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Abstract—In this paper, new sequences (n ; n ) of capacity
achieving low-density parity-check (LDPC) code ensembles over
the binary erasure channel (BEC) is introduced. These sequences
include the existing sequences by Shokrollahi et al. as a special
case. For a fixed code rate R, in the set of proposed sequences,
Shokrollahi’s sequences are superior to the rest of the set in that
for any given value of n, their threshold is closer to the capacity
upper bound 1 0 R. For any given  , 0 <  < 1 0 R, however,
there are infinitely many sequences in the set that are superior
to Shokrollahi’s sequences in that for each of them, there exists
an integer number n0 , such that for any n > n0 , the sequence
n n
( ;  ) requires a smaller maximum variable node degree as
well as a smaller number of constituent variable node degrees to
achieve a threshold within  -neighborhood of the capacity upper
bound 1 0 R. Moreover, it is proven that the check-regular subset
of the proposed sequences are asymptotically quasi-optimal, i.e.,
their decoding complexity increases only logarithmically with the
relative increase of the threshold. A stronger result on asymptotic
optimality of some of the proposed sequences is also established.
Index Terms—Asymptotically optimal sequences, binary erasure
channel (BEC), capacity achieving sequences, check regular ensembles, low-density parity-check codes (LDPC).

I. INTRODUCTION
OW-DENSITY parity-check (LDPC) codes have received much attention in the past decade. Among
different binary-input symmetric-output channels, the binary
erasure channel (BEC) has been widely considered as the initial
step for analysis and design due to the simplicity of the decoder
structure [1], [2]. For irregular LDPC codes, the problem of
finding ensemble degree distributions that perform well (i.e.,
have the best threshold for a given rate or have the highest rate
with negligible error or erasure probability for a given channel
parameter) is called code design [3]. More specifically, over the
BEC, we can consider the following categories of code design:
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1) For a given channel erasure probability , we look for a code
with maximum rate and negligible probability of erasure; 2)
For a given rate , the code capable of providing a reliable
transmission for the worst possible channel erasure probability
(threshold) is designed. For the first case, the best achievable
and for the second case, the threshold is
rate is limited by
.
upper bounded by
For a BEC, a sequence of degree distributions is called
if the largest possible value
capacity achieving with rate
of that makes the reliable transmission possible (threshold)
can be made arbitrarily close to
for sufficiently large
maximum variable node and check node degrees [4]–[7]. Two
such sequences, Tornado and right-regular sequences, have
been introduced in [4] and [6], respectively. In [7], Oswald and
Shokrollahi have presented a more general class of capacity
achieving sequences that includes Tornado and right-regular
sequences. Specifically, they show that right-regular sequences
approach the capacity faster than other sequences in the class as
the maximum variable node and check node degrees increase.
This in turn results in a smaller decoding complexity to achieve
a given performance [7].1 The definition for capacity achieving
sequences can be extended to the case of fixed channel parameter. More specifically, a sequence of degree distributions
is called capacity achieving for the channel parameter if the
ensemble sequence can provide reliable transmission over a
BEC with parameter and if the corresponding code rate
can be made arbitrarily close to
for sufficiently large
maximum variable node and check node degrees.
Construction and analysis of capacity achieving ensemble
sequences of codes defined on graphs has also been studied
in [8]–[12]. In particular in [10] and [11], explicit constructions of capacity achieving irregular repeat-accumulate (IRA)
and accumulate-repeat-accumulate (ARA) code ensembles with
bounded complexity were presented, respectively. In the light of
the results of [8], such bounded complexity can not be achieved
for any capacity achieving sequence of LDPC code ensembles.
In [4]–[7], the constructed LDPC code ensembles are required to have variable node degree distributions for which
all variable node degrees from 2 to a maximum degree
are present. In designing code ensembles to achieve a certain
performance, and usually driven by implementation considerations, one may be interested in having smaller maximum
variable node and check node degrees as well as smaller variety
1In general, the average variable node or check node degree determine the
decoding complexity per iteration. However for the BEC, due to the absolute
reliability of the unerased bits, the iterative decoding algorithm can be modified such that every edge in the graph is used only once during the decoding
process. In this case, we can replace “decoding complexity per iteration” by
just “decoding complexity,”
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of constituent variable node and check node degrees. In this
paper, we propose sequences of capacity achieving ensembles
for which the number of constituent variable node degrees can
, where denotes the
be reduced to a value
closest integer value (in case of a tie, the larger integer would
be selected). There is a great deal of freedom in choosing
as the only condition on
is to be a strictly increasing
function of
(The special case where
corresponds to the sequences of [4]–[7].) We show that, similar
to the sequences of [4]–[7], all the proposed sequences are
also capacity achieving. Moreover, we demonstrate that for
, the proposed sequences are superior to those
of [4]–[7] in the sense that for sufficiently large maximum
check node and variable node degrees, they can achieve a target
