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Circuit Model for Extraordinary Transmission
Through Periodic Array of Subwavelength
Stepped Slits
Amin Khavasi, Masoud Edalatipour, and Khashayar Mehrany

Abstract—In this paper, two circuit models are proposed for analytical investigation of extraordinary transmission through periodic array of subwavelength stepped slits in a thick metallic plate.
A cascade model is first developed and then a stub model is suggested for cases that the cascade model is not accurate. The parameters of the proposed circuits are given by closed-form expressions.
Both symmetric and asymmetric stepped slits are considered.
Index Terms—Circuit model, extraordinary transmission,
stepped slit.

I. INTRODUCTION

E

XTRAORDINARY TRANSMISSION (EOT) through
subwavelength periodic array of holes or slits, reported
by Ebbesen et al. [1], has been a hot topic since its discovery
[2]–[5]. Although this phenomenon has been qualitatively
described by surface waves [7]–[9], the resonance of transverse
electromagnetic (TEM) modes [10], and artificial surface
conductivity [11], some circuit models have been recently
proposed to provide both qualitative and quantitative insight
to the subject [12]–[15]. Circuit models have been developed
for 2-D array of holes [12] and for 1-D array of metallic slits
[13]–[15].
In the aforementioned works on 1-D array of metallic slits,
the slits are assumed to have no cut. Introducing a cut leads to a
stepped slit which has been recently investigated in the context
of EOT [16]–[19], and it has been shown that the introduction
of the step changes the resonant wavelength substantially [17].
It has also been demonstrated that adjustable phase resonances
can be realized in compound metallic gratings [18].
The aim of this paper is to generalize the circuit model presented in [13]–[15], to the metallic gratings with stepped slits.
First, a cascade model is developed. Although, this model is accurate in many cases, it will fail if the junctions are too close to
each other. For these cases, a stub model is proposed.
Similar to our previous work [15], arbitrary angle of incidence and arbitrary surrounding media are studied. Parameters
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of the appropriate circuit model are given by closed-form expressions to avoid resorting to additional numerical efforts for
their extraction.
In this paper, we also show that by adjusting the length and
place of a step, a flat-top bandpass filter can be designed. An analytical circuit model can be very useful for tailoring the spectral
response of these structures.
This paper is organized as follows. Sections II and III are devoted to the detailed description of the proposed circuit models:
the cascade model and the stub model, respectively. Numerical results are then given in Section IV, where the accuracy
of the proposed models is compared against numerical results
obtained by using rigorous approaches. Finally, the conclusions
are made in Section V.

II. THE CASCADE MODEL
The geometry of the structure to be studied is shown in
Fig. 1. The periodic arrangement of stepped slits forms a
metallic grating with period . The slits are filled with a dielectric with refractive index of . The grating is assumed
to have three layers in the -direction. Each layer is a simple
. The width of slits
lamellar grating enumerated by
and
,
and their height in the th layer are denoted by
respectively. The grating region is sandwiched between two
and . The
homogenous regions with refractive indices of
magnetic permeability is everywhere equal to that of the free
space. The structure is illuminated by a transverse-magnetic
(TM) polarized (magnetic field along the -axis) uniform plane
wave whose wave vector is incident at angle with respect to
-axis. The free-space wavelength of the wave is .
the
The proposed circuit model is made of a transmission line and
a reactive lumped circuit element. The former represents propagating waves within layers of the grating (between the slits),
and the latter represents the evanescent waves storing electromagnetic energy at either the junctions formed between adjacent
layers of the grating, or the two flat interfaces formed between
the grating region and the surrounding homogenous media.
If
is large enough, the two junctions inside the grating can
be assumed to be decoupled. With this assumption, a cascade
model, as shown in Fig. 2, is proposed for the structure. The
length of the transmission line corresponding to the grating layer
. Similarly, its propagation constant
is naturally set to be
are set to be equal to
and characteristic impedance
the propagation constant and characteristic impedance of the
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Fig. 3. (a) Symmetric and (b) asymmetric junction of two guides.

between the grating region and the surrounding homogenous
media. Their approximate values are presented in [15]
(4)
and

where

(5)

Fig. 1. The geometry of the structure under study: periodic array of stepped
slits under the incidence of a uniform plane wave.

