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VII. CONCLUSIONS
The TSA-MIMO radar architecture offers a greatly reduced complexity at the transmitter. It replaces the computation for determining
the optimum transmit signal covariance with the optimization over a
small number of transmit beamformer angles. Furthermore, the hardware requirements of the transmitter are also greatly simplified. The
performance is generally suboptimal to that of the fully diverse covariance matrix, but only small reductions in performance can be expected.
The iterative beamspace algorithm used to select the transmit steering
vectors greatly reduces the complexity with respect to the convex iteration procedures which could be used to enforce the rank constraints. It
is robust to initial conditions, and target distributions, and so achieves
or outperforms the performance of the convex iteration technique.
The subarray geometry for the TSA-MIMO radar should be chosen
to produce a filled aperture to avoid ambiguities in the beampattern
and high sidelobes. Necessary conditions to achieve this for regular
subarray geometries were given.
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Optimal HDA Schemes for Transmission of a Gaussian
Source Over a Gaussian Channel With Bandwidth
Compression in the Presence of an Interference
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Abstract—We consider transmission of a Gaussian source over a
Gaussian channel under bandwidth compression in the presence of an
interference known only to the transmitter. We study hybrid digital-analog
(HDA) joint source-channel coding schemes and propose two novel layered
coding schemes that achieve the optimal mean-squared error (MSE)
distortion. This can be viewed as the extension of results by Wilson et
al. [“Joint Source Channel Coding With Side Information Using Hybrid
Digital Analog Codes,” IEEE Trans. Inf. Theory, vol. 56, no. 10, pp.
4922–2940, Oct. 2010], originally proposed for sending a Gaussian source
over a Gaussian channel in two cases: 1) Matched bandwidth with known
interference only at the transmitter and 2) bandwidth compression where
there is no interference in the channel. As the main contribution of this
work, we provide optimal power allocation strategies for the proposed
HDA schemes which enable us to cancel the channel interference and
obtain the “optimum performance theoretically attainable” (OPTA) of
additive white Gaussian noise (AWGN) channel with no interference in the
case of bandwidth compression. We also provide performance analysis in
the presence of signal-to-noise ratio (SNR) mismatch where we expect that
HDA schemes perform better than strictly digital schemes.
Index Terms—AWGN channel, dirty paper coding (DPC), hybrid digitalanalog (HDA) coding, joint source-channel coding (JSCC).
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We consider the problem of sending an analog Gaussian source over
an average-power-limited Gaussian channel in the presence of an interference known only to the transmitter but when the channel bandwidth is smaller than the source bandwidth (i.e., bandwidth compression case). The problem setup is shown in Fig. 1.
For the point-to-point transmission of a single Gaussian source
through an additive white Gaussian noise (AWGN) channel without
interference, if the channel and source bandwidths are equal, the optimal performance theoretically attainable (OPTA) [2] can be achieved
by one of the following schemes: 1) separate source-channel coding
scheme, known as the digital tandem source-channel coding scheme
(due to Shannon) [3], [4] and 2) uncoded (or analog) transmission
(due to Goblick) [5]. In fact, it is shown [6], [7] that there are infinite
schemes that can achieve OPTA for this problem.
There are two inherent problems associated with the digital tandem
scheme: the “leveling-off effect” and the “threshold effect” [8], [9].
Since the system typically performs well at a certain designed channel
signal-to-noise ratio (CSNR), the system performance does not improve with increased CSNR (leveling-off effect) where the distortion
is limited by the quantization. In addition, the system performance
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and : Y N 2 N ! V K 2 K such
2
that both of the following equations are satisfied: N1 E [kX N k ]  P ,
K
N
(K;N)
and E [d(V ; (Y ))]  D . Let F
(P ) denote all encoder and
decoder functions ('; ) defined as above. For any target distortion
D  0, the power-distortion region P (D) is defined as the convex closure of the set of all achievable power-distortion pairs (P; D), where a
power-distortion pair (P; D) is achievable if for any  > 0, there exists
n0 ( ) such that for any n  n0 ( ) there exists ('; ) 2 F (K;N) (P )
with distortion 1  D +  . Our aim is to show that the OPTA, which
is defined for a fixed P as

' : VK

K

V

N

Fig. 1. Sending samples of a Gaussian source
in uses of a power-limited AWGN channel corrupted by an interference known only to the transmitter.

