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Abstract—Spectrum mobility in cognitive radio networks not
only enables the secondary users to guarantee the desired QoS
of the primary users but also grants an efficient exploitation of
the available spectrum holes in the network. In this paper, we
propose a probabilistic approach in determining the initial and
target channels for the handoff procedure in a single secondary
user network. To characterize the network, a queuing theoretical
framework is introduced, and “stay” and “change” handoff policies are both addressed. The performance of the secondary user
in terms of average sojourn and extended service times for secondary connections is analyzed, and convex optimization problems
with the objective of minimizing those times as well as analytical
solutions are presented. Simulation results confirm the validity
of our analytical approach.
Index Terms—Cognitive radio, spectrum handoff, preemptive
priority, queuing theory.

I. I NTRODUCTION

C

OGNITIVE radio has been introduced to address the
current spectrum scarcity, by letting the secondary users
(SUs) opportunistically access the underutilized licensed spectrum of the primary users (PUs) [1]–[3]. Preserving the desired QoS of the primary users along with the user mobility
necessitates the spectrum mobility for the secondary users in
the network [4]. Due to its mobility, an SU may change its
place (e.g., its cell in a cellular network) during its transmission,
hence may enter a new region in which its current channel is in
use by a primary user [5]. Also, because of the stochastic nature
of the primary data, the primary traffic in any given region
is time-varying, resulting in undetermined changes in channel
opportunities [2]. In both cases, to limit the secondary interference on the primary transmission during its channel access
and also to avoid secondary user’s service termination, the user
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must be able to vacate its transmission channel upon the appearance of a primary user and to re-establish another communication link, a procedure known as spectrum handoff [6].
Generally, the schemes proposed for the spectrum handoff can be categorized into two main groups: slot-based and
connection-based [6]. In the first approach, the spectrum handoff occurs in a time-driven manner; hence, the channel selection
takes place at the beginning of each time slot with the objective
of maximizing the secondary throughput [7] and [8]. To this
end, the SU must sense the primary channels and decide on their
availabilities at the beginning of each time slot. Considering
practical limitations, it is not possible to sense all channels, but
only one or a few of them in a sequential [9] and [10] or parallel
[11] manner. Whether primary traffic statistics are known by
the SU or not is another important factor in determining the
optimal candidate channels for sensing in each time slot. In
[12] and [13], the primary traffic statistics are assumed to be
unknown by the secondary user, while in [7]–[11], the authors
assume that the primary traffic follows an on–off model, known
by the SU.
On the other hand, in the connection-based scheme which
is also the focus of this paper, a channel is selected for the
whole transmission of a new connection demanding multiple
slots, and the handoff is performed only when the PU returns
to the channel. In fact, a connection is equivalent to a variable
length packet (whose transmission time may follow a geometric
distribution as in [6]) and it is possible that several connections
of a secondary user are active simultaneously on different channels. Moreover, the transmission of each secondary connection
takes place in consecutive time slots until it is interrupted by
the primary user of the corresponding channel. The transmission is then continued in a target channel which is selected
according to the handoff policy. Interruptions by the PU will
increase the transmission delay of a connection and degrade the
secondary QoS; thus, the interrupted transmissions should be
quickly switched to an appropriate target channel and resumed
afterwards [6].
Considering the time instant of target channel selection, the
spectrum handoff in cognitive radio is categorized into two
main types: reactive and proactive [14]. In reactive approach,
the target channel is determined in an on-demand manner [15],
[16]. In other words, when the secondary transmission becomes
interrupted the SU will initiate the spectrum sensing on other
channels in the network and will resume its transmission when
an idle one is found. Since the SU will need some time to adjust
its circuitry for sensing different channels, it will become a
time-consuming process. In addition, there must be a consensus
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between the secondary transmitter and receiver, which also
imposes some delay on the transmission. The advantage of this
method is mainly the instant resumption of the transmission as
soon as an idle channel is found.
In the proactive handoff, the target channels are determined
beforehand and according to the long term traffic statistics
[17]. In this way, since the channels are predetermined, the
transmitter and receiver are both aware of the target channel
and achieving a consensus is easier and less time-consuming.
Although in this approach searching and sensing time are not
required and the adjustment in the circuitry is needed only once,
the target channel may not be always available when an interruption occurs. Hence, after being switched to the new channel,
the SU may have to wait till the target channel becomes idle.
Also, since the SU may be interrupted during the transmission
of a particular connection several times, to meet the possibility
of multiple handoffs, a sequence of target channels rather than
a single one should be determined.
In [18], the target channels are sorted in descending order
based on their idle probabilities; however, this selection will be
optimal for the case of single SU with transmission only on
one channel. For the case of multiple secondary users and also
parallel transmissions in different idle channels, primary and
secondary traffic must be considered jointly.
For general cases, multiple factors such as primary traffic
statistics, arrival rates and service times of the secondary connections, and the possibility of multiple interruptions must be
taken into account. The framework introduced in [19] exploits
queuing theory and is capable of modeling different factors.
In [6], this framework is studied in detail and the average
waiting and extended delivery times are analytically derived.
The performance is then analyzed for two handoff policies,
i.e., always-staying and always-changing to the neighboring
channel. In [20], the authors have extended the work of [6] and
[17] to find the optimal target channel sequence. In this respect,
to determine the optimal sequence, it is assumed that all other
secondary connections in the network, except for the one whose
target sequence is being optimized, will not change their transmission channels when they are interrupted. In other words,
the handoff traffic corresponding to different connections do
not interact. Then, by this assumption to reduce the exhaustive
search complexity, an algorithm based on trellis diagram and
also a suboptimal greedy one were proposed. In practice, however, handoffs may cause secondary traffic on different channels
to interact.
In this paper, we propose a probability-based method for
both the initial and target channel selections of each secondary
connection. That is, unlike [20], all connections will be modeled with the same handoff capabilities. For the performance
evaluation and comparison, both “stay” and “change” handoff
policies are considered. Probabilistic nature of the proposed
target channel selection scheme will enable different secondary
connections to exploit different sequences, hence smoothly
distributing secondary traffic through all primary channels, a
feature that was not focused in [14] and [18]–[20]. Although
probabilistic approach in initial channel selection was also
exploited in [21], here, we provide the closed form solution;
hence, we are able, to exploit optimal probabilities at low
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computational cost. In addition, the main contribution of this
work is the extension of this model to switching-enabled SUs
(i.e., “change” policy against “stay” policy) and the analytical
results are provided for such a scenario as well.
To evaluate the secondary performance, the extended service
and sojourn times of the secondary connections are derived by
exploiting a preemptive resume priority (PRP) Geom/Geom/1
queuing system model [19]. Then, the optimization problems
with the objectives of minimizing secondary extended service
and sojourn times are formulted and considering the complexity
of the problem, a modification is introduced. In this approach,
one set of the probabilities is fixed, hence the problem turns into
a convex one and the other set can be analytically determined.
In our analysis, the possibility of multiple handoffs is taken
into consideration and analytical solutions for channel selection
probabilities are presented, in which the effects of changes in
primary and secondary traffic are clearly reflected. Simulation
results clearly verify the validity of our analytical approach.
The rest of the paper is organized as follows. In Section II,
the proposed system model and “stay” and “change” handoff
policies are described. Performance analysis and problem formulation with the objective of minimizing average secondary
sojourn time along with analytical solutions are derived in
Section III. In Section IV, simulation results are presented, and
finally, Section V includes our concluding remarks.
II. S YSTEM M ODEL
We consider a time-slotted cognitive radio network (CRN)
consisting of Np independent primary users with nonoverlapping default channels for each user, i.e., Np channels.
In addition, we consider a single secondary user which intends
to exploit spectrum holes in an opportunistic manner, capable
of applying a connection-based spectrum handoff.
To avoid interference and QoS degradation for the PUs, prior
to any transmission at any channel, the SU is supposed to
perform spectrum sensing at the beginning of time slots, and
will be allowed to transmit at the rest of the slot if and only if the
channel is sensed idle. The duration of each time slot is denoted
by Tslot and the sensing time required for determination of the
occupancy state of the channel is assumed to be Tsense . This
listen-before-talk access scheme is taken from the IEEE 802.22
standard [22]. In practical cases, sensing is accompanied with
missed detection and false alarm errors, but for the sake of
simplicity in our analysis, in this paper, it is assumed to be
perfect as in [14]–[20].
From a queuing theoretical point of view, at each channel,
there will be high and low priority queues corresponding to primary and secondary packets, respectively, waiting to be transmitted over that specific channel. The primary connections have
preemptive priority and the service policies of both queues are
“FCFS.”
The arrival process of primary connections at channel k and
the secondary connections are considered to be Bernoulli with
(k)
rates of λp and λs , respectively. Furthermore, let variables
(k)
Xp and Xs denote the service times of the primary connections at channel k and secondary connections, respectively,
(k)
with geometric distributions, and bp (n) and bs (n) represent
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the corresponding probability mass functions (pmf). It is worth
mentioning that the proposed model can be useful in cases
where the secondary user is a broadband user who interferes
with Np narrow-band primary links ([23], [24]). In this case,
the cognitive node sends its information on all empty channels
via OFDM scheme. Moreover, in cases where the secondary
network is comprised of multiple secondary users with the
same Bernoulli arrival process and the same service times,
as far as the channel assignment is concerned, the secondary
network can be modeled as a single cognitive user. Hence,
the proposed model is applicable for such scenarios as well,
provided that a central controller schedules the secondary users
and assigns the connections of the secondary users to different
channels due to primary user interruptions. For the case of
a narrowband cognitive node among Np primary narrowband
users it is necessary that the cognitive node be equipped with
multiple radios. Also note that this work does not cover the
scenarios in which the users are broadband with a single queue,
i.e., transmitting on empty channels in parallel.
As mentioned earlier in this paper, we study the connectionbased spectrum handoffs in CRNs. Load balancing techniques
must be exploited to distribute the secondary connections
among network channels at their arrivals. Here, we consider a
probabilistic approach for initial channel selection for newly
arriving secondary connections as in [21], in which the transmission channel is selected based on a predetermined set of
probabilities. We denote the initial channel selection probabilities set by vector Pinitial = (P1 , P2 , . . . , PNp ), with the kth
element indicating the selection probability of channel k as the
transmission channel for a new connection. Thus, the arrival
process of the new secondary connections at channel k is
Bernoulli with the rate:
λ(k)
s = Pk λ s .