Fig. 2. The proposed circuit to model the structure shown in Fig. 1 for TM
polarized incident waves.

dominant TEM mode supported by a parallel plate waveguide
whose plates are separated by a distance
[15]

Here, denotes the speed of light in free space.
As suggested in [15], a good empirical formula for is
, where
stands for the fill factor of
the th layer of the grating.
It should be mentioned that (5) is valid in the range
.
The only parameters that remain to be determined are
and
, representing the effect of junctions between the adjacent grating layers. Fortunately, a very accurate closed-form
expression has been provided in [20] to take the effects of higher
order modes excited at the junction of two waveguides.
Fig. 3(a) and (b) shows symmetric and asymmetric junctions
of two waveguides with arbitrary widths
and
, respectively. The susceptance of the capacitor modeling the symmetric
junction [Fig. 3(a)] is [20]

(1)

(6)

(2)
and
are the free-space wave
where
number and impedance, respectively. Equation (1) has been
given by assuming perfect conductivity; however, it can be
straightforwardly modified to take into account the effect of
losses [13].
The circuit is terminated by
,
and
,
at its
input and output terminals, respectively. The
and
impedances represent electromagnetic wave impedances in the
incident and transmission homogenous regions having refractive indices of
and , respectively. It is, therefore, easy to
show that [15]
(3)
where and are the zeroth diffracted order angles in regions
1 and 3, respectively. It is worth noting that
.
The wavelength-dependent capacitors
and
account
for the evanescent fields at the upper and lowers interfaces

where

and
(7)

In accordance with Fig. 3, the larger and smaller widths are
denoted by
and , respectively.
To obtain the susceptance of the capacitor modeling the
asymmetric junction, in (6) and (7) should be replaced with
[20]. It should be noted that the aforementioned equations
are invalid in the range
and
for
symmetric and asymmetric cases, respectively.
III. THE STUB MODEL
For a cut with small height the structure will be similar to
Fig. 4. In this case, the evanescent waves excited at the two
junctions inside the grating can couple to each other through the
second layer. This makes the cascade model inaccurate, which
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Fig. 4. The (a) symmetric and (b) asymmetric structure of Fig. 1 with small
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, for which the stub model should be used.

The reactive elements whose values are denoted by
, ,
, and
are for taking into account the effect of T-junction.
Approximate closed-form expressions for these elements have
been given in [20]
(9)
(10)
(11)

(12)

Fig. 5. (a) The proposed stub model for the structure shown in Fig. 4(b). (b)
.
The circuit whose input impedance is

will be demonstrated in Section IV. Here, we develop another
circuit model for such cases.
Consider a unit cell of the structure shown in Fig. 4(b); it resembles a waveguide that a stub is in series with it. From this
point of view, the circuit model shown in Fig. 5(a) can be attributed to the asymmetric structure. In this circuit, the stub is
modeled with the series impedance
, which is the input
impedance of the circuit shown in Fig. 5(b). In this circuit,
and
are the characteristic impedance and the propagation
constant of a parallel plate waveguide whose plates are separated by a distance
. These parameters for a parallel
plate waveguide were already given in (1) and (2). It is also obvious that the length of the stub and its corresponding transmission line is
. It is here assumed that
.
The impedance
is the impedance of the metal that the stub
is terminated to it. The value of
can be calculated by [21]:
(8)
where

is the permittivity of the metal.

,
, and is the Neper
where
number.
For the symmetric case [see Fig. 4(a)], the junction’s model
has not been given in [20], however we extend the proposed
model to the symmetric case by using an intuitive reasoning. In
this case, instead of one stub of length , we have two stubs
of length
. Therefore, in Fig. 5(b) must be replaced with
. Furthermore, in this case, two symmetric stubs are on two
sides of the waveguide. Thanks to the symmetry of the structure,
each stub is separated from the other by a perfect electric conductor wall dividing the main waveguide into two equal halves.
Hence, in (11) and (12), should be changed to
. Finally, in
Fig. 5(a), we put
instead of the series impedance
.
IV. NUMERICAL EXAMPLES
Let us examine the accuracy of the proposed model in a numerical example. Consider a structure with symmetric junctions whose parameters are in accordance with Fig. 1:
0 ,
,
,
,
2 cm, and
0.1 cm. The aluminum is used as the
conductor whose direct current (dc) conductivity is set to
3.65 10 S/m. The transmission spectra of this structure for
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Fig. 6. Transmitted power through an array of stepped slits versus
calculated by using the proposed cascade model (solid line), HFSS simulations
(circles), and the rigorous approach of [22] (points). The structure parameters
0 ,
,
,
,
are:
2 cm, and
0.1 cm. The results are illustrated for three different
: (a)
0.2 cm, (b)
0.4 cm, and (c)
0.6 cm.
widths of
The junctions are assumed to be symmetric.