degrades drastically when the true CSNR is worse than the designed
CSNR (threshold effect) since the index cannot be decoded. In order
to exploit the advantages of both analog transmission and digital techniques, a family of HDA coding schemes were introduced in the literature; see, e.g., [9]–[17]. These methods usually offer better distortion
performance than the purely analog or digital schemes; they do not
suffer from the leveling-off effect, have a less severe threshold effect
[12] compared with digital tandem source-channel coding schemes,
and they can asymptotically achieve Shannon’s OPTA limit at the designed CSNR.
With the presence of an interference known only to the transmitter,
uncoded transmission is no longer an optimal scheme, while separate
source-channel coding maintains optimality by applying dirty paper
coding, also known as Costa coding [18]. Wilson, Narayanan and Caire
[1] also proposed a new HDA code that can achieve OPTA in the presence of an interference known only to the transmitter. But all these
schemes are designed for the matched-bandwidth case. In [1] some
HDA schemes are also proposed for transmitting a Gaussian source
with bandwidth compression but the channel has no interference.
In this paper, we propose two HDA layered-coding schemes which
also transmit superimposed coded and uncoded information, but we
fully exploit the potential of the dirty paper coding auxiliary random
variable. Our schemes can be considered as generalization results of
Costa [18] and Wilson et al. [1]. Our main contribution in this paper is
to provide optimal power allocation strategies for the proposed layered
schemes and thus obtain the OPTA of AWGN channel with no interference in the case of bandwidth compression.
The paper is organized as follows. We present the system model and
problem statement in Section II. Then we introduce the proposed optimal HDA schemes that can achieve OPTA in Section III. Conclusions
are given in Section IV.
II. PROBLEM-STATEMENT

Let V  N
S  N (0; Q) and W  N (0;  ) be jointly
independent Gaussian random variables (RVs). V N , S N , and W N denote N -dimensional random vectors with i.i.d. components distributed
as V , S , and W , respectively.
We consider the problem of transmitting an i.i.d. Gaussian source
sequence, V K 2 K , in N uses of an AWGN channel with i.i.d.
Gaussian noise sequence W N 2 N . We transmit in the presence of an
interference, S N , which is known to the transmitter but unknown to the
receiver. First, the source sequence V K is encoded to X N = '(V K ),
where the encoder function is of the form ' : K ! N . The transmitted sequence X N is average-power limited to P > 0, i.e.,
2
(0; v ),

2

1

N

N
i=1

E jX [i]j2

 P:

(1)

Based on the channel output Y N 2 N , the receiver makes an es:
timate of the source sequence V K as V K = (Y N ) where
N
! K is the decoding function. The quality of the estimate is
measured by the average mean-square error (MSE) distortion, 1 =
K
2
1
K E [ i=1 d(V [i]; V [i])] where d(V [i]; V [i]) = (V [i] 0 V [i]) .
A joint source-channel code with input power constraint P , distorN consists of a pair of mappings
tion D , and bandwidth ratio  = K

2

K

! XN 2

N

DOPTA (P ) = inf fDj(P; D) 2 P (D)g

(2)

i.e., the minimum achievable distortion for a fixed P , is achievable
using the proposed HDA schemes.
Based on the Shannon’s joint source-channel coding (JSCC) theorem [3], [4], the performance of a general JSCC system for transmitting an i.i.d. Gaussian source over an AWGN channel is always lower
bounded by the OPTA, which is

DOPTA (P ) =

v2

1 + P

:

When  = 1, the separate source and channel coding (which can be
realized as the concatenation of an optimal quantizer with an optimal
capacity-achieving code) is optimal. This optimal distortion can also be
achieved by uncoded transmission [5], [19]. In [6], it is shown that there
is a family of infinitely many schemes that are optimal, which contains
the separation scheme and uncoded transmission as special cases.
The optimal distortion can be obtained even in the presence of an
interference by using the separate source and channel coding scheme.
In [1], an HDA coding scheme (known as HDA Costa) is proposed that
can achieve this MSE distortion. As the extension of Bross et al.’s [6]
result in the presence of an interference known only to the transmitter,
it is shown that [1] there is a family of infinitely many schemes that
are optimal for this problem where the separation and the HDA Costa
schemes are special cases.
III. PROPOSED SCHEMES FOR TRANSMITTING A GAUSSIAN SOURCE
WITH BANDWIDTH COMPRESSION
We now consider the problem of transmitting K samples of an i.i.d.
Gaussian source to a single user in N = K ( < 1) uses of an
AWGN channel in the presence of an interference fully known only to
the transmitter. In this Section, we propose two layered HDA schemes
and show that they can achieve the optimal distortion. In each layer,
we use HDA schemes, introduced in [1], for transmitting K = N
samples of a Gaussian source in N uses of a power-limited Gaussian
channel. Here we only give a high-level description and analysis of
the schemes without detailed proofs. In particular, in many steps of
the analysis we treat finite-blocklength coding schemes as idealized
systems with asymptotically large blocklengths.
Theorem 1: For the point-to-point transmission of a single Gaussian
source through an AWGN channel with bandwidth compression, and in
the presence of an interference known only to the transmitter, the OPTA
can be achieved by both of the following two-layer coding schemes:
1) a layered coding scheme, consisting of “Costa” and “HDA Costa”
layers;
2) a layered coding scheme, consisting of “superimposed Costa and
HDA Costa” layers.
A. Scheme-I: Layering With “Costa” and “HDA Costa” Coding
In this scheme, the source sequence V K is split in two parts: the first
N samples of the source sequence, indicated by V1N , is encoded by the
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HDA Costa encoder that treats S N as interference and uses averagepower P1 = a. Let U1 be an auxiliary random variable given by

