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Abstract—In this paper, we study the two-user Gaussian fading
Multiple Access Channel (MAC) with cooperative encoders. Two
different scenarios are studied: the Gaussian fading MAC with a
common message, and the Gaussian fading MAC with
conferencing encoders. The throughput capacity region of these
channels with partial Channel State Information (CSI) at the
transmitters (CSIT) and perfect CSI at the receiver (CSIR) is
established. For the Gaussian fading systems with only CSIR
(transmitters have no access to CSIT), some numerical examples
and simulation results are provided for Rayleigh fading models.
Keywords-Multiple access channel; cooperative encoders;
conferencing; fading channels; channel state information.

I.

INTRODUCTION

The Multiple access channel (MAC) with a common message
was first investigated in [1], (see also [2]), where the capacity
region of a discrete two-user MAC with common information was
established. The capacity region of the Gaussian channel model
has been recently characterized in [3]. A common message
known to the encoders is also useful to model communication
channels in which partial cooperation is allowed between the
encoders via conferencing. The notion of conferencing between
transmitters of MAC was first introduced by Willems [4], where
the capacity region of the two-user discrete memoryless MAC
with conferencing encoders was established; in the latter scenario,
transmitters are connected by communication links with finite
capacities, which permit both encoders to communicate over
noise-free bit-pipes of given capacity. The capacity region of the
two-user Gaussian MAC with conferencing encoders was
characterized in [5].
Cooperation between different nodes of a communication
system via common message and conferencing was also studied
for other channel models. Specifically, in [6] a three-transmitter
one-receiver Gaussian MAC with encoders partially cooperating
over a ring of finite-capacity unidirectional links was studied. In
[7] the capacity region of the compound MAC (a twotransmitter/two-receiver MAC) with a common message, also
with conferencing encoders was derived. The authors in [7] also
studied the interference channel with common information and
also with conferencing encoders and the capacity region was
established for some special cases. A two-user broadcast channel
where the decoders cooperate via conferencing was investigated
in [8]. The compound MAC with a common message and
conferencing decoders and also the compound MAC when both
encoders and decoders cooperate via conferencing links, was
considered in [9] and the capacity region was established for
some cases, specially, the physically degraded channel.
In this paper, we first investigate the Gaussian fading MAC
with a common message and stationary ergodic state process. The
Gaussian fading MAC without common message was studied in
[10] (see also [11]). The authors in [10] considered a Gaussian
fading ऀ -transmitter/one-receiver MAC (without common
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message) and obtained throughput capacities, delay limited
capacities and the associated optimal power allocation for this
channel model. Now, we establish the throughput capacity region
for the Gaussian fading MAC with a common message, when the
Channel State Information (CSI) is perfectly known at the
receiver, while partial CSI is available at the transmitters.
Precisely speaking, partial CSI at the transmitters (CSIT) in our
model refers to the case where a version of CSI is available at
each encoder which is a deterministic function of the channel
state process, while perfect CSI at the receivers (CSIR) refers to
the case for which the state process is available at the receiver
completely. This description of partial CSIT and perfect CSIR for
the Gaussian fading MAC was previously considered in [12].
Similar to the MAC with a common message, we also study a
two-user Gaussian fading MAC with conferencing encoders. We
extend Willems' approach [4], (who derived the capacity region
of the MAC with conferencing encoders using the MAC with a
common message,) to the case of Gaussian fading MAC, and
determine the capacity region of this channel with partial CSIT
and perfect CSIR. In our model for the Gaussian fading MAC
with conferencing encoders, the transmitters know partial CSIT
after the conference.
The rest of the paper is organized as follows: In Section II,
preliminaries and channel models are introduced. The main
results are presented in Section III, where in Subsection III-A the
Gaussian fading MAC with a common message and in Subsection
III-B the Gaussian fading MAC with conferencing encoders are
investigated. In Section IV, numerical examples and simulation
results are provided. Finally, the paper is concluded in Section V.

II.

CHANNEL MODELS AND DEFINITIONS

In this paper, we use the following notations: random variables
(r.v.) are denoted by upper case letters (e.g. ܺ) and lower case
letters are used to show their realizations (e.g. )ݔ. The probability
distribution function (p.d.f.) of a r.v. ܺ with alphabet set ࣲ, is
denoted by ܲ ሺݔሻ where  ࣲ א ݔand ܲȁ ሺݔȁݕሻ denotes the
conditional p.d.f. of ܺ given ܻ . ॱሾǤ ሿ indicates the expectation
operator, where sometimes to be more precise, we use ॱ ሾǤ ሿ to
denote expectation with respect to the distribution of the r.v. ܺ.
We also use ࢎሺǤ ሻ to represent differential entropy.
Gaussian Fading MAC: A two-user Gaussian fading MAC is
a channel with formulation as:
ܻ௧ ൌ ܵଵǡ௧ ܺଵǡ௧   ܵଶǡ௧ ܺଶǡ௧  ܼ௧ ǡ ݐ ͳሺͳሻ
ஶ
ஶ
ሼܻ௧ ሽஶ
௧ୀଵ ǡ ൛ܺǡ௧ ൟ௧ୀଵ ǡ ൛ܵǡ௧ ൟ௧ୀଵ ǡ ݅

where
ൌ ͳǡʹ , are the Թ -valued
received signals at the receiver, the transmitted signal of the ݅ ௧
transmitter and the fading coefficient experienced by the signal of
the ݅ ௧ transmitter at the receiver , respectively; ሼܼ௧ ሽஶ
௧ୀଵ is
independent identically distributed (i.i.d.) Additive White
Gaussian Noise (AWGN) with zero mean and variance ܲ௭ , at the
ஶ
receiver. The fading processes ൛ܵǡ௧ ൟ௧ୀଵ ǡ ݅ ൌ ͳǡʹ are assumed to be
jointly stationary and ergodic but not necessarily independent of
each other. For the system in (1), we define the state process of

,6,7

Authorized licensed use limited to: Sharif University of Technology. Downloaded on August 11,2010 at 07:30:27 UTC from IEEE Xplore. Restrictions apply.