(1)

After the initial channel selection, the corresponding connection will be placed at the end of the corresponding queue
and will wait until all previously arrived secondary connections
are transmitted and the corresponding high priority queue is
empty. Then, the transmission will begin and will be continued
in consecutive time slots until the transmission time is over, or
a new primary packet arrives. By the arrival of a new primary
connection, at the first coming transmission slot, the SU will
sense the channel in the sensing phase, recognize it as an
occupied channel, pause its transmission, and a handoff will
take place. In this paper, two handoff policies are considered:
“stay” and “change,” which are discussed in the following.
A. The Stay Policy
In the “stay” policy as in [19] and [21], after the occurrence
of an interruption, the secondary transmission will be paused
as long as the channel is busy, i.e., the primary busy period,
and will be resumed once it becomes available again. Hence
in this scheme, the packets may undergo some waiting time
during their transmissions. In other words, the service time is
increased to the extended service time, including the secondary
transmission and possible primary busy periods.

B. The Change Policy
In the “change” policy, the secondary connection can change
its transmission channel upon the arrival of a primary connection. This scheme is studied in the literature to some extent
[19] and [20]. However, to the best of our knowledge, in all
previous studies the authors have used the same target channel sequences for all secondary connections. Determining the
optimal target channel sequence requires high computational
complexity and no efficient method has been introduced yet. In
contrast, in this paper we propose a probabilistic approach, in
which the target channel is selected based on a predetermined
set of probabilities, referred to as “target channel selection
probabilities.” Let for all j, k = 1, 2, . . . , Np , rkj denote the
probability that a connection being transmitted on channel k is
switched to channel j to continue its transmission, conditioned
on being interrupted before service completion. Then, we
will have
∀ k = 1, 2, . . . , Np :

Np


rkj = 1.

