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Abstract—In this letter, we introduce a novel method for constructing large size Generalized Welch Bound Equality (GWBE)
matrices. This method can also be used for the construction
of large WBE matrices. The advantage of this method is its
low complexity for constructing large size matrices and low
computational complexity using Maximum Likelihood (ML)
decoders for a subclass of these codes.
Index Terms—GWBE, WBE, Kronecker product, maximumlikelihood.

I. I NTRODUCTION

W

BE codes maximize the sum capacity when the user
powers are equal [1]. In fact these codes have minimum correlation with respect to a criterion called Total
Squared Correlation (TSC [2]). For practical conditions, Binary WBE (BWBE) codes are more attractive. For binary
codes, the lower bounds of TSC are derived in [3], [4].
These bounds are known as Karystinos-Pados (KP) bounds.
In some special cases, the KP bounds meet the Welch bounds.
For unequal user powers, the sum capacity is maximized by
assigning orthogonal signature sequences to high power users
and Generalized WBE (GWBE) signatures to low power users
[5]. Various methods for constructing WBE [6], BWBE [3],
[4], [7], [8] and GWBE [5], [6] codes are proposed.
The maximum of the sum channel capacity occurs when the
input data has Gaussian distribution. But for the binary cases,
the channel capacity and design of optimum code/decoders
are challenging problems [9], [10], [11], [12], [13].
In this letter, we wish to introduce a novel method for
constructing large size GWBE codes from smaller ones. This
method can also be applied to construct WBE codes. For a
special class of such codes, the decoding problem can be
reduced to the decoding of smaller size systems; thus their
optimum decoders have a significant lower computational
complexity. We have simulated large size codes with high
over-loading factors with ML decoders for bit, symbol and
Almost Symbol (ASML) levels. An iterative decoder is also
simulated for comparison.
II. M ETHOD FOR E NLARGING GWBE M ATRICES
For GWBE matrices, we assume that the columns of the
signature matrices are normalized. There are two equivalent
definitions of GWBE matrices that will be discussed here
[1], [2], [5], [6], [14], [15]. In this section, we propose a
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new method for GWBE matrix construction. Suppose that
we have an overloaded CDMA system with 𝑚 chips and 𝑛
users (𝑛 > 𝑚) such that the 𝑖th user has power 𝑝𝑖 . ∥A∥𝐹 =
)1/2
(∑
2
∣𝑎
∣
is the Frobenius norm of the matrix A and
𝑖𝑗
𝑖,𝑗
⊗ denotes the Kronecker product; the entries of a matrix are
shown with small letters.
GWBE Definition Based on Sum Capacity: A GWBE
matrix S that maximizes the sum channel capacity has the
following property
∑𝑛
𝑝𝑖
𝐻
SPS = 𝑖=1 I𝑚
𝑚
where P = diag (𝑝1 , . . . , 𝑝𝑛 ) is a diagonal matrix, S𝐻 is the
Hermition of S and I𝑚 denotes the 𝑚 × 𝑚 identity matrix.
GWBE Definition Based on Correlation: Let Ŝ = SP1/2 ,
where P is as defined before. The Generalized-TSC (GTSC)
of Ŝ is defined as
∑𝑛 ∑𝑛
ˆ ˆ 2
𝑖=1
𝑗=1 ∣⟨𝑆𝑖 , 𝑆𝑗 ⟩∣
𝐺𝑇 𝑆𝐶(Ŝ) := (∑
)2
𝑛
ˆ ˆ
𝑖=1 ⟨𝑆𝑖 , 𝑆𝑖 ⟩
where 𝑆ˆ𝑖 is the 𝑖𝑡ℎ column of Ŝ and ⟨., .⟩ denotes the inner
product. It is easy to show that
𝐺𝑇 𝑆𝐶(Ŝ) =

∥Ŝ𝐻 Ŝ∥2𝐹
∥Ŝ∥4𝐹

.

We know that 𝐺𝑇 𝑆𝐶(Ŝ) ≥ 1/𝑚 and Ŝ is a GWBE matrix
if its GTSC achieves this lower bound.
Theorem 1: If S is an 𝑚1 × 𝑛1 GWBE matrix (𝑛1 > 𝑚1 )
for a CDMA system with user powers 𝑝𝑖 ’s, and T is an 𝑚2 ×
𝑛2 GWBE matrix (𝑛2 > 𝑚2 ) for a CDMA system with user
powers 𝑞𝑗 ’s, then S ⊗ T is an 𝑚1 𝑚2 × 𝑛1 𝑛2 GWBE matrix
for a CDMA system with user powers 𝑝𝑖 𝑞𝑗 ’s for 1 ≤ 𝑖 ≤ 𝑛1
and 1 ≤ 𝑗 ≤ 𝑛2 .
We prove this theorem using both definitions of GWBE
matrices.
Lemma 1: ∥A ⊗ B∥𝐹 = ∥A∥𝐹 ∥B∥𝐹 .
Proof: Suppose A and B are 𝑚1 × 𝑛1 and 𝑚2 × 𝑛2 matrices
and C = A ⊗ B.
(
)
𝑛1
𝑚∑
𝑚1 ∑
𝑚2 ∑
𝑛2
1 𝑚2 𝑛
1 𝑛2
∑
∑
∑
∣𝑐𝑖𝑗 ∣2 =
∣𝑏𝑟𝑠 ∣2
∣𝑎𝑖𝑗 ∣2
∥C∥2𝐹 =
𝑖=1

