪
⎩ (M+1)
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(
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( m∈D\{k}


(M +1)L
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for k ∈ D

for k ∈
/ D.
(8)

Thus, the Log-Likelihood Ratio (LLR) function is given by
(9)
LLRk (X) =
⎧


⎨Lc(M ) − L log λk (X) (1 − λk (X))M−1 , for k ∈ D

M
⎩Lc(M + 1) + L log (1+λk (X)) ,

for k ∈
/ D.
λk (X)
M −1

where c(M ) = log (M−1)
MM

and λk (X) is defined by

Xk 2
.
2
 Xm 
m∈D

λk (X)  

(10)
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k
(X)
identical for the noise variances σ 2 and 1, and thus TGLR
is independent of the unknown parameters. This means that a
threshold obtained for a given Pfa is independent of the SNR
value or the noise variance.
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Fig. 1. The threshold versus probability of false alarm Pfa for different
number of samples L and, K = 64, and M = 16.

For making decision, we compare LLRk (X) to a threshold,
i.e., the GLR test is simplified as
k
TGLR
(X) =
(11)
⎧


⎨c(M ) − log λk (X) (1 − λk (X))M−1 , for k ∈ D
 H1
≷η
M
(1+λ
(X))
k
⎩c(M + 1) + log
 H0
,
for
k
∈
/
D.
λk (X)

In general, the detection threshold, i.e. η, is obtained by
solving F (η) = 1 − Pfa , where Pfa denotes the false alarm
probability and F (x) is the Cumulative Distribution Function
(CDF) of the decision statistic under hypothesis H0 . Also, it
is possible to find this threshold by Monte-Carlo simulation
method. Since the CDF of the decision statistic in (11)
does not have a known closed form, we use the MonteCarlo simulation method to obtain the threshold. Figure 1
illustrates the plots of the threshold versus the probability of
false alarm Pfa for different number of samples L. We see
that the threshold value η decreases at a given false alarm
probability Pfa by increasing the number of samples L. From
these plots we observe that approximately the logarithm of
the threshold value log η is a linear function of log Pfa as
log η ≈ −α(L) log Pfa + β(L), where the α(L) and β(L) are
decreasing functions of L.
Consider the case that an occupied subband k is misclassi In this case, the decision statistic in (11) can
fied, i.e., k ∈ D.
possibly assist us to avoid the missed detection. Please note
that for each subbband, regardless of being member of D̂ or
not, the decision statistic is constructed by using (11) and the

final decision is made about the status, accordingly. That is, D
is not necessarily the subset of subbands which are detected
as vacant, and the final decision is based on (11). This case
may happen if the number of vacant subbands is relatively
small compared with the total number of subbands. Note that
the false alarm probability and the corresponding threshold
are independent of the unknown parameters, and the detector
in (11) is invariant with respect to the noise variance. For
k
(X) in (11) is ininstance, under the null hypothesis H0 , TGLR
2
variant with the noise variance σ , because λk (X) = λk ( σ1 X)
k
k
(X) = TGLR
( σ1 X). In the other words
and hence TGLR
1
k
σ Xk ∼ CN (0, IL ) under Ho and the decision statistics are

In the grouping, we assume that the SU for spectrum
sensing has knowledge about some adjacent or non-adjacent
subbands used simultaneously by a specific PU. That is the
SU knows the exact position of this group of subbands by
considering a specific part of spectrum which may be occupied
by a known application. The spectrum sensing for such a
scenario can be considerably enhanced. By grouping, we mean
the integration of the information obtained from such a group
of subbands. All subbands in a group have a common status
regarding the presence or absence of the PU. In the other
words, only one binary hypothesis is required for a given
group which results in a faster spectrum sensing approach.
Let the subset G ⊆ S denote the indexes of |G| subbands
which are used by a specific PU. By following the similar
steps as taken for a single subband, it can be easily shown
that the GLR detector for this group has the same form of
single subband detector in (11) but in this case the variable
λG (X) defined below is used instead of λk (X)

Xk 2
λG (X)   k∈G
.
(12)
2
 Xm 
m∈D
 is the set of the indexes of the M
Similarly, the subset D
K

smallest elements of the set Xm 2 m=1 and the threshold
is determined by satisfying a given Pfa .
B. Computational Complexity
In practice, the proposed GLR detector can be implemented
easily and has a low computational complexity (CC) summarized as follows:
• Temporal signal transformation into frequency domain:
By using FFT, the CC of this part is O(KL log2 K)
(complex multiplication and addition) since K point FFT
is employed L times.

• Selecting
the
subset
D:
By
calculating
2
2
2
X1  , X2  , ..., XK  and choosing the indexes of
M smallest ones. The CC of this step is in order of
O(KL) (plus CC of finding smallest M numbers out of
K numbers which is less than K log2 K).
• Constructing the parameter λk (X) in (10) for all subbands: The required CC for this step is only in order of
O(M ).
• Calculating the decision statistics in (11) for all subbands:
The required CC for this step is in order of O(K).
The Overall CC order of the algorithm is as low as
O(KL log2 K). Obviously the dominant computational cost
is imposed by the FFT.
If we use the concept of grouping of subbands, the CC
of computing λG (X) and the decision statistics are in order
of the number of groups instead of K, and hence again the
dominant computational cost is due to the FFT.
For comparison, for energy detection (ED), similar to the
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Fig. 2. The probability of missed detection for the GLR detector and the
optimal ED versus SNR for different number of samples L and Pfa = 10−2 ,
K = 64, and M = 16.