performance within a given neighborhood of the capacity upper
bound with a smaller maximum variable node degree and a
smaller number of constituent variable node degrees.
As an example, consider rate one-half ensembles with the
, the best achievable
check node degree of 12. For
threshold is upper bounded by
. Using the ensemble construction of [7] with the maximum variable node
degree 1059 and a variable node degree distribution which includes all the degrees from 2 to 1059 (1058 different degrees),
. Pracwe can achieve a threshold which is %99.95 of
tically the same threshold can be achieved based on our pro. In this case, the maxposed sequences with
imum variable node degree is reduced from 1059 to 493 and we
only require 267 different variable node degrees instead of 1058
needed for the construction of [7].
To quantify the convergence speed of the proposed sequences
as the maximum variable node and check node degrees increase,
, our proposed sewe prove that with a proper choice of
quences can be asymptotically quasi-optimal [7], i.e., their decoding complexity increases only logarithmically with the relative increase of the performance with respect to the capacity
upper bound. We note that a stronger result for check-regular
has been established in [7]. In parsequences with
ticular, it is proved in [7] that these sequences are asymptotically
optimal, i.e., their decoding complexity increases not only logarithmically with the relative increase of the performance but
also the coefficient of this increase, , is equal to one. For the
other capacity achieving sequences discussed in [7], including
. We show that if
is a
Tornado sequences, we have
linear function of , our proposed check-regular sequences are
asymptotically optimal.
Due to the fast convergence speed of check-regular sequences
and their simpler structure of having only one constituent check
node degree, our focus in this paper will be mainly on checkregular ensembles. The same design principles however can be
applied to other capacity achieving sequences including those
in [7]. As an example, we also devise new sequences with a
smaller maximum variable node degree and smaller number of
constituent variable node degrees based on Tornado sequences.
Moreover, some of our results and proofs are applicable to a
general check node degree distribution.
It is worthwhile to mention that the extrinsic information
transfer (EXIT) charts of variable nodes and check nodes of
an LDPC code ensemble have been introduced in [13] as an
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important analysis and design tool. In particular, it is shown that
to minimize the gap to capacity, the area between the variable
node EXIT curve and the inverse of the check node EXIT
curve has to be minimized while avoiding any intersection
between the curves (except in the ending points). Using this
idea of curve fitting, Paolini et al. [14] have proposed a design
method based on matching several orders of the derivative of
the variable node and the inverse of the check node curves.
We note that this result is in-line with the flatness condition of
[5] for capacity achieving sequences. Also noteworthy is that
LDPC code ensembles can be designed by solving constrained
optimization problems [15]. The nature of such formulations,
however, does not allow for a systematic design of capacity
achieving sequences of ensembles.
This paper complements earlier results presented in [16] and
[17]. The basic construction of ensemble sequences was presented in [16] and [17] along with simulation results mainly
comparing the performance and the decoding complexity of the
proposed sequences with those of the ensembles designed by
optimization methods for relatively small check and variable
node degrees. In this paper, our focus is on asymptotic performance and convergence speed of the sequences. In particular,
we prove that the proposed sequences are capacity achieving
and that they are asymptotically (quasi-)optimal. Lemma 1 in
Appendix B and Theorems 1 and 2 in Section III deal with the
basic construction of the proposed sequences. Their proofs can
be found in [16] and are not repeated here.
The paper is organized as follows. In the next section,
we define some notations that will be used throughout the
paper. In Section III, we introduce our proposed ensembles
and in Section IV, we prove that they are capacity achieving.
Section V is devoted to proving that the proposed sequences
are asymptotically quasi-optimal or optimal depending on the
. In Section VI, we provide some examples of
choice of
our sequences and compare their performance with those of [6],
[7]. Section VII concludes the paper. Appendix A describes
some properties of fractional binomial coefficients useful to the
derivations of the paper. Some lemmas, propositions, theorems
and their proofs are given in Appendix B.
II. DEFINITIONS
We represent a
LDPC code ensemble with its variable
node and check node degree distributions as

with constraints
(1)

(2)
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where the coefficient of represents the fraction of edges con, and
and
represent
nected to the nodes of degree
the maximum variable node degree and the maximum check
node degree, respectively. It should be noted that throughout
the paper, we sometimes use to represent the maximum variable node degree. The difference between the two representations is clear from the context. Average check node and variand
able node degrees are given by:
, respectively.
The code rate satisfies

degree. The degrees are selected successively from 2 to
, in
addition to the maximum node degree . There are no variable
or larger than
nodes with degrees in the range
. Starting from degree 2 nodes, edge fractions are assigned to
variable nodes of successively larger degrees to achieve a sequences of upper bounds devised based on the convergence con[16], [17].
dition (4) in the vicinity of