+5+6#WUVKP6GZCU75#,WPG

ଶ ൯ ൌ ुሺܻ  ǡ ܵ  ሻ, where
ଵ ǡ ܹ
which estimates the messages as൫ܹ
ܵ௧ ൌ ൫ܵଵǡ௧ ǡ ܵଶǡ௧ ൯ǡ  ݐൌ ͳǡ ǥ ǡ ݊, is the state process of the channel at
time instant ݐ.
For both channel with a common message and also channel
with conferencing encoders, the ݅ ௧ transmitter is subject to an
average power constraint ܲ  אԹା , ݅ ൌ ͳǡʹ. Precisely speaking,
for the codewords of the ݅ ௧ transmitter we have:

the channel, ܵ௧ , to be ܵ௧  ൫ܵଵǡ௧ ǡ ܵଶǡ௧ ൯,  ݐ ͳ . The state process of
ஶ
the channel ሼܵ௧ ሽஶ
௧ୀଵ is independent of the AWGN process ሼܼ௧ ሽ௧ୀଵ .
Partial CSIT and perfect CSIR: In this paper, we consider the
channel model in (1) with partial CSIT: the ݅ ௧ transmitter at each
time instant knows a version of the current CSI determined by a
deterministic function of the state process of the channel. In other
words, the CSI available at the ݅ ௧ transmitter is given by
ߦ ൫ܵ ൌ ሺܵଵ ǡ ܵଶ ሻ൯ , where ߦ ሺǤ ሻǣ Թଶ ՜ ࣟ ǡ ݅ ൌ ͳǡʹ , and ࣟ is an
arbitrary set (maybe finite) associated to the ݅ ௧ transmitter. We
also assume that the decoder has access to the perfect CSIR, i.e.
the state of the channel ܵ ൌ ሺܵଵ ǡ ܵଶ ሻ is completely known at the
receiver.
MAC with a common message: For the Gaussian fading MAC
described in (1) with a common message, a length-݊ block code
Ձ with a common message set ࣱ ൌ ሼͳǡ ǥ ǡ ʹோబ ሽ and private
message sets ࣱ ൌ ሼͳǡ ǥ ǡ ʹோ ሽǡ ݅ ൌ ͳǡʹ, is defined by two set of

encoder functions ൛ूǡ௧ ൟ௧ୀଵ such that:
ूǡ௧ ǣ ࣱ ൈ ࣱ ൈ ࣟ ՜ Թǡ

 ݐൌ ͳǡ ǥ ǡ ݊ǡ

ଵ


In the next section, we state our main results for channel
models presented here.

III.

In this section, we study the Gaussian fading MAC defined in
(1), with a common message. In the following theorem, we
present our main result and characterize the throughput capacity
region of the underlying channel:
Theorem 1: Consider the Gaussian fading MAC in (1) with a
common message, where CSI is partially known to encoders and
the receiver has access to perfect CSIR. The capacity region
ீିெ
is given as:
denoted by ࣝ

݅ ൌ ͳǡʹ

where the input symbol of the channel from the ݅ transmitter at
each time instant  ݐ, is given by ܺǡ௧ ൌ ूǡ௧ ൫ܹ ǡ ܹ ǡ ܧǡ௧ ൯, ܧǡ௧ ൌ
ߦ ሺܵ௧ ሻ ࣟ א ; a decoder function which is given by:
ुǣ ࣳ  ൈ ሺԹଶ ሻ ՜ ࣱ ൈ ࣱଵ ൈ ࣱଶ

ீିெ

ࣝ

 ǡ ܹ
ଵ ǡ ܹ
ଶ ൯ ൌ ुሺࣳ ǡ ܵ ,
which estimates the messages as: ൫ܹ
where ܵ௧ ൌ ൫ܵଵǡ௧ ǡ ܵଶǡ௧ ൯ǡ  ݐൌ ͳǡ ǥ ǡ ݊ , is the state process of the
channel at time instant ݐ.
MAC with Conferencing Encoders: A length- ݊ block code
Ձሺ݊ǡ ܭǡ ܥଵଶ ǡ ܥଶଵ ሻ, for the Gaussian MAC described in (1), with
conferencing encoders, has two private message sets ࣱ ൌ
ሼͳǡ ǥ ǡ ʹோ ሽǡ ݅ ൌ ͳǡʹ: before transmission of the messages over the
channel, two encoders hold a conference, i.e., the code
Ձሺ݊ǡ ܭǡ ܥଵଶ ǡ ܥଶଵ ሻ consists of two sets of  ܭcommunicating
functions ൛ࣽǡଵ ǡ ǥ ǡ ࣽǡ ൟǡ ݅ ൌ ͳǡʹ , and two sets of (finite)
conferencing
alphabets
൛ࣰǡଵ ǡ ǥ ǡ ࣰǡ ൟǡ ݅ ൌ ͳǡʹ .
Each
communicating function ࣽǡ ǡ ݅ ൌ ͳǡʹ, for ݇ ൌ ͳǡ ǥ ǡ ܭ, maps the
message ܹ and the sequence of the previously received symbols
from the other transmitter into the ݇ ௧ symbol ܸǡ ࣰ אǡ . In
notations we have:
ࣽଵǡ ǣ ࣱଵ ൈ ࣰଶିଵ ՜ ࣰଵǡ ǡ
ܸଵǡ ൌ ࣽଵǡ ሺܹଵ ǡ ܸଶିଵ ሻ
ࣽଶǡ ǣ ࣱଶ ൈ ࣰଵିଵ ՜ ࣰଶǡ ǡ