(2)

j=1

Also, we define rk0 as the probability of service completion of
a secondary connection transmitted at channel k without facing
any interruption.
For each new secondary connection, in addition to the selection of an initial transmission channel, a sequence of target
channels is also determined by using the corresponding set of
target channel selection probabilities; thus, different connections will have different target channel sequences. Hereby, the
traffic will be distributed through the available channels more
smoothly, and since the connections will not be guided to the
same channel, the secondary user will be able to exploit all
possible opportunities in different channels.
After being switched to a new channel due to an interruption,
the connection will be treated as a newly arriving packet with
a service time equal to its remaining transmission time. The
same situation may happen in the new channel. That is, the
connection may be interrupted again during its transmission.
The possibility of multiple interruptions by the PUs is the
reason behind determining a sequence of target channels for
secondary connections when utilizing the “change” policy in
spectrum handoff.
III. P ROBLEM F ORMULATION AND
P ERFORMANCE A NALYSIS
In this section, the performance of the secondary user
is analyzed and the optimal and suboptimal parameters are
derived to achieve the desired performance. We consider a
PRP Geom/Geom/1 queuing system model in which the interactions between PUs and SUs can be fully taken into
account.
A. The Stay Policy
As stated, in this policy, the transmission channel for a
new packet will be selected upon its arrival according to the
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Fig. 1. Preemptive resume priority Geom/Geom/1 queuing model for channel
k in the “stay” policy.

probabilities specified in the initial channel selection vector
Pinitial = (P1 , P2 , . . . , PNp ), and will not change throughout
its transmission. In other words, whenever the transmission
is interrupted by the arrival of a new primary connection,
the secondary transmission will be paused until the end of
the primary busy period and resumed afterwards. This traffic distribution scheme will make the arrival process of all
SU connections at any channel k follow a Bernoulli dis(k)
tribution with a rate of λs , given in (1). Also, since the
selected channel will not change later, it can be modeled
as in Fig. 1 and studied independently from the rest of the
network.
Transmission of a new secondary connection can only be
initiated after service completion of all primary connections and
(k)
previous secondary connections. Denote Wstay as the waiting
time of a secondary connection initially assigned to channel k
exploiting the “stay” handoff policy. By applying the queuing
theory to the corresponding PRP Geom/Geom/1 channel, one
can obtain [25]


(k)
(k)
W̄stay = E Wstay
(k) (k)

(k) (k)

(k) (k)

current primary and secondary connection respectively, and are
equal to [25]

2 
(k)
E Xp
1
 − ,

(7)
rp(k) =
(k)
2
2E Xp

2 
(k)
E Xs
1

 − .
rs(k) =
(8)
(k)
2
2E Xs
Multiple interruptions by PU lead to multiple pauses; hence,
the overall service time of the secondary connection, referred
to as extended service time must be considered. From [25],
the average extended service time of a secondary connection
(k)
at channel k, denoted by S̄stay can be derived as


 E Xs(k) − ρ(k)

p
(k)
(k)
S̄stay = E Sstay =
.
(9)
(k)
1 − ρp
Total sojourn time of a secondary connection at channel k,
(k)
denoted by Tstay , is the summation of the waiting time and the
extended service time, and is equal to






(k)
(k)
(k)
(10)
E Tstay = E Wstay + E Sstay .
Now, with the objective of minimizing the average extended
service or sojourn time, the initial channel selection probability
vector can be optimally determined.
1) Minimization of the Average Extended Service Time:
With the goal of minimizing the average extended service time
for the secondary connections, the problem can be formulated
as follows:
min S̄stay

(k)

Pinitial

ρp rp + ρs rs + ρp ρs
ρp

+
,
=
(k)
(k)
(k)
(k)
(k)
1 − ρp − ρs
1 − ρp
1 − ρp − ρs
(3)
where E[.] is the expectation function, and


(k)
(k)
= λs Pk E [Xs ] ,
=
λ
E
X
ρ(k)
s
s
s


(k)
(k)
ρ(k)
,
p = λ p E Xp

(4)

s.t.

⎧ (k)
(k)
⎪
ρp + ρs < 1; k = 1, 2, . . . , Np
⎪
⎪
⎪
⎨ Np
Pi = 1
⎪
⎪
i=1
⎪
⎪
⎩
0 ≤ Pi ≤ 1; i = 1, 2, . . . , Np ,

S̄stay =
and
is the waiting time a secondary connection undergoes between its arrival at channel k and the start of its
transmission, and does not include the waiting time that may
(k)
be imposed later on due to primary interruptions. Also, Xs
is the service time of the secondary connections at channel k,
which is equal to Xs here. For the channel to be stable, we
must have
(k)
ρ(k)
p + ρs < 1.
(k)

(k)

(6)

Also, rp and rs denote the average residual service times in
channel k, corresponding to the remaining transmission of the

(11)

where

(5)

(k)
Wstay
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Np




(k)
Pk E Sstay .

(12)

k=1

In the following theorem, the optimal solution is derived.
Theorem 1: In a network with Np channels sorted by their
(1)
(2)
primary traffic intensity for simplicity, i.e., ρp ≤ ρp ≤ · · · ≤
(Np )
ρp , the optimal solution for the problem formulated in (11)
is equal to
⎧
(i)
1−ρp
⎪
i < n∗
⎪
⎪
λ
E[X
s
s]
⎪
⎨
n∗
(l)
1−ρp
(13)
Pi∗ =
1
−
i = n∗
⎪
λs E[Xs ]
⎪
⎪
l=1
⎪
⎩
0
i > n∗ ,
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where
n∗ =

min

n=1,2,...,Np

n,

∗

s.t.

n
(l)

1 − ρp
≥ 1,
λs E[Xs ]

(14)

l=1

and the corresponding minimum average extended service time
is equal to
∗

∗
S̄stay
=

n




(j)
Pj∗ E Sstay .

(15)

j=1
(l)

1 − ρp
< 1, then the problem is infeasible.
λ
l=1 s E[Xs ]
The proof of the above theorem can be derived by simply
considering the KKT conditions [26] and therefor is omitted
here. A simple justification is provided in the following. The
average secondary extended service time at channel k is given
in (9) and it clearly depends on the primary traffic statistics,
hence is independent of the secondary arrival rates as well as
Pinitial . Therefore, the minimum average secondary time will
be achieved by assigning the whole secondary traffic to the
(i)
channels with the lowest values of E[Sstay ] such that they
remain stable, until the traffic is fully distributed. So, the values
in (13) are justified.
2) Minimization of the Average Sojourn Time: By considering the waiting and extended service times of the connections
simultaneously, the optimal traffic distribution is determined by
the following optimization problem:
Np

If

min T̄stay
⎧ (k)
(k)
ρp + ρs < 1; k = 1, 2, . . . , Np
⎪
⎪
⎪
⎨ Np
s.t.
Pi = 1
⎪
⎪
⎪
⎩ i=1
0 ≤ Pi ≤ 1; i = 1, 2, . . . , Np ,

(16)

where
Np




(k)
Pk E Tstay .