(3)

, a given
Consider a check node degree distribution
channel erasure probability , and a maximum variable node
degree . Also consider the following variable node degree
distribution associated with
:

Consider a BEC with erasure probability . The capacity of this
channel is
. For a given code ensemble over a BEC
with a given channel parameter , the sufficient and necessary
condition for the zero probability of message erasure after infinite number of iterations is

A. Ensemble Construction for a Given Channel Erasure
Probability

(4)
(8)
We call any code ensemble that satisfies (4) convergent for the
given . For a code ensemble, the threshold is defined as the
supremum of all values that satisfy (4).

In (8), is a strictly increasing function of and smaller than
, and must satisfy the following inequalities:

III. PROPOSED ENSEMBLE SEQUENCES
Consider a check node degree distribution
. It can be
shown that the Taylor series of
around
is
convergent. Let

(9)
(10)

(5)
where the coefficients are positive.2 We note that for check, there exists
regular ensembles with the check node degree
a closed form expression for
(6)
where the fractional binomial expansion

is defined as [6]

(7)
Some properties of this expansion are discussed in Appendix A.
In the following, we present our ensemble constructions for
. In
the two categories of code design based on a given
Section IV, we prove that the corresponding check-regular ensembles are capacity achieving. The main idea in the construction of the ensembles is to maximize the fraction of the edges
connected to lower degree nodes in a greedy fashion [16], [17].
The number of constituent variable node degrees is controlled
, where is the maximum variable node
by the function
2For

example, the ensembles defined in [7] all have his property.

We call such an ensemble GC which stands for “Given Channel
erasure probability.” Note that for brevity, we have omitted the
. It is also important to note that
notation ’ ’ applied to
corresponds to a special case of GC ensembles
, are nonzero.
where all the coefficients,
Theorem 1: Consider a given check node degree distribution
, and denote the th term of the Taylor expansion of
at
by , as in (5). For a given channel parameter
, there always exists a unique
that satisfies (9) and
(10). For such , in (8),
, and the convergence of the
ensemble constructed based on (8) is ensured. Also, is the
threshold of the constructed ensemble.
, we need
Note that if does not satisfy the inequality
to decrease
by increasing .
. The maxConsider now a GC ensemble for a given
which satimum variable node degree for this ensemble is
isfies (9) and (10). Based on part 1 of Lemma 1 of Appendix B,
to
if we decrease the maximum variable node degree from
, with the same fraction of adjacent edges, the newly
constructed ensemble has a higher rate but can be nonconverwhich results in a convergent
gent. By choosing the smallest
ensemble, we can create a new ensemble, referred to as Modified GC or MGC. Note that the variable node degree distribution
for this ensemble is the same as that of the GC ensemble with
replacing
.
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B. Ensemble Construction for a Given Code Rate
Consider a check node degree distribution
, and a given
code rate . Consider the following variable node degree distribution associated with
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Using (3), it is then easy to see that the following relationship
holds between (the threshold) and :

where

is defined in (6). We thus have

(11)
In (11),
, and

is a strictly increasing function of and smaller than
must satisfy the following inequalities:

(12)

where for the second equality, we have used (A-2). By applying
in the above
the lower and the upper bounds of (A-4) to
equation, we obtain

(13)
(14)
We refer to such an ensemble as GR, which stands for “Given
, where
code Rate.” Note that the special case of
, are nonzero, corresponds to
all the coefficients
the sequences of [7].
Theorem 2: For a given code rate and a given check node
degree distribution
(and thus a given
), if
,
there always exists a unique value of
that satisfies (12) and
, and the convergence of the
(13). For such , in (11),
ensemble constructed based on (11) is ensured. Also, in (11)
is the threshold of the constructed ensemble.
Note that if the code rate does not satisfy the inequality, we
need to increase .
Similar to the case in Section III-A, we can decrease the maxto a
imum variable node degree of a GR ensemble from
smaller value
and design a new GR ensemble for a given
rate. The convergent ensemble corresponding to the smallest
is called Modified GR or MGR. Clearly an MGR ensemble has
a larger threshold value compared to the corresponding GR ensemble.
IV. ACHIEVING THE CAPACITY

where
is the Euler constant. Taking the limit
of both the lower and the upper bounds in (14) as
(and
based on Lemma 2), it is easy to see that both limits
are zero. We therefore conclude that