proposed GLR detector, we need to transform the temporal
signal to the frequency domain and then calculate the energies
X1 2 , X2 2 , · · · , XK 2 which their computational complexities are in orders of O(KL log2 K) and O(KL), respectively. Therefore, the overall CC order of the ED is
O(KL log2 K), which is the same as the proposed detector.
IV. S IMULATION R ESULTS
Figure 2 depicts the probability of missed detection Pm of
the proposed GLR detector and the optimal ED versus SNR
for different number of samples L at a false alarm rate of
Pfa = 10−2 . In order to determine the threshold for a given
false alarm probability, we have generated the decision statistic
randomly according to the assumed distributions for 106
independent trials (in absence of PU signal) and chosen the
detection threshold as 100Pfa percentile of the generated data,
i.e., for Pfa = 10−3 , 100×10−3 = 0.1% of the generated decision statistic (out of 106 ) are above the determined threshold.
For simulation, the locations of M vacant subbands are chosen
uniformly out of K available subbands, though in practical
wideband spectrum sensing, the neighboring subbands might
have correlated spectrum occupancy statistics 2 . As expected,
from Figure 2, we can see that the performance of this detector
improves by increasing SNR and L. For instance at Pm =
10−3 , the SNR gaps between the ED and the proposed GLR
detector are 2.12dB, 1.06dB, 0.93dB and 0.53dB, respectively
for L = 4, 8, 16 and 32. This gap is created because the
knowledge of the noise variance is not provided to the GLR
detector. Using this simulation at Pm = 10−3 , we conclude
that the SNR loss between these detectors is approximately
equal to SNR(GLR) − SNR(ED) ≈ −0.49 log2 L + 2.875
for L < 64. For larger number of samples L, the SNR gap
is indeed negligible, i.e., for a given probability of missed
detection, the SNR loss gap between the optimal ED and
GLR detector reduces to almost zero as L increases. This
is justified intuitively, as more number of samples results
2 please note that under a white Gaussian noise assumption, the method of
vacant subband selection does not have any effect on the detection algorithm
performance.
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Fig. 4. The effect of over-estimation and under-estimation of vacant subbands
M on the performance of the proposed GLR detector for the assumed value
M = 16, SNR = 5dB and K = 32.

in more information about the noise variance and hence the
performance improves. Unfortunately, we can not increase L
arbitrarily since L determines the acquisition time (the waiting
time-lag before a decision can be made). Thus in practice, we
have to make a trade-off between Pfa (the spectrum usage
efficiency), Pm (PU interference protection level) and L (the
acquisition time).
Figure 3 illustrates the effect of the number of subbands
K and the minimum number of vacant subbands M on the
1
performance of GLR detector, for L = 8 and M
K = 4 . We
observe that the GLR detector performance improves as K and
M are increased given a fixed percentage of vacant subbands.
We expect that the GLR detector performance approaches
to that of the optimal ED as K → ∞. In this figure, the
performance of the ED for a noise variance mismatch of
2
|10 log10 ( σσ̃2 )| = 3dB is also provided for comparison. For this
specific case, the GLR detector and ED perform similarly for
2.4dB mismatch between the true value of the noise variance
σ 2 and the value given to the ED σ̃ 2 . Interestingly, when the
provided noise variance to the ED is not accurately close to
the true value, the GLR detector outperforms the ED.
Figure 4 shows the performance of the proposed GLR
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also by grouping more subbands, the improvement is more.
Actually, at high SNRs, we expect, the improvement obtained
by grouping to be equivalent to the case where L is increased
to |G|L; this is also comparable with 10 log10 (|G|)dB increase
in SNR. In Figure 6, we compare the proposed GLR detector
with the optimal ED under different SNR mismatches 0dB,
1dB, 2dB and 3dB. From this figure, we conclude that the ED
outperforms the GLR detector provided that the ED knows
the noise variance accurately enough. However, in practice,
there is uncertainty about the noise variance. Obviously under unavoidable mismatches, the GLR detector significantly
outperforms the ED.
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V. CONCLUSION
In this paper, we have considered the spectrum sensing of
several subbands when the background noise is white and has
an unknown variance. We have proposed a GLR invariant test
for each subband assuming that a minimum given number of
subbands is vacant of PU signal. The proposed method has
a low computational complexity and is implemented easily.
Provided having some knowledge about the bandwidths of
potential PUs, we have proposed the grouping approach which
improves the detection performance significantly.
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Fig. 6. The effect of mismatch on the performance of the optimal ED and
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detector when the number of minimum vacant subbands M
is over-estimated or under-estimated for number of samples
L = 8 and L = 16 and K = 32. As can be observed, when
the number of actual vacant subbands is more than the value
assumed (M = 16), the better variance estimation is obtained
and hence the performance improves. On the other hand, when
the actual number of subbands is less than the value assumed
(M = 16), the performance is degraded slightly. Also, as
can be observed from this figure, by increasing the number of
samples, i.e. L, the performance improves. Therefore when the
number of vacant subband is not enough, more samples can
be used in order to have a better estimation of noise variance
and to improve the performance of the GLR detector at the
cost of increased sensing time.
Figure 5 depicts the effects of grouping on the performance
of the proposed GLR detector. Also, the curves of ED performance are plotted for comparison. We observe that the grouping significantly improves the detection performance, and
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