(17)

k=1

The following theorem derives the optimal solution.
Theorem 2: The optimization formulated in (16) is a con∗
vex problem and the optimal solution denoted by Pinitial
=
∗
∗
∗
(P1 , P2 , . . . , Pk ) can be derived by solving the equations in
(18) simultaneously,
⎧
(i)
(i)
⎪
∀ i : Pi∗ Tstay (Pi∗ ) + Tstay (Pi∗ ) + γi∗ (1 − 2Pi∗ ) + ν ∗ = 0
⎪
⎪
⎪
⎪
∗ ∗
∗
⎪
⎨ ∀ i : γi Pi (Pi − 1) = 0
∀ i : γi∗ ≥ 0
⎪
⎪
⎪
Np
⎪
⎪
⎪
Pi∗ = 1,
⎩
i=1

(18)
∗

γi∗

where ν and are Lagrange variables.
Proof: Please see Appendix A.

B. The Change Policy
In the “change” policy, new packets are treated in the same
way as in the “stay” policy, i.e., the initial channels are determined using the probability vector Pinitial . However, when an
interruption occurs, the interrupted secondary connection will
be switched to another predetermined channel to resume its
transmission, i.e., a proactive handoff scheme, thus we have
rii = 0;

Pinitial

T̄stay =

Fig. 2. Secondary interactions between different channels in the network with
Np = 3.

i = 1, 2, . . . , Np ,

(19)

where rii is the probability of switching from channel i to
the same channel, defined in Section II-B. Although the most
general case would be to let the next channel be chosen from
all channels including the interrupted one, cognitive radios are
more likely to be implemented in networks where the primary
traffic is not very high, which raises the possibility of having
the other channels at an idle state. Hence, moving to another
channel, which is likely to be idle, is expected to impose less
pause in transmission when compared to staying at the same
channel which is for sure busy. That is why always-changing
policies are of interest. However, the comparison between
always-changing and always-staying has been provided in this
work to clarify the situations under which each policy can
perform better. For the “change” policy, both initial and target
channel selection probabilities must be optimally determined.
Fig. 2 illustrates the traffic interactions between channels in a
network including three primary users (channels). Because of
the interaction between various channels, the network cannot
be analyzed as simply as for the “stay” policy. To simplify the
model, a few points must be noted.
First, since the service time following a geometric distribution is memoryless, the remaining service time of a connection
after an interruption will also have a geometric distribution
with the same mean value. Therefore, any connection entering
a queue at any channel has a service time with the same
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geometric distribution, regardless of being a newly arrived or
an interrupted one.
Second, regarding the fact that in “change” policy after each
interruption the transmission channel will change (rii = 0),
the effective service that an arbitrary connection receives at
channel k depends on two factors: 1) its actual service time
and 2) the (remaining) primary idle period of the channel. More
specifically, if we denote the service received at channel k by
(k)
X̃s , because of the intrinsic nature of the “change” policy, it
can be easily shown that


(20)
X̃s(k) = min Xs , Ip(k) ,
(k)

where Ip and Xs denote the primary idle period of the channel
and the service time of the secondary connections, respectively.
According to [25], the Bernoulli arrival of primary connections
indicate geometric distribution for primary idle periods taking
values greater than or equal to one, i.e., type-I geometric dis1
tribution with mean (k) . Note that due to memoryless arrival
λp
of primary connections, the idle period and the remaining idle
period of primary channels have the same distribution. Hence,
(k)
the variable X̃s will also have a geometric distribution with
mean value β (k) , which can be easily shown to be
(k)

β (k) = λ(k)
p +

λp
1
−
.
E[Xs ] E[Xs ]

(21)

Since the secondary connection will be transmitted completely if and only if the service is finished prior to any
interruption, we will have
(k)


λp
rk0 = Pr Xs(k) ≤ Ip(k) = 1 −
. (22)
(k)
λp
(k)
1
λp + E[X
−
E[Xs ]
s]
The last point to be considered is the arrival process of secondary connections at queues, which is the combination of the
new connections and the ones switched from other channels.
Considering the traffic equations for the network, one can easily
obtain
αs(k)

=

λ(k)
s

+

Np


αs(i) (1 − ri0 )rik ;

k = 1, . . . , Np , (23)

i=1
(k)

where αs denotes the average total secondary connection
arrival rate at channel k. Due to the possibility of arrival of
multiple connections at a channel in a particular time slot, the
arrival process surely will not be a Bernoulli process. However,
since at any given time slot, it is more probable to receive one
connection rather than two or more, we approximate the arrival
(k)
with a Bernoulli process with the same mean value (αs ).
This approximation simplifies the model, and consequently the
extended service and sojourn times of the secondary connections can be derived. To this end, some modifications must
be performed in Fig. 1 to be utilized for the “change” policy.
First, the variables denoting arrival rate and the effective service
(k)
time of secondary connections must be changed to αs and
(k)
X̃s , respectively. Second, since the preemptive priority of
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the primary users has already been considered in the service
(k)
time at each channel (by considering X̃s instead of Xs as in
(20)), in the substitute model, the priority must be considered
carefully. The equivalent channel is neither preemptive nor
non-preemptive in terms of priority. From the primary user’s
viewpoint, it still has preemptive priority since it transmits as
soon as it has a packet to send. Hence, the average waiting time
(k)
for PU denoted by w̄p is
(k) (k)

w̄p(k) =

ρp rp

(k)

1 − ρp

.

(24)

On the other hand, due to the “change” policy, the secondary
will not go through an extended service time if interrupted
by a PU and will immediately change transmission channel
instead. We call the equivalent priority “quasi-preemptive” and
the average secondary waiting time at channel k denoted by
(k)
w̄Q-PRP can be formulated by [25]


(k)
(k)
w̄Q-PRP = E wQ-PRP
(k) (k)

=

(k) (k)

(k)

(k)

(k)

ρp rp + ρ̃s r̃s + ρp + ρp w̄p


,
(k)
(k)
1 − ρp − ρ̃s

(25)

where
(k)

α
 s ,
(k)
E X̃s

2 
(k)
E X̃s
1
 − .