In other words, as
tends to infinity, for a GC ensemble,
tends to
, and for a GR ensemble, tends to
.
Corollary 1: MGC and MGR ensemble sequences achieve
tends to infinity.3
the capacity as
V. THE CHOICE OF

AND

THE OPTIMALITY/QUASI-OPTIMALITY
OF THE PROPOSED SEQUENCES

For a capacity achieving sequence, it is important to know
how fast it achieves the capacity as the check node degree
increases. This indicates how fast the decoding complexity increases as the performance improves. A GR sequence
of degree distributions with rate
is called asymptotically
exists for which
quasi-optimal [7] if a constant

In this section, we consider check-regular ensembles and
show that GC and GR ensembles can achieve capacity as the
and consequently tend to infinity. To
check node degree
prove the main results, we need lemma 2 from Appendix B.

where

Theorem 3: GC and GR ensemble sequences achieve the catends to infinity.
pacity as

and

Proof: For both GC and GR ensembles, we have
3Note that the assumption that f (N ) is an increasing function of N was used
to show that the first terms of the lower bound and the upper bound of (14)
tend to zero as tends to zero. The same result could follow from the weaker
1=f (N ) = 0.
condition of lim
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Parameter
is the threshold of the ensemble sequence. The
. A GC sequence
closer is to 1, the faster approaches
of degree distributions constructed for a given channel
erasure probability is called asymptotically quasi-optimal if a
exists for which
constant

where

shown that
and
for GC and GR
ensembles, respectively. To prove the main results, we need
Lemma 3 and Propositions 1 and 2 of Appendix B.
Theorem 4: GC and GR ensemble sequences for which the
is chosen such that
, where
function
, and for GR ensembles
for GC ensembles
, are asymptotically quasi-optimal with param, and
, respeceters
tively.
Proof: We first consider the GR ensemble sequence with
code rate . From Lemma 3, we have

Parameter
is the rate of the ensemble sequence.
A GR sequence
of degree distributions giving rise to
codes of rate is called asymptotically optimal [7] if a constant
exists for which
Taking the logarithm of all terms and multiplying by
, we obtain
where

Extending this definition to GC sequences, A GC sequence
of degree distributions constructed for a given channel
(
erasure probability
is called asymptotically optimal if a
constant exists for which

Consider now the limit of the upper bound of the above in:
equality as

where

It can be verified that an asymptotically optimal ensemble se.
quence is asymptotically quasi-optimal with
It is shown in [7] that check-regular GR ensembles with
are asymptotically optimal. In the sequel, for
, for
the proposed check-regular sequences with arbitrary
both categories of GC and GR sequences, we find conditions
which are sufficient for the sequences to be asympon
totically quasi-optimal and optimal, respectively. In the set of
, we focus on a subset for which
all possible choices for
exists.4 In this subset, we consider two categories: 1)
, and 2)
.
For the first category, we prove in Theorem 4 that if an adholds, where for
ditional condition
, and for GR ensembles
GC ensembles
, the sequence is asymptomatically quasi-optimal. For the second category, we prove in Theorem 5 that the
resulting sequence is asymptotically optimal. This also implies
the asymptotic quasi-optimality of the sequences in the second
category. Note that for the second category it can be easily
1:

4Note that since 0

(15)

< f (N ) < N , we necessarily have 0  lim



(16)
Manipulating the limits at the right hand side of (16), for the
second limit, we have

(17)
where for the last equality, we have used
,
, based on Proposition 1, and
and
, based on theorem’s assumption.
We now consider the first limit on the right hand side of (16).
Based on Proposition 2, we have
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Thus

sequences, we have

Therefore, the first limit on the right hand side of (16) can be
written as

.
Now based on Proposition 1, for GC ensemble sequences,
and therefore,
we have
. For GR ensemble sequences,
based on Proposition 1, we have
and therefore
.

(18)

Now we show that if
is chosen such that the limit of its
ratio over tends to a positive constant, the resulting sequence
is in fact asymptotically optimal. To prove the main result, in
addition to Lemma 3 and Proposition 1, we need Proportions 3
to 5 of Appendix B.
(19)
where for the second equality, we have used (18), and for the last
, and the fact
equality, Proposition
are used. By replacing (17) and (19) in
that
(16), we conclude that

Theorem 5: GC and GR sequences for which function
satisfies
, are asymptotically optimal
with
, where is the Euler constant.
Proof: We provide the proof for GC sequences. The proof
for GR sequences is similar. From Lemma 3, we have

(20)
With a similar approach, one can prove that the limit of the lower
bound of (15) is also equal to
as tends to zero. We
therefore have

For GC sequences, we multiply both sides by
, to obtain

(21)
With similar arguments, one can see that (21) is also valid for
GC ensemble sequences where has to be interpreted as
and
has to be replaced by .
Inverting both sides of (21) and multiplying them by
, we
obtain

For the case of GR sequences,
Therefore

is a positive constant.