𝑗=1

𝑖=1 𝑗=1

𝑟=1 𝑠=1

⎞(
⎛
)
𝑛1
𝑚1 ∑
𝑚2 ∑
𝑛2
∑
∑
2⎠
2
⎝
∣𝑎𝑖𝑗 ∣
∣𝑏𝑟𝑠 ∣
= ∥A∥2𝐹 ∥B∥2𝐹 .
=
𝑖=1 𝑗=1

𝑟=1 𝑠=1

Proof 1 of Theorem 1: Because each column of S ⊗ T is
the Kronecker product of a column of S by a column of T,
according to Lemma 1, the Frobenius norm of each column
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of S ⊗ T equals the product of the Frobenius norms of the
corresponding columns of S and T. Thus the columns of
S ⊗ T have norm 1 and satisfies the unit-norm property
of the signature matrices. Let P = diag (𝑝1∑, 𝑛. . . , 𝑝𝑛1 ) and
1
𝑖=1 𝑝𝑖
Q = diag (𝑞1 , . . . , 𝑞𝑛2 ), then SPS𝐻 =
I𝑛1 and
𝑚1
TQT𝐻 =

∑𝑛 2

𝑞𝑗

I𝑛2 . Thus, we have
)
(
(S ⊗ T) (P ⊗ Q) (S ⊗ T)𝐻 = SPS𝐻 ⊗ TQT𝐻
)
(∑
∑ 1
𝑛2
𝑝𝑖 )
𝑞
( 𝑛𝑖=1
𝑗
𝑗=1
=
I𝑚1 𝑚2 .
𝑚1 𝑚2
𝑗=1