MAIN RESULTS

III-A) Gaussian fading MAC with a common message:
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ଶ
ॱൣσ௧ୀଵ ܺǡ௧
൧  ܲ ݅ ൌ ͳǡʹሺʹሻ

ൌ
Ͳ  ܴ ǡ ܴଵ ǡ ܴଶ ǣ
ۓ
ۗ
ȁௌ ȁమ ఝ ሺா ሻቀଵିదభమ ሺாభ ሻቁ
ۖ ܴଵ  ॱௌ ቈԧ ቆ ೖ భ భ
ቇ ۖ

ۖ
ۖ
ۖ
ۖ
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ȁ
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ۖ ଶ
ۖ


ሻ



ራ
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ద
భ
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మ
భ
భ
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మ
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ቍۖ
ଵ
ଶ
ௌ

ۖ 
ۖ
ە
ۙ

ሺ͵ሻ

ఝ ሺǤሻǣࣟ ՜Թశ 
ܴଵ
ద ሺǤሻǣࣟ ՜ሾǡଵሿ ۖ
ۖ
ୀଵǡଶ

 ܴଶ  ॱௌ ቈԧ ቆ



ଵ

where ԧሺݔሻ  ؠሺͳ  ݔሻ , ȁǤ ȁ stands for the absolute value,
ଶ
ܵ ൌ ሺܵଵ ǡ ܵଶ ሻ  אԹଶ is a r.v. representing the state process of the
channel, ܧ ࣟ א ǡ ݅ ൌ ͳǡʹ is a r.v. representing the CSIT available
at the ݅ ௧ transmitter, which is a deterministic function of ܵ :
ܧ ൌ ߦ ሺܵሻ. In addition, ߮ ሺǤ ሻǣ ࣟ ՜ Թା is the power allocation
policy for the ݅ ௧ transmitter, satisfying the following constraint:
ॱሾ߮ ሺܧ ሻሿ  ܲ ǡ ݅ ൌ ͳǡʹሺͶሻ
and ߷ ሺǤ ሻǣ ࣟ ՜ ሾͲǡͳሿ is an arbitrary deterministic function, taking
its values in the interval [0,1].
Remark: By setting ܴ ൌ Ͳ , ߷ ሺǤ ሻ Ͳ ؠǡ ݅ ൌ ͳǡʹ , and also
ܧ ܵ ؠǡ ݅ ൌ ͳǡʹ, (perfect CSIT), the rate region in (3), reduces to
the capacity region of the two-user Gaussian fading MAC without
common message with perfect CSIT and also perfect CSIR,
obtained previously in [10, Theorem 2.1].
Proof of theorem 1: Achievability part:
Lemma 1: Let ሺܷǡ ܸଵ ǡ ܸଶ ሻ be a triple of auxiliary r.v.s with
alphabets ܷ  ࣯ אand ܸ ࣰ א ǡ ݅ ൌ ͳǡʹ . Then for the Gaussian
fading MAC in (1) with a common message, with partially CSIT
and perfect CSIR, the following rate region is achievable:

ܸଶǡ ൌ ࣽଶǡ ሺܹଶ ǡ ܸଵିଵ ሻ

A conference is said to be ሺܥଵଶ ǡ ܥଶଵ ሻ-permissible [4], if the set
of communicating functions are such that:
σୀଵ ฮࣰଵǡ ฮ  ݊ܥଵଶ ǡ σୀଵ ฮࣰଶǡ ฮ  ݊ܥଶଵ
where ฮࣰǡ ฮ denotes cardinality of ࣰǡ .
As we mentioned before, the CSIT is known to the encoders
after the conference. Assume that the information that the first
transmitter obtains after the conference to be ܸଶ ൌ ൫ܸଶǡଵ ǡ ǥ ǡ ܸଶǡ ൯
and for the second transmitter to be ܸଵ ൌ ൫ܸଵǡଵ ǡ ǥ ǡ ܸଵǡ ൯. By these
assumptions the ݅ ௧ encoder consists of a set of functions

൛ूǡ௧ ൟ௧ୀଵ , ݅ ൌ ͳǡʹ, where for  ݐൌ ͳǡ ǥ ǡ ݊:
ूଵǡ௧ ǣ ࣱଵ ൈ ܸଶ ൈ ࣟଵ ՜ Թ
ቊ
ቋ
ूଶǡ௧ ǣ ࣱଶ ൈ ܸଵ ൈ ࣟଶ ՜ Թ

Ͳ  ܴ ǡ ܴଵ ǡ ܴଶ ǣ
 ܴ ۓ ܫሺܸ Ǣ ܻȁܸ ǡ ܷǡ ܵሻ ۗ
ଵ
ଶ
ۖ ଵ
ۖ
ܴଶ  ܫሺܸଶ Ǣ ܻȁܸଵ ǡ ܷǡ ܵሻ
ራ
 ܴ۔ ܴ  ܫሺܸ ǡ ܸ Ǣ ܻȁܷǡ ܵሻۘ
ೆ ሺ௨ሻ ςమ
ଶ
ଵ ଶ
సభ ೇ ȁೆ ሺ௩ ȁ௨ሻ ۖ ଵ
ۖ
ǡ
ܴ ە  ܴଵ  ܴଶ  ܫሺܷǡ ܸଵ ǡ ܸଶ Ǣ ܻȁܵሻ ۙ
 ሺǤሻǣࣰ ൈ࣯ൈࣟ ՜Թǣ