This proves the theorem for GR sequences. For the case of GC
is a positive constant. Therefore, using
sequences,
(21), we have

This proves the theorem for GC sequences.
Corollary 2: GC and GR sequences with
,
and
and is an arbitrary constant,
where
.
are asymptotically quasi-optimal with
Proof: First note that the bounds on are necessary to ensure that asymptotically
. For GC and GR ensemble

(22)
We now consider the upper bound of (22) and find its limit as
. Rearranging the terms, we have
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where in the third equality, the first limit is obtained based on
Proposition 4, the second limit based on Proposition 5, the fifth
limit based on Proposition 1 and the sixth limit based on Proposition 3. It can be similarly shown that the lower bound of (22)
has the same limit as tends to zero. We therefore conclude that

VALUES OF

(

=

TABLE I

;

1 FOR RATE-1/2 GR ENSEMBLE SEQUENCES
) AND AN MGR SEQUENCE ( ) WITH

AND

C ;C ;C ;C

C

DIFFERENT CHECK NODE DEGREES

which completes the proof.
Corollary 3: GC and GR sequences with
,
where is an arbitrary constant, are asymptotically optimal with
.
Note that for an asymptotically optimal sequence, the smaller
the , the faster it achieves the capacity. For GR and GC se, the smallest value for
is
quences with
. This corresponds to the check-regular
obtained when
. For other values of
sequences proposed in [6], [7] with
, is larger. Results similar to those of Theorems 4 and 5 also
apply to MGC and MGR sequences, although we have not been
able to compute the constants and for these sequences analytically. In the next section, we show that for MGC and MGR
, for a given value of , the value
sequences with
of tends to a constant between and
and
is in fact very close to .
Finally, it is important to note that the results obtained in
[7] and extended in [12], on the convergence speed of capacity
achieving sequences are only applicable to the special case of
. More specifically, for the check-regular sequences which are the main focus our work, the asymptotic optimality is proved and is derived in [7] for the special case of
. Our results in Theorems 4 and 5 are, however,
. Our
more general and apply to the case where
attempt to find clear relationships between the analysis of [7],
[12] and that of this paper with the purpose of simplifying our
proofs has been unsuccessful.

TABLE II
VALUES OF P; D AND FOR RATE-1/2 MGR ENSEMBLE SEQUENCES
WITH f N
aN
b FOR DIFFERENT VALUES OF a

( )=[ ]+

VI. SIMULATION RESULTS
In this section, we first consider GR ensembles with
rate one-half. For other code rates similar results are obtained. We consider check-regular sequences with different
functions and compute the values of
and .
, and
with
Consider GR ensemble sequences
,
, respectively. Also let
be the MGR
and
ensemble with
. Note that
is the same as
the rate one-half check-regular ensemble of [7]. The constant
values have been used to ensure that for smaller values of check
node degrees (and thus smaller values of ), we have at least 3
constituent variable node degrees. Note that for large values of
, the effect of constant values is negligible. The results have
been shown in Table I.
As can be seen in Table I, while all ensembles are capacity
achieving, their speed of achieving the capacity is different. Enachieves the capacity very slowly. It can be seen that
semble
increases as
increases and the ensemble is not asymptotis asymptotically quasi-opically quasi-optimal. Ensemble
timal and the value of
tends to 2 based on Corollary 2. It can

be seen however that does not decrease uniformly to its limit
and . Ensembles
and
are asympas opposed to ,
tends
totically optimal. Based on Corollary 3, the value of
. By comparing the values of and for
to
and , it can also be seen that
converges much faster to
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Fig. 1. The maximum variable node degree (dotted lines) and the required number of constituent variable node degrees (solid lines) versus the performance of
rate-1/2 MGR ensembles with f (N ) = aN + b for different values of a.