𝑚2

But P⊗ Q is a diagonal matrix with diagonal entries as 𝑝𝑖 𝑞𝑗 ’s
for 1 ≤ 𝑖 ≤ 𝑛1 and 1 ≤ 𝑗 ≤ 𝑛2 . Thus the proof is complete.
For the second proof we use the second definition of the
GWBE matrices. Firstly, we can easily prove the following
lemma.
Lemma 2: 𝐺𝑇 𝑆𝐶(A ⊗ B) = 𝐺𝑇 𝑆𝐶(A)𝐺𝑇 𝑆𝐶(B).
Proof 2 of Theorem 1: Let Ŝ = SP1/2 and T̂ = TQ1/2 , where
P and Q are the matrices defined in the Proof 1. Since S and
T are GWBE matrices, 𝐺𝑇 𝑆𝐶(Ŝ) = 1/𝑚1 and 𝐺𝑇 𝑆𝐶(T̂) =
1/𝑚2 . According to Lemma 2, 𝐺𝑇 𝑆𝐶(Ŝ⊗ T̂) = 1/ (𝑚1 𝑚2 ).
But
) (
)
(
)
(
Ŝ ⊗ T̂ = SP1/2 ⊗ TQ1/2 = (S ⊗ T) P1/2 ⊗ Q1/2
= (S ⊗ T) (P ⊗ Q)1/2 .
But according to Proof 1, S ⊗ T has normalized columns and
P ⊗ Q is a diagonal matrix with 𝑝𝑖 𝑞𝑗 ’s as its diagonal entries
which completes the second proof.
Corollary 1: Suppose A and B are matrices with
normalized columns; we then have 𝑇 𝑆𝐶 (A ⊗ B) =
𝑇 𝑆𝐶 (A) 𝑇 𝑆𝐶 (B).
Proof: First we must show that 𝑇 𝑆𝐶 (A ⊗ B) is well-defined;
it means we must show that the columns of A ⊗ B are
normalized. The proof is similar to that of the first step
of Theorem 1. Now, suppose that A and B are 𝑚1 × 𝑛1
and 𝑚2 × 𝑛2 matrices, respectively. It is easy to show that
𝑇 𝑆𝐶(A) = 𝑛21 𝐺𝑇 𝑆𝐶(A), 𝑇 𝑆𝐶(B) = 𝑛22 𝐺𝑇 𝑆𝐶(B) and
2
𝑇 𝑆𝐶(A ⊗ B) = (𝑛1 𝑛2 ) 𝐺𝑇 𝑆𝐶(A ⊗ B). Thus, according to
Lemma 2, the proof is complete.
Corollary 2: Suppose S and T are 𝑚1 × 𝑛1 and 𝑚2 × 𝑛2
WBE matrices, respectively. If 𝑚1 ≥ 𝑛1 and 𝑚2 ≥ 𝑛2 , then
S ⊗ T is an 𝑚1 𝑚2 × 𝑛1 𝑛2 WBE matrix. The same statement
is true for the case that 𝑚1 ≤ 𝑛1 and 𝑚2 ≤ 𝑛2 .
Proof: The minimum TSC of an 𝑚 × 𝑛 matrix (the Welch
bound) is 𝑛 if 𝑚 ≥ 𝑛, and 𝑛2 /𝑚 if 𝑚 ≤ 𝑛 [2]. Thus,
if 𝑚1 ≥ 𝑛1 and 𝑚2 ≥ 𝑛2 , then 𝑇 𝑆𝐶 (S) = 𝑛1 and
𝑇 𝑆𝐶 (T) = 𝑛2 . By using Corollary 1, 𝑇 𝑆𝐶 (S ⊗ T) =
𝑇 𝑆𝐶 (S) 𝑇 𝑆𝐶 (T) = 𝑛1 𝑛2 . Since S ⊗ T is an 𝑚1 𝑚2 × 𝑛1 𝑛2
matrix and 𝑚1 𝑚2 ≥ 𝑛1 𝑛2 , it is a WBE matrix. Similarly,
if 𝑚1 ≤ 𝑛1 and 𝑚2 ≤ 𝑛2 , then 𝑇 𝑆𝐶 (S) = 𝑛21 /𝑚1 and
𝑇 𝑆𝐶 (T) = 𝑛22 /𝑚2 . By using Corollary 1, 𝑇 𝑆𝐶 (S ⊗ T) =
𝑇 𝑆𝐶 (S) 𝑇 𝑆𝐶 (T) = (𝑛1 𝑛2 )2 / (𝑚1 𝑚2 ). Since S ⊗ T is an
𝑚1 𝑚2 × 𝑛1 𝑛2 matrix and 𝑚1 𝑚2 ≤ 𝑛1 𝑛2 , it is a WBE matrix.
Also, when 𝑚1 ≤ 𝑛1 and 𝑚2 ≤ 𝑛2 , S and T are GWBE
matrices with equal user powers and thus using Theorem 1,
S ⊗ T is a WBE matrix.