Thus, the input symbol of the channel from the first
transmitter at each time instant  ݐ, is now given by ܺଵǡ௧ ൌ
ूଵǡ௧ ൫ܹଵ ǡ ܸଶ ǡ ܧଵǡ௧ ൯ , where ܧଵǡ௧ ൌ ߦଵ ሺܵ௧ ሻ ࣟ אଵ , (respectively,
ܺଶǡ௧ ൌ ूଶǡ௧ ൫ܹଶ ǡ ܸଵ ǡ ܧଶǡ௧ ൯, where ܧଶǡ௧ ൌ ߦଶ ሺܵ௧ ሻ ࣟ אଶ ). The decoder
function is given by:
ुǣ ࣳ  ൈ ሺԹଶ ሻ ՜ ࣱଵ ൈ ࣱଶ







 ୀ ሺ ǡǡா ሻ
ୀଵǡଶ

ሺͷሻ
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where ܻ ൌ ܵଵ ܺଵ  ܵଶ ܺଶ  ܼ , and the joint p.d.f. of the
r.v.sሺܵǡ ܧଵ ǡ ܧଶ ǡ ܷǡ ܸଵ ǡ ܸଶ ሻ is given by:
ܲௌாభ ாమ భ మ ሺݏǡ ݁ଵ ǡ ݁ଶ ǡ ݑǡ ݒଵ ǡ ݒଶ ሻ
ൌ ܲௌாభ ாమ ሺݏǡ ݁ଵ ǡ ݁ଶ ሻܲ ሺݑሻܲభ ȁ ሺݒଵ ȁݑሻܲమ ȁ ሺݒଶ ȁݑሻǤ

ሺሻ
Furthermore, ݂ ሺǤ ሻǣ ࣰ ൈ ࣯ ൈ ࣟ ՜ Թ are two deterministic
functions such that ܺ ൌ ݂ ሺܸ ǡ ܷǡ ܧ ሻ satisfies the power
constraint policy of the ݅ ௧ transmitter:ॱሾܺଶ ሿ  ܲ ǡ ݅ ൌ ͳǡʹ.
Proof: The proof could be seen in [13, proof of Theorem 1]
by assuming two-user MAC. We do not provide it here because
of the lack of space.
Now, to prove the achievability of (3), let ሺܷǡ ܸଵ ǡ ܸଶ ሻ be a
triple of Gaussian distributed r.v.s with zero mean and unit
variance, and independent of each other and also independent of
the state ܵ . Furthermore, assume ሼ߮ ǣ ࣟ ՜ Թା ሽଶୀଵ to be two
power allocation policy functions which satisfy the power
constraints in (4) and ߷ ሺǤ ሻǣ ࣟ ՜ ሾͲǡͳሿǡ ݅ ൌ ͳǡʹ , to be two
arbitrary deterministic functions with range ሾͲǡͳሿ. Define the r.v.s
ܺଵ ǡ ܺଶ as:
ܺ  ඥ߮ ሺܧ ሻ൫߷ ሺܧ ሻܷ  ඥͳ െ ߷ଶ ሺܧ ሻܸ ൯ǡ ݅ ൌ ͳǡʹ

ሺሻ
Note that in definition (7), ܧଵ ǡ ܧଶ indicates CSITs with joint
distribution determined by ܲௌாభ ாమ ሺݏǡ ݁ଵ ǡ ݁ଶ ሻ. One can easily check
that the r.v.s ܺଵ ǡ ܺଶ defined in (7) satisfy:
ॱௌ ሾܺଶ ሿ ൌ ॱௌ ሾ߮ ሺܧ ሻሿ  ܲ ǡ ݅ ൌ ͳǡʹ
Then by substituting ܷۃǡ ܸଵ ǡ ܸଶ ǡ ܺଵ ǡ ܺଶ ۄ, into the rate region
given by (5), we obtain the achievability of (3). The details of
computations are relegated to [13, Theorem 1] by assuming twouser MAC.
Converse part: To prove the converse, we first derive an
ீିெ
, in terms of mutual information
upper bound on ࣝ
functions, in the following lemma.
Lemma 2:

ீିெ

ࣝ

ீିெ
ࣝ
is

upper bounded by:
Ͳ  ܴ ǡ ܴଵ ǡ ܴଶ ǣ
 ܴ ۓ ܫሺܺ Ǣ ܻȁܺ ǡ ܷǡ ܵሻ ۗ
ଵ
ଶ
ۖ ଵ
ۖ
ܴଶ  ܫሺܺଶ Ǣ ܻȁܺଵ ǡ ܷǡ ܵሻ
ك
ራ
۔
ۘ
ೆ భ ȁೆಶభ మ ȁೆಶమ
ۖ ܴଵ  ܴଶ  ܫሺܺଵ ǡ ܺଶ Ǣ ܻȁܷǡ ܵሻ ۖ
ܴ ە  ܴଵ  ܴଶ  ܫሺܺଵ ǡ ܺଶ Ǣ ܻȁܵሻۙ
ሺͺሻ