=
(k)
2
2E X̃s

ρ̃(k)
s =

(26)

r̃s(k)

(27)

The total waiting time of a secondary connection in the
“change” policy depends on its initial channel as well as the
target channel sequence. Please note that switching the transmission channel consumes some time to inform the receiver
of the new channel and to adjust the circuitry. On the other
hand, since the target channels are predetermined, the required
switching time will be less than that of reactive schemes. We
denote the switching time by nswitch . Also, let us denote the
total waiting time a secondary connection, initially assigned
to channel k, undergoes before and during its transmission in
(k)
(k)
different channels, by Wchange and, its average by W̄change .
Now, let us use Fig. 2 to derive average waiting time of
secondary connections in the network. It can be easily shown
that for channel k


(k)
(k)
W̄change = E Wchange
⎞
⎛
Np

(k)
(l)
= w̄Q-PRP +(1−rk0 )⎝nswitch + rkl W̄change⎠, (28)
l=1

where rkl ’s represent channel switching probabilities and fol(k)
low the constraint in (2), and w̄Q-PRP is given in (25). In this
scheme, since the secondary connections leave their channels
when interrupted by the PU, the whole sojourn time of each
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connection at each channel is equal to the summation of waiting and new service times (i.e., without any extension in the
service time). Therefore, denoting the total sojourn time of a
(k)
connection initially assigned to channel k by Tchange , we have




(k)
(k)
E Tchange = E Wchange + E[Xs ].
(29)
Finally, the average sojourn time of secondary connections is
equal to
T̄change =

Np




(k)
Pk E Tchange .

(30)

k=1

With the objective of minimizing the average sojourn time,
the initial and target channel selecion probabilities are determined optimally, as follows:
min T̄change
⎧ (k)
(k)
⎪
⎪ρp + ρ˜s < 1; k = 1, 2, . . . , Np
⎪
⎪
N
p
⎪
⎪
⎪
⎨ Pi = 1
i=1
s.t.
⎪
0 ≤ Pi ≤ 1; i = 1, 2, . . . , Np
⎪
⎪
⎪ Np
⎪
⎪
⎪
⎩ rkl = 1; k = 1, 2, . . . , Np ,
Pinitial ,R

(31)

l=0

where R is an Np × Np matrix with rij as its (i, j)-th component. The first constraint is to guarantee the stability of each
channel k as in (26), considering the total arrivals at the channel
(k)
and effective secondary services of the channel (E[X̃s ]).
Substituting (29) into (30), one will obtain
T̄change = W̄change + E[Xs ],

(32)

and
W̄change =

Np




(k)
Pk E Wchange .

(33)

k=1

Considering the independency of the parameter E[Xs ] from
Pinitial and R, the problem is simplified to
min W̄change
⎧ (k)
⎪
ρp + ρ˜s(k) < 1; k = 1, 2, . . . , Np
⎪
⎪
⎪
Np
⎪
⎪
⎪
⎨ Pi = 1
i=1
s.t.
⎪
0 ≤ P ≤ 1; i = 1, 2, . . . , Np
⎪
⎪ Np i
⎪
⎪
⎪
⎪
⎩ rkl = 1; k = 1, 2, . . . , Np .
Pinitial ,R

l=0

(34)

Fig. 3. Quasi-preemptive priority Geom/Geom/1 queuing model for channel
k in the “change” policy.

Generally, the aforementioned problem is not convex and
the optimal solution imposes high computational complexity.
However, taking a closer look at the network in Fig. 3 as well
as (23) and (24), it can be realized that the total secondary
(k)
rate at different channels, i.e., αs at channel k, is the crucial
parameter affecting the secondary performance. In other words,
the optimal values of the variables Pinitial and R enable the
SU to achieve the optimal performance by restricting the total
arrival rate to its optimal value. From this view, the optimization
problem can be reduced to a simpler one by fixing one set of
variables, for instance the target channel selection probabilities, at an appropriate value, and determining the second set
accordingly, i.e., the initial channel selection probabilities, such
that the total secondary arrival rate at each channel reaches its
optimal value. This simplification reduces the above problem to
a suboptimal but convex one, as
min W̄change
⎧ (k)
ρp + ρ˜s(k) < 1; k = 1, 2, . . . , Np
⎪
⎪
⎪
⎨ Np
s.t.
Pi = 1
⎪
⎪
⎪
⎩i=1
0 ≤ Pi ≤ 1; i = 1, 2, . . . , Np .
Pinitial

In the following theorem the convexity of the problem formulated above and its solution are considered.
Theorem 3: The optimization problem formulated in (35)
∗
can
is convex and the related solution denoted by Pinitial
be derived by solving the equations in (36) simultaneously,
shown at the bottom of the page. The matrix A captures the
(k)
(k)
linear relation between αs ’s and λs ’s (as explained in the
Appendix B).
Proof: Please see Appendix B.
It should be noted that selecting R (target channel selection
probabilities) appropriately such that the total arrival rate at
each channel can reach its optimal value is of crucial importance and generally cannot be guaranteed. In the following, we

⎧ (i)
∗
W̄change (Pinitial
) + (AT ∇αs w̄Q-PRP )Pi∗ + γi∗ (2Pi∗ − 1) + νi∗ = 0;
⎪
⎪
⎪
∗
∗
∗
⎪
⎨ γi Pi (Pi − 1) = 0;
γi∗ ≥ 0;
⎪
Np
⎪
⎪
⎪
⎩
Pi∗ = 1
i=1

(35)

i = 1, 2, . . . , Np
i = 1, 2, . . . , Np
i = 1, 2, . . . , Np

(36)
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(a) Optimal values of Pinitial and (b) total traffic intensity at each channel vs. secondary arrival rate in the “stay” policy.

consider two schemes for selecting R. Our numerical results in
Section IV will demonstrate their good performance.
1) Equiprobable Target Channel Selection: In this approach, the target channels are determined randomly among all
the channels except for the currently interrupted one. That is

1
l = k
(37)
∀ k, l = 0, rkl = Np −1
0
l = k.
2) Primary Traffic-Based Target Channel Selection: In this
approach, the probability of a channel being selected as the
target channel upon an interruption, is inversely proportional
to the primary traffic intensity of the channel. In other words,
we have
(m)

∀ k, l, m ∈ {1, 2, . . . , Np }, l, m = k;

rkl
ρp
= (l) .
rkm
ρp

(38)
Fig. 5. Average secondary sojourn time vs. average secondary service time
for different initial channel selection strategies in the “stay” policy.

From (2), we will have


rkl =
(l)

1
Np

ρp

i=1,i=k

1



f or

k = l.