the capacity compared to . This is in addition to the advantage of
over
in having a smaller maximum variable node
degree.
Another important comparison is to see that the values of
are very close to those of
for a given
. This means that
the MGR ensembles introduced here have more or less the same
speed of convergence to the capacity as the check-regular enhas a much smaller number
sembles of [7] do. This is while
of constituent variable node degrees (by a factor of about 4 for
values) and a much smaller maximum variable node
larger
degree compared to .
In general, the results of Table I suggest that choosing linear
for
would result in ensembles that perfunctions of
form very closely to those proposed in [7] but with a considerably smaller number of constituent variable node degrees and a
smaller maximum variable node degree. Other choices of
may also result in capacity achieving sequences but with a lower
speed of convergence. These sequences may still be of interest
due to their smaller number of constituent variable node degrees.
and
In the following, we concentrate on
study the effect of coefficient on the performance of the proand
, the
posed ensembles. Note again that for
resulting ensemble sequence is identical to that of [7]. Consider rate one-half check-regular ensembles corresponding to
, respectively, and
. For each value
of and each check node degree, we construct an MGR ensemble for which
is obtained from (12) and (13). For this
ensemble, the number of constituent variable node degrees is

, and we use the ratio of the ensemble threshold
equal to
to the best achievable threshold
as the mea). The results for these
sure of performance (
ensembles are reported in Table II along with the values. The
, the larger the ,
results of Table II show that, for a given
the better the performance, and the best performance is achieved
(some inconsistencies for small values of
might
for
be caused by the constant term ). However, an almost similar
performance can be achieved by the proposed MGR ensembles
for the same value of
with considerably smaller and
or with
.5
In Fig. 1, we have shown the values of
and versus the
performance of the ensembles with different values of and
for practical values of
(
values are chosen such that the
are less than 100). As can be seen
corresponding values of
, the ensembles
in Fig. 1, compared to the ensemble with
corresponding to all other values of require smaller values of
and to achieve a certain performance. Again note that in
for different
Fig. 1, for a given performance, the values of
ensembles are only slightly different (by zero or one).
Another issue which is important in comparison of the proposed ensembles with those of [7], is the number of iterations required to achieve a certain erasure probability. In Fig. 2 we have
shown the number of iterations required to achieve the erasure
5We note that for a given D , the performance of the proposed MGR ensembles is always upperbounded by that of the right regular sequences of [7]. However, for larger values of D , the performance of the proposed MGR ensembles
quickly tends to its upperbound such that the performance of both ensemble
types can be considered practically identical.
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Fig. 2. The required number of iterations required to achieve the erasure rate of 10 for different values of channel erasure probabilities for rate-1/2 ensembles
(Full lines correspond to C and dashed lines correspond to C , for D = 9, the two curves fall on each other).

rate of
for different values of channel erasure probabilities
for rate-1/2 ensembles. The full curves correspond to MGR seand the dashed curves correspond to Shokrollahi’s
quence
. In general, the difference in the number of itsequence
erations is directly related to the gap between the ensemble
threshold and the channel erasure probability. For larger values
of , where the threshold of the proposed ensembles and those
of [7] are very close, the convergence speed to zero erasure probability with the increase in the number of iterations, is basically
the same across the whole range of channel erasure probabilihowever, where there is some nonties. For lower values of
negligible gap between the two thresholds, although the number
of iterations is very close for both cases, Shokrollahi’s ensembles converge slightly faster. The difference is predictably more
pronounced for larger channel erasure probabilities.
Related to results of Fig. 2, it is worthwhile to note that in [18],
the authors have derived lower bounds on the number of iterations required for successful message-passing decoding of LDPC
codes over the BEC. These results indicate that if the fraction of
degree-2 variable nodes does not vanish, then the number of iterations scales at least like the inverse of the gap to capacity.
It is worthwhile to note that the authors in [18] derive lower
bounds on the number of iterations for LDPC, IRA, and ARA
codes over the BEC in terms of their achievable gap to capacity.
One of the results proved in [18] for the BEC, is that if the fraction of degree-2 variable nodes does not vanish, then the number
of iterations grows at least like the reciprocal of the achievable
gap to capacity under iterative message-passing decoding. This
fact can be confirmed quantitatively by Fig. 2.

As we explained before, the proposed degree distributions
have smaller maximum variable node degrees compared to those
of [7] for a given check node degree distribution. Consequently,
the convergence speed of the performance of finite-length codes
from the proposed ensembles to the asymptotic results would be
faster than that of [7]. This is a consequence of the well-known
result that larger maximum variable node degrees imply slower
convergence of the finite length performance to the asymptotic
threshold [15] and presents yet another advantage of the proposed sequences. To verify this, we consider the two ensembles
within sequences of
and , and call them
with
and , respectively. Ensemble
has maximum variable node
degree of 31 and threshold of 0.4953 which is slightly worse
has maximum
than 0.4958, the threshold of . Ensemble
variable node degree of 61. In Fig. 3, we have presented the
performances of codes with block length 10 000 from the two
ensembles. We have set the maximum number of iterations to
outperforms the code
200. Fig. 3 shows that the code from
despite
having a worse threshold. We expect that the
from
since this makes
gap in performance increases by increasing
the threshold difference smaller and the difference between the
maximum variable node degrees larger.
Although we proved our results on capacity achieving properties of constructed sequences for check-regular ensembles, the
same principles can be applied to other check node degree distributions to construct GC, GR, MGC and MGR ensembles. In
Table III, we have used check node degree distributions of Tornado sequences [7] and have constructed an MGR ensemble seof rate one-half with
. Based on
quence
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Fig. 3. Performance of codes of block 10 000 from ensembles E and E .
TABLE III
VALUES OF D , N , =,  AND FOR RATE-1/2 MGR ENSEMBLE SEQUENCE
C , BASED ON THE TORNADO SEQUENCES, FOR DIFFERENT VALUES OF d