over all joint p.d.f.s of the form:
ܲௌாభ ாమ భ మ ሺݏǡ ݁ଵ ǡ ݁ଶ ǡ ݑǡ ݔଵ ǡ ݔଶ ሻ

is resulted. Conversely, we show that the rate region in (8) does
not exceed any points of (3). First, we state some useful technical
lemmas from probability theory in the following.
For arbitrary r.v.s ܺ and ܻ, ܸܴܣሺܺȁܻ ൌ ݕሻ is defined as:
ܸܴܣሺܺȁܻ ൌ ݕሻ ॱ ሾܺ ଶ ȁܻ ൌ ݕሿ െ ሺॱሾܺȁܻ ൌ ݕሿሻଶ ሺͳͲሻ
that is in fact the variance of ܺ with respect to the distribution
ܲȁ ሺݔȁݕሻ, and so it is a positive quantity.
Lemma 3: Consider three r.v.s ܺǡ ܻ and ܼ:
I) Assume ܻ and ܼ are independent. Then the following holds:
ॱ ൣॱሾܺ ଶ ȁܻǡ ܼ ൌ ݖሿ൧ ൌ ॱሾܺ ଶ ȁܼ ൌ ݖሿሺͳͳሻ
II) Assume ܺ and ܼ are real valued and ܺ ՜ ܻ ՜ ܼ form a
Markov chain. Then:
ܸܴܣሺܺ  ܼȁܻ ൌ ݕሻ ൌ ܸܴܣሺܺȁܻ ൌ ݕሻ  ܸܴܣሺܼȁܻ ൌ ݕሻ
ሺͳʹሻ
Proof: By direct computation.
Lemma 4: Consider r.v.s ሺܵǡ ܧଵ ǡ ܧଶ ǡ ܷǡ ܺଵ ǡ ܺଶ ሻ, with the joint
p.d.f. given as (9), where ܺଵ and ܺଶ are real-valued and there
exist deterministic functions ߦ ሺǤ ሻ, such that: ܧ ൌ ߦ ሺܵሻǡ ݅ ൌ ͳǡʹ.
Then, the following inequality holds:
ॱሾܺଵ ܺଶ ȁܵ ൌ ݏሿ  ඥॱ ሾሺॱሾܺଵ ȁܷǡ ܧଵ ൌ ߦଵ ሺݏሻሿሻଶ ሿ
ൈ ඥॱ ሾሺॱሾܺଶ ȁܷǡ ܧଶ ൌ ߦଶ ሺݏሻሿሻଶ ሿ
ሺͳ͵ሻ
Proof: See [13, Lemma 3].
Now, consider the rate region described in (8). Define
deterministic functions ߮ ሺǤ ሻǣ ࣟ ՜ Թା ǡ ݅ ൌ ͳǡʹ, such that:
݁ ࣟ א  ߮   ሺ݁ ሻ ॱ ሾܺଶ ȁܧ ൌ ݁ ሿሺͳͶሻ
and also deterministic functions ߷ ሺǤ ሻǣ ࣟ ՜ ሾͲǡͳሿǡ ݅ ൌ ͳǡʹ , as
follows:
݁ ࣟ א  ߷   ሺ݁ ሻ  ඨ

ॱ ሾሺॱሾܺ ȁܷǡ ܧ ൌ ݁ ሿሻଶ ሿ

߮ ሺ݁ ሻ
ሺͳͷሻ

Notice that:
ॱሾܺଶ ȁܷ ൌ ݑǡ ܧ ൌ ݁ ሿ െ ሺॱሾܺ ȁܷ ൌ ݑǡ ܧ ൌ ݁ ሿሻଶ
ൌ ܸܴܣሺܺ ȁܷ ൌ ݑǡ ܧ ൌ ݁ ሻ  Ͳሺͳሻ
which yields:
ॱሾܺଶ ȁܧ ൌ ݁ ሿ െ ॱ ሾሺॱሾܺ ȁܷǡ ܧ ൌ ݁ ሿሻଶ ሿ
ሺሻ

ൌ ܲௌாభ ாమ ሺݏǡ ݁ଵ ǡ ݁ଶ ሻܲ ሺݑሻܲభȁாభ ሺݔଵ ȁݑǡ ݁ଵ ሻܲమ ȁாమ ሺݔଶ ȁݑǡ ݁ଶ ሻ
ሺͻሻ
for which the power constraints:ॱሾܺଶ ሿ  ܲ ǡ ݅ ൌ ͳǡʹ hold. Note
that in (8), ܵ ൌ ሺܵଵ ǡ ܵଶ ሻ  אԹଶ is a r.v. representing the state
process of the channel and ܧ ࣟ א is the r.v. representing the
CSIT available at the ݅ ௧ transmitter, which is a deterministic
function of ܵ : ܧ ൌ ߦ ሺܵሻǡ ݅ ൌ ͳǡʹ . We also note that
ܲௌாభ ாమ ሺݏǡ ݁ଵ ǡ ݁ଶ ሻ is obtained from the (first order) distribution of
the state process of channel ܲௌ ሺݏሻ, which describes the behavior
of the fading coefficients.
Proof: See [13, Appendix II] by assuming two-user MAC.
Now, to see that the rate region in (3), is also an upper bound
ீିெ
on the capacity region of the underlying channel, i.e., ࣝ
, it
is enough to show that the rate region (8), is a subset of that one
in (3). However, we prove a stronger result, which is the fact that,
the rate region described in (3) is equivalent to that one given by
(8). First notice that one can define the pair of r.v.s ሺܺଵ ǡ ܺଶ ሻ as in
(7), to satisfy the joint p.d.f. of (9) and also the power constraints
ॱሾܺଶ ሿ  ܲ ǡ ݅ ൌ ͳǡʹ . So by substituting ܷۃǡ ܺଵ ǡ ܺଶ  ۄas defined
through (7) in the rate region described in (8), one can see that (3)

