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An Iterative Signal Recovery Technique Capable of
Decreasing the Lossy Effects of Codecs
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Abstract— In this paper applications of an iterative method
in some signal recovery problems are introduced. It is proved
that the distorting effect of linear operators can be removed
completely using the iterative scheme. The inverse of monotonic
functions can also be made indirectly by the method. A novel
approach for separating the messages of different subscribers in a
CDMA network will be proposed as well, relying on the recursive
approach. It would be shown that Sigma Delta Modulated signals
can be decoded via the iterative procedure. We will prove
both analytically and with simulations that a broad class of
nonlinear operators including speech and image codecs can be
approximately inverted with the help of the suggested method.
This means that a more precise estimation of their input can
be extracted via the recursive scheme, by removing their lossy
effects.

to recover x knowing y and the input-output characteristics of
G. If a technique has the capability of solving this problem,
it is said to be the inverter of G. We propose our iterative
method as
yn = yn−1 + λ(G(x) − G(yn−1 )),

(1)

where λ is an appropriate relaxation parameter and is to be
discussed later. We will show the effectiveness of this iterative
scheme in solving several classes of signal recovery problems
in the next sections.
III. I NVERSION OF LINEAR SYSTEMS

Index Terms— Iterative methods, Inverse problems, Code division multiple access, Sigma-delta modulation, Source coding

Linear systems are either continuous, and can be described
by an impulse response h(t), or are discrete which are
presented with a system matrix.

I. I NTRODUCTION

Theorem 1. Both kinds of linear systems are invertible by
using the proposed recursive formulation.

T

HE problems in which a signal has to be recovered from
its distorted version or from a mixture of it and other
signals fall into the category of inverse problems. Inverse
problems are usually solved with the employment of iterative
schemes [1]-[3], because direct analytic methods for solving
them does not generally exist. Iterative methods that are used
to solve this kind of problems are mainly designed in an
application based manner, so the techniques that are proposed
to solve a specific problem typically are not proper to be used
in solving the others. In this paper we introduce an iterative
approach that has a somewhat broader fields of applications.
It can be used in solving nonlinear monotonic equations,
separating the messages of subscribers in a CDMA system,
and enhancing the output quality of Sigma-Delta Modulators,
among the many other applications that can be discovered for
it. The idea of the proposed method has been derived from the
literature on recovery of band limited signals from their nonuniform samples [4]-[11]. In the following we will propose
the method and discuss its strengths in more detail.
II. T HE ITERATIVE METHOD

Assume an operator G which has an input x(t) and generates a signal y(t) as its output. The inverse problem at hand is
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Proof. First consider the continuous case:
y(t) = x(t) ∗ h(t),

(2)

where ∗ is used to denote the convolution operator, and define
en (t) = yn (t) − x(t).

(3)

Using (1) we obtain
en (t) = en−1 (t) − λh(t) ∗ en−1 (t),

(4)

and taking Fourier transform from both sides yields
En (f ) = En−1 (f )(1 − λH(f ))
⇒ |En (f )|

=

|En−1 (f )||(1 − λH(f ))|
= ... = |E0 (f )||(1 − λH(f ))|n .

(5)

The iterative procedure will converge to the signal x(t) if |(1−
λH(f ))| < 1 in the band width of x which we denote it
by B = [−f0 , f0 ] (i. e., frequencies between −f0 and f0 ).
With a little algebra it can be shown that this would happen
if Real(H(f )) has the same sign all over the band width of
interest (the signal’s band width). If this condition is satisfied,
one can select a proper relaxation parameter λ as
0 < λ < min
f ∈B

2Real(H(f ))
|H(f )|2

(6)

if the sign of Real(H(f )) is positive in the band width under
consideration, and
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max
f ∈B

2Real(H(f ))
<λ<0
|H(f )|2

(7)