1

. The
values for
in [7], it is only equal to 289 for
sembles with different values are given in Table III.

en-

VII. CONCLUSION

the values, the sequence seems to be capacity achieving. The
sequence also seems to be asymptotically quasi-optimal as its
values do not increase as the average check node degree increases. The sequence, however, is not asymptotically optimal.
The reason is that our proposed sequences can never perform
better than those proposed in [7] for a given check node degree
distribution. Since the Tornado sequences of [7] are not asymptotically optimal, we do not expect our sequences to be asymptotically optimal either. The comparison of values between
the proposed sequences and Tornado sequences of [7] indicates
that roughly the same performance as in [7] can be achieved by
and .
the proposed ensembles with much smaller values of
has roughly one fourth of the number of conIn particular,
stituent variable node degrees needed for the sequence of [7].
ensembles are also
The maximum variable node degrees for
much smaller than the corresponding Tornado sequence of [7].
, while
for the ensemble
For example, for

In this paper, we presented new sequences of LDPC code
ensembles that can achieve the capacity of the BEC. Unlike
the sequences proposed by Shokrollahi et al. [7], which have
nonzero coefficients for each constituent variable node degree
, where is the maximum variable node degree, the
new sequences have only nonzero coefficients for
and
(there are no variable nodes with degrees
). In terms of performance,
in the range
the proposed sequences perform similar to those of [7] with
a smaller number of constituent variable node degrees and a
smaller maximum variable node degree. We also proved that
the proposed sequences are asymptotically quasi-optimal or op. In particular, asymptotic optimal for proper choices of
.
timality was proved for a linear
APPENDIX A
FRACTIONAL BINOMIAL COEFFICIENTS
Based on the properties of the Fractional Binomial Coefficients [6], we have the following relationships for
:

(A-1)
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If
tends to infinity,
To prove

tends to zero and will tend to infinity.
, we use (9) and (A-1) to obtain

(A-2)
Based on the lower bound of (A-3), the above inequality results
, where is the Euler
in
constant. Therefore

Also from the proof of Proposition 1 of [6], we have

(A-3)
where
to

is the Euler constant. This is equivalent

Taking the power
of both sides and then multiplying both
, we have
sides by
(B-1)

(A-4)
where

Taking the limit of the right hand side of (B-1) as
zero, we obtain

and

tends to

.
Based on (A-2), it is easy to see that

(A-5)
APPENDIX B
LEMMAS 1–3 AND PROPOSITIONS 1–5 AND
PROOFS THEOREMS 1 AND 2
Lemma 1: Consider a given check node degree distribution, a given channel parameter and a given set of
constituent variable node degrees. Let be a convergent code
with variable node degree distribution
ensemble of rate
. For given integer numbers and in
,
, we form a new ensemble
with rate
such
,
and
, for
( is
that
chosen such that
and
). We have:
, then
.
1) If
,
is convergent.
2) If

where the limit is derived based on the fact that the first two
limits are finite and the third limit is zero. To show that the third
.
limit is zero, we argue as follows. Let
We then have

where the second equality is based on
, and
the last one is based on
and
. The above
. Based on (B-1), we therefore
limit implies
have

Proof: See [16].
Proof of Theorem 1: See the proofs of Theorems 1 and 2
in [16].
Proof of Theorem 2: See the proofs of Theorems 3, 4, and
5 in [16].
Lemma 2:
For GC and GR ensembles, if
tends to infinity, the value
of
in Theorems 1 and 2 also tends to infinity. Moreover,
tends to infinity much faster than
does. This is such that

This completes the proof for GC ensembles.
For GR ensembles, based on (12),
must satisfy
. Replacing with

in the denominator of the terms

, we obtain

By replacing

with

in this inequality, we have
(B-2)

Proof: We first prove the lemma for GC ensembles. Based
on (6), it is easy to see that
. This combined
. Replacing
with its value , we
with (9) results in
then have