ൌ ॱ ሾॱሾܺଶ ȁܷǡ ܧ ൌ ݁ ሿ െ ሺॱሾܺ ȁܷǡ ܧ ൌ ݁ ሿሻଶ ሿ  Ͳ
ሺͳሻ
where (a) is because of part I of Lemma 3. Therefore, for each
݁ ࣟ א , ߷ ሺ݁ ሻ belongs to the interval [0,1] and the notation
߷ ሺǤ ሻǣ ࣟ ՜ ሾͲǡͳሿ is well-defined. Furthermore from (14), we
have:
ॱሾ߮ ሺܧ ሻሿ ൌ ॱൣॱሾܺଶ ȁܧ ሿ൧ ൌ ॱሾܺଶ ሿ  ܲ ǡ݅ ൌ ͳǡʹ
Now for the mutual information function terms in the rate
region (8), we can proceed as:
ܫሺܺଵ Ǣ ܻȁܺଶ ǡ ܷǡ ܵሻ ൌ ࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܺଶ ǡ ܷǡ ܵሻ
െࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܺଵ ǡ ܺଶ ǡ ܷǡ ܵሻ
ሺሻ

ଵ

ൌ ࢎሺܵଵ ܺଵ  ܼȁܷǡ ܵሻ െ ሺʹߨ݁ܲ௭ ሻ
ଶ

ሺሻ

ൌ ॱௌ ൣॱ ሾࢎሺܵଵ ܺଵ  ܼȁܷ ൌ ݑǡ ܵ ൌ ݏሻሿ൧
ଵ

െ ሺʹߨ݁ܲ௭ ሻ
ଵ

ଶ

 ॱௌ ॱ ቂ ൫ʹߨܸܴ݁ܣሺܵଵ ܺଵ  ܼȁܷ ൌ ݑǡ ܵ ൌ ݏሻ൯ቃ൨
ଶ

ଵ

െ ሺʹߨ݁ܲ௭ ሻ
ଶ
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ଵ

ൌ ॱௌ ॱ ቂ ൫ʹߨ݁ሺȁݏଵ ȁଶ ܸܴܣሺܺଵ ȁܷ ൌ ݑǡ ܵ ൌ ݏሻ  ܲ௭ ሻ൯ቃ൨
ଶ

ீିெ

ࣝ

ଵ

െ ሺʹߨ݁ܲ௭ ሻ
ଶ

ሺሻ

మ ೇಲೃሺ ȁೆసೠǡಶ స ሻ
భ
భ భ
ು

ൌ ॱௌ ॱ ቂԧ ቀȁೞభȁ

ൌ ॱௌ ቈॱ ቂԧ ቀ
ሺௗሻ

 ॱௌ ቂԧ ቀ

ሺሻ

ൌ ॱௌ ԧ ൬

ቁቃ൨

మ
ȁೞభ ȁమ ቀॱቂమ
భ ȁೆసೠǡಶభ సభ ቃషሺॱሾభ ȁೆసೠǡಶభ సభ ሿሻ ቁ
ು

ቁቃ

మ
ȁೞభ ȁమ ॱೆ ቂॱቂమ
భ ȁೆǡಶభ సభ ቃషሺॱሾభ ȁೆǡಶభ సభ ሿሻ ቃ
ು

ራ

ቁቃ

ȁೄభ ȁమ കభ ሺಶభ ሻ൬భషഞమ
భ ሺಶభ ሻ൰

൰൨ሺͳͺሻ

ು

where (a) is true since ܺଶ ՜ ሺܷǡ ܵሻ ՜ ܺଵ forms a Markov chain,
(b) is true since ܷ and ܵ are independent of each other, (c) is due
to the fact that from (9) ܵ ՜ ሺܷǡ ܧ ሻ ՜ ܺ ǡ ݅ ൌ ͳǡʹ, form Markov
chains, (d) is due to Jensen’s inequality and (f) is obtained from
definitions (14) and (15). In a similar way one can show:
ܫሺܺଶ Ǣ ܻȁܺଵ ǡ ܷǡ ܵሻ  ॱௌ ԧ ൬

ȁௌమ ȁమ ఝమ ሺாమ ሻቀଵିదమమ ሺாమ ሻቁ

ܫሺܺଵ ǡ ܺଶ Ǣ ܻȁܷǡ ܵሻ  ॱௌ ቈԧ ቆ



൰൨

మ
మ
σమ
సభ൬ȁௌ ȁ ఝ ሺா ሻቀଵିద ሺா ሻቁ൰

ቇሺͳͻሻ



Moreover for the bound on the sum rate in (8), we have:
ܫሺܺଵ ǡ ܺଶ Ǣ ܻȁܵሻ ൌ ࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܵሻ
െࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܺଵ ǡ ܺଶ ǡ ܵሻ

IV.

ଵ

ൌ ॱௌ ሾࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܵ ൌ ݏሻሿ െ ሺʹߨ݁ܲ௭ ሻ
ଶ

ଵ

െ ሺʹߨ݁ܲ௭ ሻ
ଶ

మ
మ
ȁೞభ ȁమ ॱቂమ
భ ቚೄసೞቃశȁೞమ ȁ ॱቂమ ቚೄసೞቃ

൱൩

మ ቚೄసೞቃశȁೞ ȁమ ॱቂమ ቚೄసೞቃ
ȁೞభ ȁమ ॱቂభ
మ
మ

ۍ
ې
శమೞభ ೞమ ටॱೆ ൣሺॱሾభ ȁೆǡಶభ సభ ሺೞሻሿሻమ ൧ටॱೆ ൣሺॱሾమ ȁೆǡಶమ సమ ሺೞሻሿሻమ ൧
ۑۊ
 ॱௌ ێԧ ۇ
ು
ێ
ۑ
ۉ ۏ
ےی