2

if the corresponding sign is negative. If the sign of
Real(H(f )) is not constant over the band width of interest, a
preconditioning process can be used before using the iterative
method. In fact y(t) can first be passed through a linear system
with impulse response h∗ (t). (The ∗ in the superscript has been
used for complex conjugation.) This is equivalent to passing x
through the system h1 = h∗h∗ , which has a non-negative value
all over the frequency band. If the signal x has no frequency
content in the null frequencies of H1 (f ), it can be recovered
from h∗ (t) ∗ y(t) by inverting the system h ∗ h∗ with the help
of the iterative approach. All these together, we have shown
that every continuous linear system can be inverted via the
proposed recursive technique.
Now consider the discrete case. Assume the input and output
of G are N × 1 vectors related to each other via
y = Ax,

(8)

and suppose A is a Hermitian N × N matrix with positive
eigen values. It can easily be shown form (1) that
yn − x = (I − λA)(yn−1 − x).

(9)

It is well known form linear algebra that the limit of yn − x
at infinity equals the all zeros vector iff all of the eigen values
of the matrix (I − λA) have absolute values less than unity.
Assume α is an eigen value of (I − λA). We have
(I − λA)q = αq ⇒ Aq =

1−α
q,
λ

2
β∈{eig(A)} β
min

yn = yn−1 + λ(p(x0 ) − p(yn−1 ))

(12)

with the initial condition
y0 = p(x0 )

(13)

and relaxation parameter
λ = min

1

r∈[0,a] p (r)

.

(14)

Proof. First assume that p(x0 ) ≥ x0 . Hence, y0 = p(x0 ) ∈ I
and y0 ≥ x0 . Suppose we are in the nth iteration and we have
yn−1 = p(x0 ) ∈ I and yn−1 ≥ x0 . We already know that
∃s, x0 ≤ s ≤ yn−1 : p(x0 ) − p(yn−1 ) = p (s)(x0 − yn−1 ),
(15)
thus (12) reduces to
yn − yn−1 = λp (s)(x0 − yn−1 ).

(16)

Since p is a strictly increasing function, p (s) is positive, and
according to its definition, so is λ. Therefore
yn ≤ yn−1 .

(10)

therefore β = 1−α
λ is an eigen value of A. Hence, the condition
|α| < 1 translates to |1 − βλ| < 1. Obviously any λ satisfying
0<λ<

Theorem 2. Under the condition of differentiability of p(x),
x0 can be derived from p(x0 ) according to

(17)

Considering (14), λp (s) < 1, hence, regarding (16) and the
induction hypothesis x0 − yn−1 ≤ 0 we obtain

(11)

yn − yn−1 ≥ x0 − yn−1

(18)

yn ≥ x0 .

(19)

and consequently

can be used as the relaxation parameter.
The remaining case is when A is not Hermitian. Take z =
AH y, hence, the system to be inverted to extract x is then
AAH which is Hermitian, hence can be inverted using the
iterative method, provided that neither of its eigen values are
zero. If any of its eigen values are zero, it means that the
determinant of A is zero, and therefore A is not invertible at
all. In other words, x can’t be recovered from y.
We have demonstrated that if the input of a linear system
can be recovered from its output theoretically, the proposed
iterative method can perform this recovery.

Therefore yn = p(x0 ) ∈ I and yn ≥ x0 , thus the induction
can proceed. Till yet we have shown that the sequence {yi }∞
i=0
is a decreasing sequence which has a lower bound x0 . It is
well known that such a sequence has a limit which we denote
it by c. Using the relation (12) at infinity, one can set yn−1 =
yn = c in it, which results
p(x0 ) = p(c),

(20)

and according to the strictly increasing nature of p, this is
equivalent to

IV. I NVERSION OF MONOTONIC FUNCTIONS
Here we will concentrate on the case of strictly increasing
functions with only one variable, but the reader can easily
generalize the idea to multi-variable functions as well as
strictly decreasing ones.
Suppose p(x) : [0, a] → I, (I = [0, b]), is a strictly increasing
function that represents the characteristic of a system which we
denote it by G. It can be assumed for example to be the inputoutput relationship of a soft limiter. The aim is to propose an
inversion algorithm to extract the input of G using its output
and the G itself.

c = x0 .