(39)

(i)

ρp

IV. N UMERICAL R ESULTS
In this section, we evaluate the performance of the secondary network in terms of sojourn time and maximum stable
throughput by considering a primary network consisting of
three PUs (Np = 3), for both “stay” and “change” handoff
policies. The traffic statistics of the channels are λp = (0.05,
), E[Xp ] = (10, 10, 6.66) (slots), and
0.03, 0.1) ( connections
slot
nswitch = 1 (slot).
A. The Stay Policy
Fig. 4(a) represents the optimum initial channel selection
probabilities obtained according to (18), for E[Xs ] = 10 (slots)
and different secondary arrival rates, Fig. 4(b) represents total
traffic intensities of the channels. At low secondary arrival rates,
the average number of secondary connections in the network
is small; hence the sojourn time is dominated by the extended
service time rather than the waiting time. In this case, the optimal solution of the problem formulated in (16), will be close to

the one formulated in (11), and all secondary connections will
be initially assigned to the channel determined in (14). On the
other hand, by the increase in the secondary load, the average
number of secondary connections in the network increases,
resulting in a larger waiting time in queues. In this case, the
optimal initial channel selection probabilities reduce the number of connections waiting in different channels by distributing
the traffic among them, as can be realized in Fig. 4(a) and (b).
Fig. 5 represents the average secondary sojourn time versus
)
the average secondary service time, for λs = 0.05( connections
slot
and the following initial channel selection schemes, based on
both analytical and simulation results:
1
.
1) random selection, i.e., Pk =
Np
2) inversely proportional to the primary traffic intensity, i.e.,
1
Pk =
.
N
(k)

p

ρp

(i) −1

(ρp )
i=1

3) obtained with the objective of minimizing extended secondary service time, i.e., the problem presented in (11).
4) obtained with the objective of minimizing secondary
sojourn time, i.e., the problem presented in (18).
As can be observed in Fig. 5, analytical and simulation
results coincide, which indicates the accuracy of our analytical
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B. The Change Policy

Fig. 6. Max. stable secondary arrival rate vs. average secondary service time
for different initial channel selection strategies in the “stay” policy.

approach. From this figure, as expected, primary traffic-based
initial channel selection probability (second selection scheme)
results in a lower sojourn time compared to random selection
due to the fact that it considers the primary load of the channels;
and both are clearly outperformed by the optimal probability set
in (18). Please note that all schemes except the third one, exploit
multiple channels, however, the optimal solution distributes
the load more adaptively when the secondary load varies.
On the other hand, when exploiting initial channel selection
probabilities with the objective of minimum extended service
time (third selection), all connections are assigned to one channel regardless of the secondary load. Thus, when the average
secondary service time increases, the average secondary queue
size increases as well. Although in this selection scheme, the
extended service time remains minimal, due to larger number
of connections in the queue, the total waiting time increases,
leading to higher sojourn time and lower maximum achievable
throughput. Clearly, for low amounts of secondary traffic intensity, the difference between the third and fourth selections is
negligible, but as the secondary average service time grows, the
performance degradation in the third selection scheme increases
dramatically.
Fig. 6 demonstrates the maximum stable arrival rate, (i.e., the
minimum arrival rate in which the balanced input-output rate
does not hold in at least one of the channels), or equivalently the
maximum throughput since the network is Geom/Geom here,
for the secondary user utilizing the above four initial channel
selection schemes. To be more specific, maximum stable arrival
rate is the secondary arrival rate (λs ) for which the network
is not saturated, meaning that for larger rates, the secondary
throughput will be less than the total secondary arrival rate,
hence the network will become unstable. The selection schemes
achieved by (11) and (18) exploit the opportunities in the
network adaptively and consider the primary and secondary
traffic jointly; hence can provide the highest arrival rate while
remaining stable, whereas other probability sets result in lower
maximum achievable throughput.

In this part, we study the secondary performance for the
cases in which the SU utilizes the “change” policy upon an
interruption by the PU. Fig. 7 shows the optimal initial channel
selection probabilities versus secondary arrival rate, where the
target channels are determined a) randomly (given in (37)) and
b) inversely proportional to the primary traffic intensity (given
in (39)). Fig. 8 demonstrates the total traffic intensity of the
network for the corresponding probability sets.
Similar to the “stay” policy, at low secondary traffic intensities, i.e., low secondary arrival rates, the average number of
secondary connections in the network is low, indicating low
waiting times in the queues. In this case, it is optimal to initially
assign all connections to the channel with the lowest primary
traffic. As the secondary arrival rate increases, Pinitial changes
adaptively, and SU attempts to exploit other opportunities to
decrease the average waiting time for the connections. From
Figs. 7 and 8, although optimum values of Pinitial are different
for cases (a) and (b), as expected, both schemes achieve the
same total traffic loads for different secondary arrival rates.
In other words, for a certain value of secondary arrival rate
(k)
there exists an optimum value of αs for each channel k,
which minimizes the average secondary sojourn time. Also for
different target channel selection probabilities, the SU requires
different values of Pinitial to achieve the optimal total traffic
intensity at each channel.
Fig. 9 demonstrates how the minimum sojourn time is affected by the values of target channel selection probabilities
in the same primary network and λs = 0.05 ( conncetions
) and
slot
E[Xs ] = 12 (slots). In this figure, x and y axes represent the
deviations on the target channel selection probabilities δr12
(equal to −δr13 due (2) and (19)) and δr21 (equal to −δr23
similarly), and zero deviation, i.e. the origin, corresponds to the
probabilities determined by (39). As the figure shows, there is a
range for values rjk such that optimal determination of Pinitial
will minimize the average sojourn time of connections. This
confirms the assumption under which we simplified (34) to (35)
using (39).
Fig. 10 displays the average secondary sojourn time in the
network versus E[Xs ] based on both analytical and simulation
results for four different following cases:
1) Initial and target channel selections are both per1
formed randomly, i.e., Pk =
and according to (37),
Np
respectively.
2) Initial and target selection are both performed with probabilities inversely proportional to the primary traffic in1
tensity, i.e., Pk =
and according to (39),
N
(k)

p

ρp

(i) −1

(ρp )
i=1

respectively.
3) Random target channel selections as in (37), with the
corresponding suboptimal initial channel selection probabilities, according to (36), referred to as subopt1.
4) Target channel selections inversely proportional to primary traffic as in (39), with the corresponding suboptimal
initial channel selection probabilities, according to (36),
referred to as subopt2.
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Fig. 7. Optimal values of Pinitial vs. secondary arrival rate in the “change” policy for (a) equiprobable and (b) primary traffic load-based target channel selection
probabilities.

Fig. 8. Total traffic intensity of network channels corresponding to optimal values of Pinitial vs. secondary arrival rate in the “change” policy for (a) equiprobable
and (b) primary traffic load-based target channel selection probabilities.

Fig. 9. The effects of changing values rij on average sojourn time of
secondary connections in the “change” policy.

Fig. 10. Average secondary sojourn time vs. average secondary service time
for different channel selection strategies in the “change” policy.
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Fig. 11. Maximum stable secondary arrival rate vs. average secondary service
time for different channel selection strategies in the “change” policy.
Fig. 13. Average sojourn time vs. average secondary service time under fixed
secondary traffic load for the “stay” and “change” policies.