ሺሻ

ሺሻ

NUMERICAL EXAMPLES AND SIMULATIONS

Now, we examine a few implications of our results for the
channel model in (1), with a Rayleigh fading environment. Here,
we only consider the Gaussian fading channels with no CSIT (the
transmitters have no knowledge about the CSI) and perfect CSIR.
At such situation, we denote the capacity region of the Gaussian
ିௌூ்
fading MAC in (1) with a common message by ࣝ
, which is
obtained from (3) by setting ܧ  ؠǡ ݅ ൌ ͳǡʹ , and also the
capacity region of the channel with conferencing encoders by
ିௌூ்
ሺܥଵଶ ǡ ܥଶଵ ሻ , which is obtained from (21) by setting
ࣝ

 ॱௌ ൣభమ ሺʹߨ݁ॱሾሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼሻଶ ȁܵ ൌ ݏሿሻ൧

శమೞభ ೞమ ॱሾభ మ ȁೄసೞሿ
ು



whereܵ ൌ ሺܵଵ ǡ ܵଶ ሻ  אԹଶ is a r.v. representing the state process of
the channel, ܧ ࣟ א , is a r.v. for the CSIT available at the ݅ ௧
transmitter, ݅ ൌ ͳǡʹ, which is a deterministic function of ܵ, i.e.
ܧ ൌ ߦ ሺܵሻ. Furthermore, ߮ ሺǤ ሻǣ ࣟ ՜ Թା , is the power allocation
policy for ݅ ௧ transmitter, satisfying the following constraint:
ॱሾ߮ ሺܧ ሻሿ  ܲ ǡ ݅ ൌ ͳǡʹሺʹʹሻ
and ߷ ሺǤ ሻǣ ࣟ ՜ ሾͲǡͳሿǡ ݅ ൌ ͳǡʹ , are two arbitrary deterministic
functions, taking their values in the interval [0,1].
Proof of theorem 2: The proof will be relegated to [13,
Theorem 3]. Here, we only notice that the achievability of (21) is
obtained using the capacity region of the Gaussian fading MAC
with a common message given by (3), and by following the same
approach used in [4].

ଵ

ൌ ॱௌ ԧ ൭

Ͳ  ܴଵ ǡ ܴଶ ǣ
ۓ
ۗ
ȁௌ ȁమ ఝ ሺா ሻቀଵିదభమ ሺாభ ሻቁ
ۖ ܴଵ  ॱௌ ቈԧ ቆ భ భ భ
ቇ  ܥଵଶ  ۖ

ۖ
ۖ
ۖ
ۖ
ȁௌమ ȁమ ఝమ ሺாమ ሻቀଵିదమమ ሺாమ ሻቁ
ቇ  ܥଶଵ  ۖ
ۖ ܴଶ  ॱௌ ቈԧ ቆ


σమసభȁௌ ȁమ ఝ ሺா ሻቀଵିదమ ሺா ሻቁ
۔
ۘ
ఝభ ሺǤሻǡఝమ ሺǤሻ ܴଵ  ܴଶ  ॱௌ ቈԧ ቆ
ቇ  ܥଵଶ  ܥଶଵ

ۖ
ۖ
ሺǤሻǡద
ሺǤሻ
దభ
మ
ۖ
ۖ
ȁௌభ ȁమ ఝభ ሺாభ ሻାȁௌమ ȁమ ఝమ ሺாమ ሻ
ۖ
ۖ
ାଶௌభ ௌమ దభ ሺாభ ሻదమ ሺாమ ሻඥఝభ ሺாభ ሻఝమ ሺாమ ሻ
ቍۖ
ܴۖଵ  ܴଶ  ॱௌ ԧ ቌ

ە
ۙ
ሺʹͳሻ

ൌ ࢎሺܵଵ ܺଵ  ܵଶ ܺଶ  ܼȁܵሻ െ ሺʹߨ݁ܲ௭ ሻ
ଶ

ሺܥଵଶ ǡ ܥଶଵ ሻ ൌ

ஶ

ܧ  ؠǡ ݅ ൌ ͳǡʹ. Assume that the fading processes ൛ܵଵǡ௧ ൟ௧ୀଵ and
ஶ

൛ܵଶǡ௧ ൟ௧ୀଵ in (1) are independent of each other and ܵǡ௧ , ݅ ൌ ͳǡʹ, is a
Rayleigh-distributed r.v. with a p.d.f. given by:

ȁೄభ ȁమ കభ ሺಶభ ሻశȁೄమ ȁమ കమ ሺಶమ ሻ

మ

మ ሻඥകభ ሺಶభ ሻകమ ሺಶమ ሻ
ൌ ॱௌ ԧ ൭శమೄభೄమഞభሺಶభሻഞమሺಶ
൱൩ሺʹͲሻ
ು

where (a) is because ܵ ՜ ܧ ՜ ܺ ǡ ݅ ൌ ͳǡʹ form Markov chains
and also Lemma 4 has been applied. (b) is obtained from
definitions (14) and (15).
Now substituting (18)-(19) in (8), we obtain the fact that no
point outside of the rate region given by (3) is achievable. This
completes the proof of Theorem 1. ז

III-B) Gaussian fading MAC with conferencing encoders:
In this section, we investigate the Gaussian fading MAC
described in (1) with conferencing encoders. We recall that the
capacity region of a discrete two-user MAC with conferencing
encoders was obtained in [4]. To prove his result, Willems [4]
used the capacity region of discrete MAC with a common
message, which has already been obtained in [1] by Slepian and
Wolf. In the following theorem, we establish the capacity region
of the two-user Gaussian fading MAC in (1), with conferencing
encoders:
Theorem 2: The capacity region of the two-user Gaussian
fading MAC in (1), with conferencing encoders connected to each
other by links of capacity ܥଵଶ and ܥଶଵ , denoted by
ீିெ
ࣝ ሺܥଵଶ ǡ ܥଶଵ ሻ, when the transmitters have access to partial
CSIT and the decoder has access to perfect CSIR, is given by:

ܲௌ ሺݏሻ ൌ ʹି ݁ݏ௦ ǡ  ݏ ͲǤሺʹ͵ሻ
We plot the capacity region of the two-user Gaussian MAC
ିௌூ்
with common message, ࣝ
, in Fig. 1, under different

values of the power ratio of transmitters భ (boundaries in each
మ

planes with solid lines). The sum power of two transmitters, i.e.,
ܲଵ  ܲଶ is fixed for all plots. As we see from figure, when two

transmitters have the same power, i.e., భ ൌ ͳ, the maximum rate
మ

of ܴ , is attained. This can be justified as follow. It can be easily
verified from (3), that maximum achievable rate of the common
message ܴ , is given by:




షೄ
ோబ ࣝא

ܴ ൌ ॱௌ ቂԧ ቀ

ȁௌభ ȁమ భ ାȁௌమ ȁమ మ ାଶௌభ ௌమ ඥభ మ


ቁቃሺʹͶሻ

On the other hand, for fixed value of ܲଵ  ܲଶ , the geometric
average ඥܲଵ ܲଶ is maximum when ܲଵ ൌ ܲଶ , (note that ܵଵ and ܵଶ
are positive-valued i.i.d. r.v.s). So, when the powers ܲଵ and ܲଶ ,
become far from each other, the maximum achievable value of
the rate ܴ , i.e. the cut-off point on the ܴ axis decreases. We

note that for the values of భ that are greater than ͳͲ , the
మ

variation of the power ܲଵ is less than 10 percent, and so increment
in the maximum achievable rate of ܴଵ , i.e. the cut-off point on the
ܴଵ -axis, is not significant, as can be seen from Fig. 1.
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Figure 1. The capacity region of the two-user Gaussian fading MAC with a
ିௌூ்
common message, ࣝ
. The sum power for all plots is fixed and is equal
to ܲଵ  ܲଶ ൌ ʹ͵ǤͲͳ dB, and also ܲ௭ ൌ Ͳ dB.

Figure 2. The capacity region of the two-user Gaussian fading MAC with
ିௌூ்
ሺͲǡ ܥଶଵ ሻ, for ܲଵ ൌ ʹ͵ǤͲͳ
one encoder communicating to the other, ࣝ
dB, ܲଶ ൌ ʹͲ dB, and also ܲ௭ ൌ Ͳ dB.

In Fig. 2, the capacity region of the two-user Gaussian fading
MAC with one encoder communicating to the other, i.e.,
ିௌூ்
ሺͲǡ ܥଶଵ ሻ, has been plotted. So, in this situation the second
ࣝ
encoder can communicate to the first encoder via a link with
capacity ܥଶଵ . It is clear from the figure that as the rate of
conferencing increases, the capacity region enlarges, however,
since only the second encoder can cooperate its message with the
first one via conferencing, the maximum achievable rate of ܴଵ
(the cut-off point on ܴଵ -axis), does not change. In Fig. 2 it has
assumed that the associated power of the second encoder is half
ଵ
of that one for the first encoder, i.e. ܲଶ ൌ ܲଵ . This causes the
ଶ
capacity region with no conferencing ( ܥଶଵ ൌ Ͳ ), to be an
asymmetric region (the region with blue boundary in Fig. 2), such
that the value of the cut-off point on the ܴଶ -axis is less than that
one on the ܴଵ -axis. As we see from Fig. 2, by holding a
conferencing with the rate of about ܥଶଵ ൌ ͲǤͶ (bps/Hz), (the
region with green boundary), the second encoder can
communicate some part of its message to the first one, which
makes the maximum achievable rate of ܴଶ to be the same as that
one for ܴଵ , i.e. the cut-off points on both axes are the same. This
means that conferencing can compensate for the lack of power. In
general, one can see that when the second transmitter is restricted
by ܲଶ ൌ ߙܲଵ where Ͳ ൏ ߙ ൏ ͳ , a conferencing link with the
మ
భ ȁ ሺభషഀሻುభ ቁቃ could compensate for the
capacity ܥଶଵ ሺߙሻ ൌ ॱௌ ቂԧ ቀȁೄ
ು శȁೄమ ȁమ ഀುమ
lack of power, depicted by ܥଶଵ ሺͲǤͷሻ ൌ ͲǤͶ (bps/Hz), in Fig. 2.
Moreover,
for
values
of
ܥଶଵ
greater
than
మ
మ
ॱௌ ቂԧ ቀȁೄభȁ ುభశȁೄమȁ ುುమశమೄభೄమඥುభುమቁቃ , (in Fig. 2 for ܥଶଵ  ͵Ǥͺͳ
(bps/Hz)), no further improvement in the capacity region is
possible. In fact, for values of ܥଶଵ equal or greater than
మ
మ
ॱௌ ቂԧ ቀȁೄభȁ ುభశȁೄమȁ ುುమశమೄభೄమඥುభುమቁቃ , by holding a conference, the
second transmitter can cooperate its message perfectly with the
first one, and the channel acts as a MAC with degraded
messages: a common message is sent by both transmitters and a
private message by just the first one. Therefore, the form of the
capacity region is the same as the capacity region of MAC with a
common message in ሺܴ ǡ ܴଵ ሻ-plane, depicted in Fig. 1.

For the Gaussian fading systems with only CSIR (transmitters
have no access to CSIT), some numerical examples and
simulation results are provided for Rayleigh fading models and
the effect of conferencing on the improvement of the capacity
region was investigated. In future work, we will study the
problem of optimal power allocation for the Gaussian fading
channels with partial CSIT and perfect CSIR, investigated here.

V.
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