(21)

This means that the recursive relation (12) converges to the
input of G, hence the proof is complete. The possibility that
p(x0 ) < x0 can also be studied similarly.
This theorem is a rather important one; the system G which
can be interpreted as a distortion operator can be inverted
by using itself in a recursive formulation. The main issue is
the convergence rate of the process, which depends on the
maximum value of the differential of G in the interval I.
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V. SEPARATION OF SUBSCRIBERS IN A CDMA SYSTEM
A CDMA network with M subscribers can be modeled
as depicted in Fig. 1. If the codes assigned to individuals
are orthonormal, we would obtain ai = bi , where we have
assumed ai is zero or one. There are some cases in which the
assigned codes are not orthonormal, among which is in the
optical CDMA (OCDMA) where the codes consist of binary
sequences including zero and one (instead of containing + 1
and -1 as is the convention in non optical CDMA). Besides,
there are cases other than OCDMA where the codes are not
orthonormal, for example in the case when there is a timing
jitter in the output correlators. In these cases the relation
between the vectors a = [aI, ... , aM]T and b = [bl, ... , bM]T is
via the correlation matrix R of the codes, and can be described
by
(22)
b=Ra.
If R was a fixed matrix, it could be inverted once, and the

input of the system could be derived from its output according
to a = R- I b. The problem arises where R is not fixed.
The reader may want to consider the case when there is
some kind of drift in the system that causes the timing jitter
in the output correlators to vary with time. If this is the
condition, the solution to the input recovery problem would
not be trivial any more. One approach might be to estimate the
correlation matrix of the drifted set of codes once in every few
milliseconds and update the matrix R- I accordingly. Another
solution is to incorporate the proposed iterative method. Take
the operator G to be the system shown in Fig. 1. It is easily
seen that doing the iterative process using this operator is
equivalent to solving the equation system (22).
The point that should be taken into account is that in practice
the number of iteration steps has to be finite. Many different
criteria can be selected as an indicator for terminating the
iterative process. One of such criteria might be to end the
iteration when the energy of the difference between the outputs
of two consecutive iteration steps falls below a predefined
value.
One of the first results that one can conclude from the
preceding material is that the set of codes in a CDMA system
can be expanded by relaxing the condition of orthonormality
of the codes. The interference induced in the system can be
avoided by employing the recursive technique. The main result
is an increase in the capacity of the CDMA system.
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Fig. 1. The operator of the iterative process used to recover the subscribers'
signals in a CDMA network
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output of an SDC can be well approximated with the original
signal filtered by the LPF, i. e. , if we denote the input to the
SDC and its output by x(t) and y(t) respectively, and name
the impulse response of the LPF by h(t), we have

y(t)

=

x(t)

* h(t) + n(t)

(23)

where n( t) is the remaining noise resulted from quantization
which we would neglect for the sake of simplicity. Therefore
we get

y(t)

=

x(t)

* h(t).

(24)

According to the previous discussions, x can be recovered
from y by selecting the relaxation parameter as shown in (6).
Here we have assumed that H(J) has positive real values in
the band width of x. This is not a limiting assumption; most
typical low pass filters like the sinc or raised cosine filters
satisfy it. Impressive results have been obtained using a second
order SDC when a speech signal has been the input of the
system. Effects of OSR and number of quantization bits per
symbol (NBS) of the quantizer's output can be studied in table
VI. ENHANCEMENT OF THE OUTPUT OF SIGMA DELTA
(1). (The acronyms in the table stand for ISNR: Initial SNR,
CONVERTERS VIA THE ITERATIVE PROCEDURE
FSNR: Final SNR, NIT: Number of Iterations.) SNR has been
SDC is a wave form coding scheme with a block diagram defined as the ratio of signal power to error power. The LPF
as shown in Fig. 2. The low pass filter in the last stage of used in the last stage has been a first kind Chebyshev filter of
the system has a band width equal to the typical band widths order 8. Note that perfect reconstruction (Final SNR=oo) will
of the signals that are to be sigma delta converted. The SDM not be achieved because of the the noise n( t) which is present
(Sigma Delta Modulator) block can be of any order. A first in the system and we have neglected it in our formulations,
order SDM is depicted in Fig. 3. For a deeper study of higher but the SNR improvements are truly considerable. (The fact
order SDMs the reader is referred to [12]. SDMs' output that the number of iterations for the case of OSR=64 is higher
can be enhanced using the iterative approach. Because of than that for the other OSRs is related to many issues such
the high Over Sampling Ratio (OSR) and the noise shaping as the chosen A, and the nonlinear effects which happen in
that is done in the SDC 's structure, the output of the SDM the quantization process, which are too complicated to be
is almost noise free in low frequencies. In other words, thelO<fresented here.)This suggests that instead of using a high order
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LPF in the structure of the SDC, a moderate order one can be
used, and compensation of the consequent output degradation
can be done via the iterative scheme. We have also tested
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TABLE I
IMPROVEMENTS OF OUTPUT SIGNALS OF A SECOND ORDER SDC USING