C. “Stay” Policy Versus “Change” Policy
In this section, a comparison between the “stay” and
“change” policies utilizing different sets of probabilities are
presented. Fig. 12 demonstrates the average secondary sojourn
time versus average secondary service time in the network for
different cases. The first two curves are pertinent to an SU
exploiting the “stay” policy with the initial channel selection
probabilities based on a) primary traffic intensity, i.e., Pk =
1
and b) optimal solution according to (18). The
N
(k)

p

ρp

(i) −1

(ρp )
i=1

other two schemes correspond to the “change” policy, utilizing
primary load-based target channel selection probabilities as
in (39), with initial channel selection schemes determined by
1
c) primary traffic intensity, i.e., Pk =
and
N
(k)

Fig. 12. Comparison between average secondary sojourn time vs. average
secondary service time for different channel selection strategies in the “stay”
and “change” policy.

As the comparison between theoretical and analytical results
in the plot suggests, the introduced framework enables us to
provide analysis of the performance of the users and determine the suboptimal parameters analytically. This enables the
network to utilize suboptimal values of Pinitial , which provide
acceptable performance, better than those obtained based on
random or primary load-based channel selection schemes.
Fig. 11 plots the maximum stable arrival rate, or equivalently
the maximum throughput since the network is Geom/Geom
here, (similar to Fig. 6) versus E[Xs ] for the mentioned four
channel selection schemes in the “change” policy. From this
figure, adaptive changes in the value of Pinitial considered in
(34) enable the SU to exploit all transmission opportunities in
the network, resulting in higher maximum throughput when
compared to primary load-based schemes.

p

ρp

(i) −1

(ρp )
i=1

d) suboptimal values as in (36). As expected, the “change”
policy with the last setting achieves the lowest sojourn time
compared to all other schemes and the “stay” policy with nonoptimal initial channel selection scheme performs worst among
these strategies. The comparison between the other two
schemes depends on the average secondary service time. As
stated previously, for small values of E[Xs ], the probability
of interruption is low, indicating that the handoff policy upon
interruption due to primary traffic is of negligible importance,
leaving the initial channel selection scheme for the newly arriving connections as the key factor. Hence, the optimal Pinitial
in the “stay” policy can achieve a higher performance than the
“change” policy with non-optimal Pinitial . As the average secondary service time increases, the interruptions occur more
often, thus the “change” policy even with non-optimal strategies
for initial channel selection outperforms the optimal “stay”
policy.
In Fig. 13, the performance of “stay” and “change” (with (39)
in use) policies under fixed secondary load, i.e., fixed λs E[Xs ],
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for different values of E[Xs ] is illustrated. As expected, for
small values of secondary traffic load, the secondary queue is
less crowded at different channels, so changing the channel will
impose low waiting time in the secondary queue. Hence, the
“change” policy outperforms the “stay” policy. On the other
and, for larger values of secondary traffic load, changing the
channel and moving to the end of the secondary queue in the
new target channel, which is likely to have a longer queue, may
impose long waiting times on average, whereas, in the “stay”
policy, the SU may benefit from being in the head of the line
of the current channel. Thus, for heavier secondary traffic load,
the benefit of exploiting “change” policy decreases.
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is a convex set. Also, by differentiating (40), it can be easily
shown that:
⎧ (k)
⎨ ∂ T̄stay = 0 i = k
∂Pi
(42)
(k)
⎩ ∂ T̄stay
>
0
i
=
k,
∂Pi
and
⎧
⎨
⎩

(k)

∂ 2 T̄stay
∂Pi ∂Pj
(k)
∂ 2 T̄stay
2
∂ Pi

=0

i = k or j = k

>0

i = k,

(43)

(k)

V. C ONCLUSION
We proposed a joint probabilistic approach for initial and
target channel selection schemes for a secondary user in a cognitive radio network. We analyzed the secondary performance
in terms of average sojourn time for the “stay” and “change”
handoff policies. For the former scheme, optimal values of
initial channel selection probabilities with the objectives of
minimizing extended service time and average sojourn time
were derived. For the “change” policy, the optimization problem for minimizing average sojourn time was formulated, but
the optimal solution imposes high computational complexity.
Thus, through fixing target channel selection scheme, the problem was reduced into a convex one, and the corresponding
solution for Pinitial was given. It was demonstrated that the
suboptimal values of Pinitial in the “change” policy outperform
other mentioned channel selection schemes.

A. Appendix A
Substituting (3) and (9) into (10), we will have

=E



(k) (k)

(k) (k)

i=1

(k) (k)

ρp rp + ρs rs + ρp ρs


= 
(k)
(k)
(k)
1 − ρp − ρs
1 − ρp


(k)
(k)
(k)
− ρp
E
X
s
ρp
+
,
+
(k)
(k)
(k)
1 − ρp
1 − ρp − ρs

(k)
Tstay

(40)

with its domain being equal to (41), shown at the bottom of
the page. Note that since having the total traffic load of each
channel equal to one will cause a cost function of infinity, (6)
will never hold as an equality at the optimal point. Hence, we
simply consider the inequality as a “less than or equal to,”
which will help us in having the problem as a standard convex
optimization problem. The constraints are the intersection of a
(k)
convex set and a linear constraint, hence the domain of Tstay


Dom

(k)
T̄stay

⎧
⎨


=

⎩

where ei is a Np × 1 vector with 1 at its ith element and 0 at
the rest. Considering (42) and (43), we have


(i)
(46)
∇2 Pi T̄stay  0.
With applying the same procedures to all components of the
objective function in (16), we will have
⎞
⎛
Np 


(i)
∇2 ⎝
Pi T̄stay ⎠  0.
(47)

A PPENDIX

(k)
T̄stay

for 0 < Pi < 1. This indicates that Tstay is a convex function
of Pinitial in the region of interest, i.e., Pinitial ∈ [0, 1]Np . Let’s
consider the ith element of the objective function in (16), i.e.,
(i)
Pi T̄stay . With applying gradient operator, we have


(i)
∇ Pi T̄stay (Pinitial )


(i)
(i)
(44)
= T̄stay (Pinitial )ei + Pi ∇ T̄stay (Pinitial ) ,


(i)
∇2 Pi T̄stay (Pinitial )




(i)
(i)
= 2ei ∇T T̄stay (Pinitial ) + Pi ∇2 T̄stay (Pinitial ) , (45)