U1 = X1 +

+ k1 V1
(3)
where X1  N(0; P1 ), S  N(0; Q) and V1 are independent. The
2
= P P+12 ;

k12 =

P12
(P + 2 )v2 :

(4)

For given V1N and S N , we find a sequence U1N such that
(U1N ; S N ; V1N ) are jointly typical and transmit X1N = U1N 0
N
N
1 S 0 K1 V1 . The code construction and encoding procedures are

as follows [1]:
Codebook Generation: Generate a codebook Cu of block length N
and with 2NR codewords by independent i.i.d. generation of the codewords components according to the RV in 3. These codewords are revealed to the encoder and the decoder.
Encoding: Given the source sequence V1N and known interference
sequence S N , the encoder looks for an N -dimensional vector U1N 2
Cu such that (U1N ; S N ; V1N ) are jointly Ntypical,Nand then ifNthis process
was successful the transmitter sends X1 = U1 0 1 S 0 K1 V1N .
Otherwise, an encoding failure is declared and a zero-sequence X1N =
0 is transmitted.
In the second stream, the remaining K 0 N samples of the source
sequence, denoted by V2K0N , is encoded to X2N by Digital Costa encoder [1] that treats S N and X1N as interference and uses averagepower P2 = P 0 a. Let U2 be an auxiliary random variable given
by

U2 = X2 +
where X2  N(0; P2 ),
factor is set to be

X1
2

and

2

S

(S + X1 )

(5)

are independent and the scaling

= P2 P+2 2 :

(6)

We first quantize the source sequence, V2K0N , using an optimal quantizer to produce an index m 2 1; . . . ; 2NR , where
R2 = 12 log 1 + P 0 . Then the index is transmitted using
Costa’s writing on dirty paper coding (DPC) scheme [18]. We create
an N -length i.i.d. Gaussian codebook U2 with 2NI (U ;Y ) codewords,
where each component of the codeword is Gaussian with zero mean
and variance P2 + 22 (Q + P1 ). Then, evenly distribute these
codewords over 2NR bins. For each codeword U2N , let i(U2N )
be the index of the bin containing U2N . For a given quantization
index m, we look for a codeword U2N such that i(U2N ) = m and
(UN2N ; S N ;NX1N ) are Njointly Ntypical. Therefore, we need to transmit
X2 = U2 0 2 (S + X1 ). We merge and linearly combine both
layers and transmit X N = X1N + X2N .
At the receiver, the digital Costa layer of the received signal
Y N = X N + S N + W N is decoded first, yielding the Costa
auxiliary codeword U2N . Decoding of the Costa code requires that
 C (P2 ), where R(D) = 1 log  is the rate-distortion
R(D) = 10
2
D
function of a Gaussian source and C (P2 ) is the capacity of the AWGN
channel with an SNR equals to P
 , achievable by Costa coding.
Therefore, the distortion of Costa layer is given by

DCosta = v2

DHDA = v2

1S

scaling factors 1 , and k1 are set to be
1

of V1N is obtained based on these two vectors, U1N and
distortion achieved by the HDA Costa layer is given by

1 + P 02 a

0

:

For the HDA stream, we look for an U1N that is jointly typical with
Y N , treating X2N as additional Gaussian noise. The optimal estimate

01

1 + P 0 aa + 2

Y N . So, the

:

As a result, the overall distortion at the receiver can be obtained as [15]
D = DHDA + (1 0 )DCosta , i.e.,

D=

1

2
K v

K0N
1 + P0a


+ 1+

N
a
P0a+

:

(7)

By optimizing the final achievable distortion D of (7) with respect to
a we obtain the optimal power allocation as follows:
P 10
+ P:
a3 =  2 1 0 1 + 2
(8)

Substituting (8) in (7) yields the following achievable distortion:

v2
:
1 + P 

D(a3 ) =

(9)

We observe that the proposed scheme is optimal in the sense of
achieving the OPTA.
B. Scheme II: Layering With Superimposed Costa and HDA
Costa Coding
We split the source exactly as in the previous case where one stream
is a mapping of K0N arrow N by the digital Costa encoder, that
maps source blocks V K0N 2 K0N onto channel codewords X1Nc 2
N . The other stream is also a mapping N arrow N that maps the
remaining N samples of the source sequence, denoted by V N 2 N
onto channel codewords X2Nc 2 N by the superimposed Costa and
HDA encoder, introduced in [1].
First Layer: In the first layer, Costa layer, K 0 N samples of the
source sequence will be mapped to the N -dimensional vector. The auxiliary random variable U1c is defined by

U1c = X1c + 1c S
where X1c  N(0; P1 ), 1c = P P
+ and P1 = P

(10)

0 a.
Second Layer: In the second layer, the transmitted signal is obtained
as the superposition of two signals X2c and X2hc , which are the outputs of a digital Costa encoder and an HDA Costa encoder, respectively. The source signal is first quantized at a rate of R < C using
an optimal source code. The first stream consists of a digital Costa encoder that encodes the quantization index by treating S N + X1Nc as
known interference and produces the signal X2Nc , with average power
Pc . Powers allocated to both HDA Costa and Costa encoder are functions of transmission rate but we should pay attention to satisfaction of
channel input power constraint of both paths in the second layer. The
auxiliary random variable for the first stream in the second layer will
be as follows:
U2c = X2c +

2c

(X1c + S )

(11)

P and the signal power of this
where X2c  N(0; Pc ), 2c = a+

stream (digital Costa scheme) is chosen to be Pc = (a+ 2 )(10202R ).
The second stream consists of an HDA Costa encoder that encodes
the quantization error, treating S N + X1Nc + X2Nc as known interference
and produces X2Nhc , with average power Phc = (a +  2 )202R 0  2 .
The auxiliary random variable is given by
U2hc = X2hc +

2hc

(S + X2c + X1c) + ke;
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; Phc ), e  N (0;v2202R ). The coefficients

X

where 2hc  N (0
and are set as

k

Phc ; k2 =
Phc2
:
2
Phc + 
(Phc +  2 )v2 202R

2hc =

2hc

(12)

Therefore, the transmitted signal for the second layer is superposition
of two signals, i.e., 2Nc + 2Nhc with average power c + hc = .
At the decoder, we first decode the first layer, treating the second
layer as additional noise and then we decode the second layer. As we
know the first layer is used as side information for the second layer, so
decoding of the second layer is independent of the first layer. Note that
the overall achievable distortion from the second layer is the distortion
in estimating . By similar analysis of the final minimum mean squared
error (MMSE) distortion in Section III-A, the following average distortion is achievable:

X

X

P P

a

e

K0N

D = K1 v2

+

P 0a

1 + a+ 

N 202R :
P
1+

(13)



a
2
2
( + P ) 0  :

Minimizing (13) with respect to parameter “ ” yields
2 01

a3 = P +2

(14)

By substituting (14) in (13), the distortion achieved by this scheme is
as follows

D(a3 ) =

v2


1 + P

:

In this section, we consider the performance of the above JSCC
schemes for the case of SNR mismatch where we design the scheme
to be optimal for a channel noise variance 2 but the actual noise variance is a2 . Separation based digital schemes suffer from the threshold
effect. When the channel SNR is worse than the designed SNR, the
index cannot be decoded. Also, when the channel SNR is better than
the designed SNR, the distortion is limited by the source coding and
does not improve. However, the hybrid digital analog schemes offer
better performance in this situation (here we consider only the case
when the actual SNR is better than the designed SNR).
Scheme I: When SNR is better than the designed SNR in the first
scheme, the digital Costa path will be decoded correctly and the achievable distortion for this layer will be as follows:



Dd = v2

1+

N

P 0a
2

:

(16)

Then, we will estimate the first
samples of the source sequence by
using the decoded codeword, 1N , and the received sequence, N =
N + N + N + N . We use the following matrices to estimate

X1

X2

the source:

S

U

W

Y

2
B1 = K10v
2
2 2
C1 = a + a1+Q +1 QK1 v P a++Q +1 Qa2 :

(17)
(18)