If
tends to infinity, tends to zero and based on (B-2),
will tend to infinity. To prove that
, we use
(12) along with (A-1) and (A-2) to obtain

SAEEDI AND BANIHASHEMI: LDPC CODE ENSEMBLES OVER THE BINARY ERASURE CHANNEL

By slight manipulation of this inequality, we have

GC sequences, and replacing
bounds, we obtain
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with its upper and lower

Considering that both sides of the inequality are positive based
, and divide
on (A-5), we take both sides to the power of
to obtain
them by
(B-4)

Using the lower bound of (A-4) in the numerator and the denominator, we have

Proposition 1: Consider check-regular GC and GR ensemble sequences for which the values of are computed based
on the equation pairs (9), (10), and (12), (13), respectively. For
the GC ensemble sequence with the channel parameter , we
have

(B-3)
Rearranging the terms, dividing the sides by and replacing the
value of
from Appendix A, we have
where is the Euler constant, and for the GR ensemble sequence
with rate , we have

Using an argument similar to that of GC sequences, one can
show that the limit of the right-hand side (RHS) of the above
inequality is zero, and, thus

and

Proof: For GC sequences, using ( ), (A-1) and (A-4), we
This completes the proof for GR sequences.

have

Lemma 3: For GC and GR ensemble sequences, the following relationship holds:
Moreover, using (10), (A-1) and (A-4), we can see that

Putting the two bounds together, taking all terms to the power
, and dividing them by , we obtain
of
(B-5)
where
and
should be interpreted as
and
and
for GR and GC sequences, respectively, and
and
, as also
defined in Appendix A.

and
from Appendix A
Replacing the values of
in (B-5) and slightly manipulating the inequality, we obtain

Proof: For both GC and GR sequences, we have

For the upper bound, we have
where for the second equality, (A-1) is used. Inserting the above
into (14), which also applies to both GR and
equation for

(B-6)
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and for the lower bound, we have

(B-7)
where in both cases, we have used the relationship
, where is a constant with respect to
(B-6) and (B-7), we conclude that

Proof: We only state the proof for GC ensembles. The
proof for GR ensembles is similar. From the proposition as. From
sumption, we have
Proposition 1, we have
. By dividing the
sides of these two equalities, we obtain

. From

where

. Now based on the definition of the limit

Also note the following.
. Therefore
Bearing in mind that
, and
This completes the proof for GC sequences.
For GR sequences, starting from (B-3) and setting
have

, we choose such that
. We thus

have
, we

With a similar argument to the one that led to (B-3), and using
(A-1), (A-2), and (13), we can see that

Taking the limits of all terms as

, we have

Putting the bounds together, replacing the values of
and
from Appendix A, and taking the limit of both bounds
as tends to zero, we can see that both limits have the same
value equal to . We thus have

Since constants
and
are smaller than 1, and using
an argument similar to the one in the proof of Lemma 2
), the limits of the upper and the lower
(
bounds are zero, and thus

(B-8)
Also note that

Using the assumption
shown that

. Therefore

This completes the proof for GR sequences.

Using (B-8), we obtain

Proposition 2: Consider GC and GR ensemble sequences
for which the values of are computed based on the equation
pairs (9), (10), and (12), (13), respectively. If function
is also chosen such that
, where for GC
, and for GR ensembles
ensembles
, we have

Therefore

It can be similarly proven that

where should be interpreted as

for GR sequences.

This completes the proof of the proposition.

, it can be simply
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and thus

Proposition 3: If function
satisfies
, where
, then for GC ensembles

and for GR ensembles

Proof:

We
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It is a straight forward exercise to see that the limit of both the
as tends to
upper and the lower bounds is
zero. This implies that

first consider GC
, or equivalently

sequences.

From
, we

Similarly, one can see that

have

Therefore, for

This completes the proof for GC sequences.
The approach for GR sequences is similar and thus omitted.

,

Proposition 4: If function
We now take all terms to the power of , and multiply them by
, to obtain

, where

satisfies

, then for GC ensembles,

, and for GR ensembles,
is the Euler constant.

, where

Proof: For GR ensembles, we have
By slightly modifying the lower bound, we obtain

From (B-5), we have

. This is equiv-

and
alent to
We therefore conclude that

.

where the last equality follows from Proposition 1 and the assumption of Proposition 4.
The proof for GC ensembles is similar.
Proposition 5: For GC and GR ensemble sequences, if
, then
and
, for GC and GR ensemble sequences,
respectively.
Proof: The proof follows from Proposition 1, i.e., for
GC and GR ensembles, we have
and
, respectively, and that by the assumption, we

or equivalently

.

have
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