0.2 cm,
0.4 cm, and
0.6 cm are plotted
in Fig. 6(a)–(c), respectively. The results have been obtained by
using the proposed cascade model (solid line), high-frequency
structural simulator (HFSS) simulations (circles), and the rigorous approach of [22] (points), in which the regularization presented in [23] has been applied. Excellent agreement is observed
between all methods.
It can be seen from these figures that the presence of stepped
slits results in the displacement of resonance frequencies. It is
fortunate that such a displacement is geometrically adjustable.
For example, two resonance frequencies are merged together in
Fig. 6(c) and a relatively flat-top spectral response has been created around
. A notable benefit of the analytical
circuit model, proposed in the letter, is that the spectral response
of EOT can be efficiently tailored.
As another example, consider a structure with the same parameters as in the previous example, but its junctions are asymmetric. The accuracy of the proposed model for this case is
demonstrated in Fig. 7(a)–(c), where the transmission is depicted in terms of
for
0.2 cm,
0.4 cm, and
0.6 cm, respectively. The results are obtained by using

Fig. 7. Transmitted power through an array of stepped slits versus
calculated by using the proposed cascade model (solid line), HFSS simulations
(circles), and the rigorous approach of [22] (points). The structure parameters
0 ,
,
,
,
are:
2 cm, and
0.1 cm. The results are illustrated for three different
: (a)
0.2 cm, (b)
0.4 cm, and (c)
0.6 cm.
widths of
The junctions are assumed to be asymmetric.

the proposed cascade model (solid line), HFSS simulations (circles), and the rigorous approach of [22] (points). Once again, an
excellent agreement is observed between the proposed model
and the rigorous approaches.
Now, let us compare the accuracy of the cascade model
against the stub model. The structure has many parameters, and
each of them can contribute to the accuracy of results. However,
from Fig. 5 and (9)–(12), it is obvious that
,
, and
are the three parameters that
directly affect the accuracy of the stub model. For the sake of
simplicity, we only examine the effect of these three crucial
parameters on both models. Although it is not a complete
comparison, it can give us a rule of thumb for selecting the
appropriate model. Consider a structure under normal incidence
of a plane wave with
. The structure’s parameters are:
and
2 cm. The
relative error in calculating power transmission is computed
as a function of
and
for both models. Regions at
which the relative error of the cascade and stub models is more
than 10% are illustrated by black and gray colors in Fig. 8,
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V. CONCLUSION

Fig. 8. Regions with more than 10% relative error in calculation of transmitted
power: the black and gray regions for the cascade and stub models, respectively.
, (b)
, (c)
, and (d)
Four cases are depicted: (a)
. The junctions are assumed to be asymmetric.

Fig. 9. Transmitted power through an array of stepped slits versus
calculated by using the proposed stub model (solid line), HFSS simulations (circles), and the rigorous approach of [22] (points). The structure parameters are:
0 ,
,
,
,
2 cm,
0.1 cm, and
0.6 cm. The results are illustrated
for both (a) asymmetric and (b) symmetric junctions.

respectively. The error maps are plotted in Fig. 8(a)–(d), for
four cases,
,
,
, and
, respectively.
As a rule of thumb, it can be concluded that the stub model
should be used for
. Although it cannot be taken as a
general and accurate rule, it is useful in many cases.
To further demonstrate the accuracy of the proposed stub
model, the transmission of this structure is plotted as a function of
in Fig. 9(a) and (b) for asymmetric and symmetric
junctions, respectively. The height of the second layer is chosen
small enough (
0.1 cm) so that the stub model remains accurate.

In conclusion, extraordinary transmission through subwavelength array of stepped slits has been studied by using analytical
circuit models. First, a cascade model was presented, which is
composed of transmission lines corresponding to different parts
of slits, and capacitances for modeling junctions. Another model
has been also proposed in which the second layer of the grating
has been regarded as a stub. It is demonstrated that the cascade
model is suitable when the two junctions inside the grating are
far enough apart, otherwise the stub model should be used.
The circuit parameters have been given in closed-form expression, thus the model can be employed for efficient investigation of extraordinary transmission in such structures.
The results of the proposed circuit models have been compared with rigorous methods in numerical examples and excellent agreements have been observed.
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