D = K1

K 0 N )v

(

P 0a

1+ 

+
)

N v2 0 B1T C101B1 :

1+

P 0a
a + 2

0

:

(20)

For the second layer, the digital Costa stream will be decoded correctly. The distortion of the second layer will be the estimation distortion based on decoded codewords and the received sequence, N =
N
N
N
N + N . The correlation and covariance ma1c + 2c + 2hc +
trices used for estimating the source will be as follows:
02R v2
2
(21)
2 =

X

X

S

Y

W

B

k

0



C2 = AA12 AA23

(22)

where

A1 = Phc + 2hc (Q + P 0 a + Pc ) + k2 202R v2
A2 = Phc + hc (Q + P 0 a + Pc )
A3 = P + Q + a2 :
Therefore, the distortion achieved by this scheme is as follows:

D = K1

K 0 N )v2

(

1 + aP+0a

+

N v2 0 B2T C201B2 :


(23)

:

N = 0 5 are
The performance of both proposed schemes for = K
shown in Fig. 2. The designed SNR and the actual SNR in decibels
are defined as 10 log10 P and 10 log10 P , respectively. In this
example, the designed SNR is fixed at 10 dB and the actual SNR is
varied from 10 to 30 dB. It can be seen that Scheme II performs better
than Scheme I over the entire range of SNRs.

IV. CONCLUSION

Finally, the achievable distortion is as follows:
2

Dd = v2
X

C. Performance Analysis in the Presence of SNR Mismatch

0

Scheme II: In this scheme, we should pay attention, that unlike the
case of SNR matched, the achievable distortion will be affected by the
variable rate used in the second layer (superimposed layer). When SNR
is better than the designed SNR, the digital Costa layer will be decoded
correctly, and we have

(15)

It can be seen that the interference is totally canceled and the distortion
of the AWGN channel without interference is achieved.



Fig. 2. SNR mismatch. Transmission of a Gaussian source V over a powerlimited AWGN channel corrupted by interference known only to the transmitter
in the case of bandwidth compression.

(19)

In this work, we considered HDA coding schemes for the transmission of a Gaussian source over a power-limited AWGN channel
in the presence of interference known only to the transmitter. In particular, layered JSCC schemes for this problem were analyzed under
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bandwidth compression assumption. We provided two HDA coding
schemes that can achieve OPTA in this problem. The HDA coding
schemes have advantages over strictly digital schemes when there is a
mismatch in the channel SNR. We also obtained the achievable distortion under SNR mismatch for both proposed schemes when the actual
SNR is greater than the designed SNR.
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Abstract—We investigate the problem of broadcasting analog sources
to several users using short codes, employing several antennas at both the
transmitter and the receiver, and channel-optimized quantization. Our
main objective is to minimize the sum mean-square error distortion. A
joint multi-user encoder, as well as a structured encoder with separate
encoders for the different users, are proposed. The first encoder outperforms the latter, which, in turn, offers large improvements compared
to state-of-the-art, over a wide range of channel signal-to-noise ratios.
Our proposed methods handle bandwidth expansion, i.e., usage of more
channel than source dimensions, automatically. We also derive a lower
bound on the distortion.
Index Terms—Broadcast, downlink, joint source-channel coding (JSCC),
low latency, multiple-input multiple-output (MIMO), multi-user, short
codes.

I. INTRODUCTION
We study the multiple-input multiple-output (MIMO) broadcast
problem with short codes, with the end-to-end sum mean square
error (MSE) distortion as performance measure. This investigation
can be motivated by low-latency applications, where long codes are
not suitable. Our study is both of fundamental interest and relevant for
applications.
A. Background
MIMO technology improves both capacity and robustness in traditional communications [1]. Recently, Weingarten et al. [2] found the
capacity region for the MIMO broadcast channel, and it was established
that dirty-paper coding (DPC) is optimal in the sense that techniques
based on DPC can achieve any rate-tuple in this region. However, DPC
relies on infinitely long codewords, and is, therefore, not suitable for a
low-delay scenario.
In a scenario with short codes, the source-channel separation theorem in general does not apply, and the optimal solution consists of
joint optimization of the source and the channel code. Traditional digital communication systems consist of several separate units: quantizer, channel encoder, precoder, and modulator. Joint source-channel
coding (JSCC) strategies, where these units are co-designed, should be
considered for the case of short codes.
Many treatments of JSCC exist, e.g., characterization of the distortion regions for the problems of sending a bivariate Gaussian
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