Note 1: According to [16], the direct construction of an
𝑚1 𝑚2 × 𝑛1 𝑛2 GWBE matrix needs 6𝑚1 𝑚2 𝑛1 𝑛2 operations.
But using the method proposed in this letter, it only
needs 6𝑚1 𝑛1 + 6𝑚2 𝑛2 such operations and 𝑚1 𝑚2 𝑛1 𝑛2
multiplications. Since some operations in direct construction
of GWBE matrices are more complicated than a simple
multiplication, this new method results in a significant
reduction in the computational cost of constructing large size
GWBE matrices.
This method can also be used for enlarging BWBE matrices.
It is proved in [3], [4] that the TSC of a binary matrix is lower
bounded by the KP bound which is greater than or equal to
the Welch bound[3]. Note that for an 𝑚 × 𝑛 {±1}-matrix,
the KP bound meets the Welch bound when max (𝑚, 𝑛) is
a multiple of 4. According to Corollary 2, if S and T are
binary matrices such that their TSC meets the Welch bound
(i.e., BWBE matrices), then S ⊗ T is also a BWBE matrix
(note that the entries of S ⊗ T is also binary antipodal).
III. GWBE M ATRICES WITH L OW C OST ML D ECODERS
By bit ML decoders, we mean a decoder that extracts the
user bits optimally. Also, by symbol ML decoders, we mean
the decoder that extracts the symbols (the user data vectors)
optimally. We use the average of the Bit Error Rate (BER) of
the users as the measure of performance and thus the bit ML
decoder is the optimum decoder and the symbol ML decoder
is suboptimum.
Theorem 1 implies that if U is 𝑘 × 𝑘 unitary and A is an
𝑚 × 𝑛 GWBE matrix, then C = U ⊗ A is a 𝑘𝑚 × 𝑘𝑛 GWBE
matrix. Now, consider a CDMA channel model 𝑌 = C𝑋 + 𝑁
where C is the signature matrix, 𝑋 is the input
)
( data vector
and 𝑁 is the noise vector with distribution 𝒩 0, 𝜎 2 I𝑘𝑚 . If
we multiply both sides of (1) by U𝑇 ⊗ I𝑚 , we have
)
)
(
( 𝑇
U ⊗ I𝑚 𝑌 = (I𝑘 ⊗ A) 𝑋 + U𝑇 ⊗ I𝑚 𝑁. (1)
)
(
Since U𝑇 ⊗I𝑚 is unitary, U𝑇 ⊗ I𝑚 𝑁 is a Gaussian random
vector with the same distribution as 𝑁 . By converting 𝑌 =
C𝑋 + 𝑁 to (1), we have decoupled a system of 𝑘𝑚-equations
down to 𝑘 systems of 𝑚-equations. This means a dramatic
reduction in the decoding complexity. For example, if the input
alphabet is binary, the direct implementation of the bit/symbol
ML decoders need to calculate 2𝑘𝑛 Euclidean distances of 𝑘𝑚dimensional vectors, but by using (1), we only need 𝑘 × 2𝑛
Euclidean distances of 𝑚-dimensional vectors.
Note 2: Since the correlation matrix is
(
)
𝑇
(U ⊗ A) (U ⊗ A) = I𝑘 ⊗ A𝑇 A ,
the columns of U ⊗ A are similar to the group orthogonal
codes given in [11].
Almost Symbol ML (ASML) Decoder In addition, when
the input alphabet is binary antipodal, another procedure can
be performed for decreasing the complexity of the decoder
even further. Suppose A𝑚×𝑛 = [D𝑚×𝑚 ∣E𝑚×(𝑛−𝑚) ] where
D is an invertible matrix (existence of such an 𝑚 × 𝑚 submatrix of A is not a very restrictive condition). Assume that
𝑋 = [𝑋1𝑇 𝑋2𝑇 ]𝑇 such that A𝑋 = D𝑋1 + E𝑋2 , we thus have
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D−1 𝑌 = 𝑋1 + D−1 E𝑋2 + D−1 𝑁 . Hence,
ˆ 𝑇 ]𝑇 = arg
ˆ𝑇 𝑋
[𝑋
1
2

min

[𝑋1𝑇 𝑋2𝑇 ]𝑇

∥D−1 𝑌 − 𝑋1 − D−1 E𝑋2 ∥

is a suboptimum decoder (∥ ∥ denotes the Euclidean norm).
In fact, if D is a unitary matrix, then the above decoder is
the symbol ML decoder (because the D−1 𝑁 vector will be
a random vector with the same distribution as 𝑁 ). However,
since the binary vector derived from the signs of the entries of
another vector is the nearest {±1}-vector, the above decoder
can be implemented with a very low complexity, i.e.,
(
)
ˆ 2 = arg min{ D−1 𝑌 − D−1 E𝑋2
𝑋
𝑋2

(
)
− sign D−1 𝑌 − D−1 E𝑋2 }
(
)
ˆ 1 = sign D−1 𝑌 − D−1 E𝑋2
𝑋
which needs 2𝑛−𝑚 Euclidean norm calculations instead of 2𝑛
such calculations for the direct implementation of symbol ML
decoders. This method is called Almost Symbol ML (ASML).
We have simulated two highly overloaded CDMA systems
with 64 chips and 96 or 128 users in an AWGN channel. For
the first system, the signature matrix is √18 H8 ⊗ A8×12 where
H8 is an 8×8 Hadamard matrix and C8×12 is an 8×12 BWBE
matrix that is constructed by the method proposed in [3]. For
the second system, we have used the matrix √116 H16 ⊗ A4×8
for A4×8 = [D∣E] where D = I4 and E is a random 4 × 4
real valued unitary matrix. It is easy to show that A4×8 is
a random WBE matrix. From (2), the bit and symbol ML
decoders are implemented with a complexity of 8 × 212 and
16×28 Euclidean distance calculations of 8 and 4-dimensional
vectors instead of 296 and 2128 such calculations for 64dimensional vectors, respectively. The ASML decoder can be
implemented with even lower complexity. It respectfully needs
8 × 24 = 128 and 16 × 24 = 256 Euclidean norm calculations
of 8 and 4-dimensional vectors. Note that because the first
8 × 8 sub-matrix of A8×12 is not unitary, the ASML is not
equivalent to the symbol ML decoder for the first system. But
since the first 4 × 4 matrix of A4×8 is unitary, the symbol
ML decoder is equivalent to ASML for the second system.
The iterative decoder with soft thresholding [12] is also used
for comparison. The BER performance curves versus 𝐸𝑏 /𝑁0
is depicted in Figs. 1 and 2. As seen in Fig. 2, the BER of
the bit ML decoder nearly coincides with that of ASML. This
shows that we can use the simpler ASML decoder.
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