Pinitial ∈ [0, 1]Np |

Np

i=1

Since the feasible domain is a convex set, the problem is convex
as well, therefore our problem reduces to a convex optimization
problem whose Karush-Kuhn-Tucker (KKT) conditions [26]
for optimality are
∗
∇g1 (Pinitial
, γ ∗ , ξ ∗ , ν ∗ ) = 0,

(48)

γi∗ Pi∗

(49)

ξi∗



(Pi∗

i = 1, 2, . . . , Np ,

Pi∗ λs E[Xs ] + ρ(i)
i = 1, 2, . . . , Np ,
p − 1 = 0;

γi∗ ≥ 0;
Np


− 1) = 0;

i = 1, 2, . . . , Np ,

Pi∗ = 1,

(50)
(51)
(52)

i=1

⎫
⎬


(i)
≤1
Pi = 1, ∀ i; λs Pi E[Xs ] + λ(i)
p E Xp
⎭

(41)
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where γ, υ, and ξi are Lagrange multipliers and g1 (Pinitial ,
γ ∗ , ξ ∗ , ν ∗ ) is the Lagrange function, equal to (53), shown at the
bottom of the page, where

T
γ = γ 1 , γ2 , . . . , γ Np ,
(54)
⎞
⎛
0
γ1
..
⎠,
(55)
diag(γ) = ⎝
.
0
γ Np

T
ξ = ξ1 , ξ2 , . . . , ξ N p ,
(56)


(Np ) T
(1) (2)
ρp = ρp , ρp , . . . , ρp
.
(57)
Having Pi∗ λs E[Xs ] + ρp = 1 will result in waiting time
equal to infinity for the secondary user, which cannot be the
case; hence, for (50) we have ξi∗ = 0, and (48) reduces to

and


(k)
(k)
∇2 w̄Q-PRP (Pinitial ) = ∇ AT ∇αs w̄Q-PRP (αs )
(k)

= AT ∇2αS w̄Q-PRP (αs )A,

where ∇αs and ∇2αs are gradient and hessian operators with
respect to αs . Differentiating (24), we will easily have
⎧ (k)
⎨ ∂ w̄Q-PRP = 0 i = k
∂αi
(k)
⎩ ∂ w̄Q
-PRP > 0 i = k,
∂αi

(i)

(i)

(63)

(64)

and
⎧ 2 (k)
⎨ ∂ w̄Q-PRP = 0
∂αi ∂αj
(k)
⎩ ∂ 2 w̄Q
-PRP > 0
∂ 2 αi

∀ i : Pi∗ Tstay (Pi∗ )+Tstay (Pi∗ )+γi∗ (2Pi∗ −1)+ν ∗ = 0. (58)
(i)

The optimal value of Pinitial can be derived by simultaneously
solving (49), (51), (52), and (58).


i = k or j = k

(65)

i = k.

(k)

Hence, ∇2αs w̄Q-PRP is a diagonal matrix with non negative

B. Appendix B

(k)

(k)

elements, and w̄Q-PRP is a convex function. Next, considering

First, let’s study the convexity of wQ-PRP with respect to
Pinitial . Considering the linear relation between Pinitial and
(k)
αs in (23), the relation can be rewritten in the matrix form

(28), it is obvious that W̄change is an affine function of w̄Q-PRP ,
which can be written in the form of

αs = APinitial ,

W̄change = B w̄Q-PRP + C,

(59)

with matrix A corresponding to the related coefficients, and
(1)

(Np ) T

(2)

αs = (αs , αs , . . . , αs

(k)

) . Hence, we have

αs(i) = (A)i Pinitial ,

(60)

with (A)i representing the ith row of A. According to [25], the
(k)
domain of wQ-PRP is the set in (61), shown at the bottom of
the page.
Since the set is the intersection of a convex set and a linear
(k)
constraint, Dom(w̄Q-PRP ) is a convex set. Considering (60),
(k)
applying the gradient operator to w̄Q-PRP with respect to
Pinitial , we have
(k)

(k)

∇w̄Q-PRP (Pinitial ) = AT ∇αs w̄Q-PRP (αs ),

(k)

(66)

with B and C equal to the corresponding coefficients. Thus,
(k)
considering (63), Wchange is also a convex function of Pinitial .
(k)

Now, considering the convexity of Wchange , with the same
approaches as in Appendix A, it can be easily proved that the
objective function in (34) is a convex function with respect
to Pinitial . Since the feasible set of optimization problem in
(35) is the intersection of a convex set and a linear constraint,
the problem is convex, and the KKT condition will force the
equations in (49), (51), (52) and the following [26]:
∗
∇g2 (Pinitial
, γ ∗ , ξ ∗ , ν ∗ ) = 0,


∗
ξi∗ λs β −1 APinitial
+ρp −1Np ×1 = 0;

(62)

(67)
i = 1, . . . , Np , (68)

g1 (Pinitial , γ ∗ , ξ ∗ , ν ∗ )
=

Np


 T



(i)
T
Pi T̄stay + Pinitial
diag(γ)Pinitial − γ T Pinitial + ν1×1 Pinitial
1Np ×1 + ξ T Pinitial λE[Xs ] + ρp − 1Np ×1

(53)

i=1


Dom

(k)
w̄Q-PRP

⎧
⎨


=

⎩

Pinitial ∈ [0, 1]Np |

Np

i=1

(i)

Pi = 1, ∀ i :

αs

(i)

βs



(i)
+ λ(i)
p E Xp



⎫
⎬
≤1
⎭

(61)
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g2 (Pinitial , γ, ν, ξ)
=

Np


 T



(i)
T
Pi W̄change + Pinitial
diag(γ)Pinitial − γ T Pinitial + ν1×1 Pinitial
1Np ×1 + ξ T λβ −1 APinitial + ρp − 1Np ×1

(69)

i=1

γ, ν, and ξ are Lagrange multipliers defined in (53), (54), and
(55), respectively, and g2 is Lagrange function in (69), shown
on top of the page, where
⎞
⎛ (1)
0
βs
⎟
⎜
..
β=⎝
(70)
⎠.
.
0

(Np )

βs

∗
+ ρp − 1Np ×1 = 0 will result in infinite
Having λs β −1 APinitial
waiting time for SU, which cannot be the case for optimal
solution, hence (68) will become ξi∗ = 0, and (67) reduces to


(i)
∗
i = 1, . . . , Np ; W̄change (Pinitial
) + AT ∇αs w̄Q-PRP Pi∗

+ γi∗ (2Pi∗ − 1) + νi∗ = 0.

(71)

The optimal solution will be derived by simultaneously solving
(49), (51), (52), and (71).
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