·90

o

THE NOVEL ENHANCEMENT METHOD (SNR HAS BEEN DEFINED AS THE

D.5

1.5
Frequency (Hz)

RATIO OF SIGNAL POWER TO ERROR POWER.)
OSR

NBS

ISNR (dB)

FSNR (dB)

16
16
16
32
32
32
64
64
64
256
256
256

3
5
17
3
5
17
3
5
17
3
5
17

30
35
42
40
43
48
50
54
59
57
60
63

90
110
130
120
140
170
160
170
190
175
175
190

Fig. 5.
Spectra of the original sinusoidal signal along with that of the
recovered signals with and without using the iterative procedure (SDM output:
Output without iteration, Reconstructed Signal: Result of the iterative process)

NIT

0.6
0.6
0.6
0.7
0.7
0.7
0.8
0.8
0.8
0.85
0.85
0.85

6
10

5
4

VII.

10

DISTORTED VERSION

8
14
14
20
3
3
3

the idea using a third order SDM, and far better results have
been obtained. The test has been done on two kind of signals.
The first one is a speech signal. The spectrum of the original
signal has been demonstrated in Fig. 4 along with that of the
recovered signals with and without iteration. It is clear that the
spectrum of the original signal and that of the recovered one
by using the iterative process are almost indistinguishable. A
similar simulation has also been done with a sinusoid as the
input signal. The corresponding results have been depicted in
Fig. 5.
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In AID's and source coding techniques, a combination
of the encoder and decoder performs an approximation of
the original signal; the approximation comes from the lossy
part of the source encoding. The G operator in this case is
the combination of the encoder and the decoder. Since the
distortion is acceptable in most applications, the G operator
can be assumed to be close to the identity operator. In
this section we plan to show that the iterative method can
improve the quality of the extracted signal for such G's. The
degree of improvement depends on the quality of the source
encoding/decoding and the over-sampling ratio of the original
input signal.
Theorem 3. Under certain conditions which would be
discussed, there exist variable relaxation parameters Am such
that the operator I - AmG is a contraction, i. e., the norm of
the error of each iteration is less than that of the previous one.
Proof. Suppose a frame of the input signal is x =
[Xl, , xn]T. Likewise, the output of the operator G is y =
[YI, , Yn]T. Assuming G is infinitely differentiable with
respect to X, the Taylor series expansion of G (x + a) is

·10

G(x + a)

·20

=

G(x) + Ala + A 2 a 2 +...

(25)

where a is a vector of n elements a=[al, ... , an]T and a i
denotes a vector containing all products of al to an of order
i in the form of al' x ... x ahn where PI + ... + Pn = i. The
matrix Ai is the Jacobean matrix of order i of G. From (1),
the error of the (m + 1) th iteration output is

·60
.TO

(26)
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·80

in which
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Frequency (Hz)

Fig. 4. Spectra of the original speech signal along with that of the recovered
signals with and without using the iterative procedure (SDM output: Output
without iteration, Reconstructed Signal: Result of the iterative process)

We would like to show that there exists a Am such that the
norm of Em+l is less than that of Em. A sufficient condition
for G to be a contraction operator is that
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(1 ::; i ::; n),

(28)

where we have used the notations
(29)

and
(30)

The relaxation parameter Am can be found from (28), i. e.,
0< Am

< min
~

2

1 + qmi

/'
Emi

(31)

provided that

(1 ::; i ::; n).

(32)

Discussion. For an almost identity operator, the Jacobean
matrix Al can be written as Al = I nxn + {)nxn where () is a

matrix whose elements are all much smaller than one, and are
related to the operator G. For a linear operator, all A 2 , A 3 , ...
vanish.
Many of practical distorting operators that are present in
communication systems are not capable of being precisely
modeled as (25). Besides, one has no idea about what would
be the characteristics of error vectors in each iteration. There
is also no knowledge about whether (32) would be satisfied
if one starts doing the first iteration and goes on. A similar
statement is also true about the proper relaxation parameters
that can be used in each iteration. (This is because proper A's
are related to the error vector of each iteration, which are not
known beforehand). The good point is that although all these
problems exist, we have observed that in practice a small and
iteration independent value can be assigned to the relaxation
parameter, and some levels of signal improvement is gained
from the iterative technique. How small this value should be
is related to the application at hand, and might need to be
tuned. We have experimentally found that proper relaxation
parameters are often between 0.2 and 0.8.
Below we will give examples of real source coding schemes
where we can get signal enhancement with the aid of the
proposed method.
VIII. RESULTS OF APPLYING THE ITERATIVE PROCESS ON
SOME PRACTICAL CODECS

highly acceptable qualities after doing the iterative process.
The analysis filters of the SBC consist of non ideal low, band,
and high-pass filters with output NBS of 5, 4, and 2 bits per
symbol, respectively. Similar filters have also been used as
approximations of the true synthesis filters. For illustrative
TABLE II
IMPROVEMENT OF THE OUTPUT QUALITY OF SOME DISTORTION
OPERATORS USING THE NOVEL ENHANCEMENT METHOD. (VALUES OF
ISNR AND FSNR ARE IN .)
Operator
PCM
PCM
First order SDM
LC AID
DPCM
G.726, r-32kbs
G.729
Half Rate GSM
Full Rate GSM
SBC
VQ, k=2, n=32

OSR
100
100
64
4
10
8
8
8
8
8
35

NBS
16
6
1
9
2
-

5-4-2
-

ISNR
115
48.5
8
18
18
68.8
50.1
22.8
27.4
18.85
41.5

FSNR
125
57.5
80
68.84
36
72.3
52.2
23.5
29.1
20.3
43.5

0.6
0.55
0.6
1.4
2
0.3
0.3
0.5
0.5
0.2
0.6

NIT
15
30
5
20
50
12
12
12
12
6
5

purposes we have depicted the enhancement of the camera man
image in Fig. 6. The enhancement of the image's background
can be easily seen.

Fig. 6. Increasing the quality of the camera man image by using the iterative
scheme, Left: without using the iterative method, Right: by using the iterative
method

We have simulated the effect of the iterative process
on some AID's and real speech compression/decompression
schemes, and have observed that the iterative method improves
IX. CONCLUSION
the SNR of the decoded signal. In all our simulations, the
operator G is assumed to be the cascade of the source encoder
In this paper we showed that inputs of various distorting opand decoder followed by a proper low pass filter. Relaxation erators can be extracted completely or with highly acceptable
parameters have been selected experimentally to yield the approximations via an iterative approach. Complete recovery
maximum rate of convergence. The source coding schemes was proved to be possible if the distortion operator is linear
used in these simulations are the DPCM, ADPCM lTU-G.726, or is a monotonic function.
lTU speech codec G.729, GSM speech codec, SBC (SubOne of the main applications of this method can be in the
band Coding), and VQ. AID converters using Level Crossings field of signal coding/decoding. Qualities that are typical for
(LC) have also been put into the simulation setup. Results of source codecs can be obtained with a reduced bit rate provided
the simulations are given in Table (2). In VQ, we have used that the proposed method is incorporated. Equivalently, using
the camera man image, and have selected the dimension of the same bit rate as is used today, one can get higher qualities
codes equal to 2. The code book of the system has had 32 than what is achievable from conventional decoding systems,
code words. In the Sub-Band coding scheme, as long as we with the help of the proposed procedure. Several simulations
have approximate versions of the synthesis filters, we can ge\ Ilhave been done that verify this statement.
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