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Abstract—Motivated by the statistical correspondence between
phases of the transmitted and received vectors, we present a
fast decoding method for quasi-orthogonal space-time block codes
(QOSTBCs) in this paper. The proposed decoder selects proper
candidates from precomputed and sorted sets by focusing on the
phase of a specific entry of the combined and decoupled vector.
The ML metric of the most probable candidates is first evaluated,
and then, the remaining candidates are assessed based on the
similarity between the phases. The new algorithm can work with
any type of constellation such as QAM and PSK and supports
generalized block-diagonal QOSTBCs. Theoretical results backed
by simulation tests confirm the solution’s superior performance
in terms of the decoder complexity compared with popular approaches found in the literature. This feature is achieved through
far fewer computations operations compared with many of the
state-of-the-art models reported in the literature.
Index Terms—Fading channels, fast decoding, multiple-input
multiple-output (MIMO) systems, quasi-orthogonal space-time
block codes (QOSTBCs), wireless communications.

I. I NTRODUCTION

Q

UASI-ORTHOGONAL space-time block codes (QOSTBCs), due to their simple decoders as well as their desired performance, have found numerous applications in other
wireless communication systems. For example, they are recommended for use in multiple-input multiple-output—orthogonal
frequency-division multiplexing (MIMO-OFDM) systems [1],
reconfigurable MIMO systems [2], and cooperative communication systems [3].
Needless to say, the decoding complexity of a space-time
block code (STBC) is a crucially important factor in a wireless
environment. The sphere decoder can significantly decrease the
decoding complexity, but still needs matrix decomposition at
the receiver which is time consuming and cumbersome [4]–[7].
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On the other hand, different decoding methods have been
proposed that reduce the complexity of QOSTBCs decoders
[8]–[18]. Let’s briefly review some of these innovative
approaches.
Authors in [8] separate the ML metric of the QOSTBCs into
two Euclidean norms and utilize sphere decoding algorithm for
each norm. In the proposed structure of [9], the received data
vectors are firstly decoupled, then maximum ratio combination
(MRC) is employed when the receiver has more than one
antennas. Finally, the sphere method is independently used to
decode decoupled and combined vectors. It is worth mentioning
that these solutions, which are all based on the conventional
sphere method, can only use lattice-like constellations. In [10],
however, a different approach is studied. Here a fast decoding
technique based on array processing is introduced which uses
null space to separate the transmitted signals. These signals are
then decoded linearly. To implement out this scheme, the number of the receive antennas should be larger than half of that of
the transmit antennas for single user case. This scheme reduces
decoding complexity at the expense of degrading symbol error
rate (SER) performance by about 3 dB. A new Chase-type suboptimal QOSTBCs decoder studied in [11] uses inner products
to express reliability of coordinate values and creates a small
set of codeword candidates. Once candidates are established,
an exhaustive search is employed to pick a proper one from
them. This decoding algorithm results in an error-floor that is
depended both on the number of the selected coordinate values
and that of the receive antennas.
Some other studies such as [12]–[16] are founded on QRdecomposition (QRD) which decomposes equivalent channel
matrix to the product of unitary matrix Q and upper-triangular
matrix R. These methods have to accomplish QRD calculations and matrix multiplications in their first steps of decoding
procedure which are quite complex operations. For QOSTBC
with four transmit antennas, [12] describes an MMSE-QRD
based method that employs special format of matrix R to
simplify computations and achieve ML performance. However,
this approach is restricted to four transmit antennas and its
complexity is still high. Authors of [13] reveal a low complexity
ML detection based on QRD in which a QOSTBC with four
transmit antennas is exploited. A QOSTBC with minimum
decoding complexity is presented in [14] whose decoder only
involves the joint detection of two real symbols. The QOSTBC
of [14] has rate-1 for three and four antennas and 3/4 for five
to eight antennas while its error performance is lower than
conventional QOSTBC. A sorted QRD method is developed by
[15] whose decoder complexity is independent of constellation
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size. Here the decoder offers a near-ML error performance and
its structure allows simple decoding for a real symbol at any
time. In [16], a low complexity ML decoding is introduced
on the basis of QRD and real valued lattice structure. This
decoder achieves full diversity and ML error performance for
any number of antennas.
For rotated QOSTBC with four transmit antennas and QAM
constellation, [17] presents a fast ML decoding which features
ML error performance and substantially reduces the decoder
complexity. Authors of [18] examined a different structure to
decode QOSTBCs with three or four transmit antennas and
reported a near-ML error performance with low complexity
decoder. Also, rate-2 QOSTBCs were investigated in [19], [20]
resulting in a number of fast decoding methods for these codes.
Motivated by the vast applications of QOSTBCs and given
the importance of decoder simplicity, in this paper we propose
an innovative approach which leads to a much simpler decoding
process for QOSTBCs compared to those investigated. Specifically, we explore a suboptimum decoder for generalized blockdiagonal QOSTBCs which were introduced in [1]. The decoder
selects proper candidates from pre-computed and sorted sets by
focusing on the phase of a specific entry of the decoupled vector. The metric of the most probable candidates are evaluated
first and then the other candidates are assessed based on the
similarity between phases. This new model can work with any
type of constellation such as QAM and PSK, and supports generalized block-diagonal QOSTBCs. Simulation results confirm
the new algorithm requires significantly fewer operations compared to the fast and state-of-the-art methods and also verifies
that, in order to achieve such simplicity at the receiver, system
performance need not be significantly sacrificed in comparison
with the near-ML sphere decoder.
The rest of the paper is organized as follows. Section II describes a wireless communication system based on QOSTBCs
and explains how it is possible to combine signals of different
receive antennas and apply the pairwise decoding approach
for the combined signals effectively. Section III introduces
our proposed method to fast decode QOSTBCs. Section IV
covers the simulation results and assesses them against that
of the sphere and other fast methods. The paper ends with a
conclusion in the last section.
Notations: We use capital boldface letters for matrices, and
boldface letters for column vectors. Subscripts (·)T , (·)H ,
and (·)∗ indicate transpose, conjugate transpose (Hermitian),
and complex conjugation, respectively. Expectation and tensor
product are specified by E{·} and ⊗, respectively. Notation
wij ∼ CN (0, σ 2 ) denotes that wij ’s ∀i,j are independent identical distributed (i.i.d.) complex Gaussian random variable with
zero-mean and variance σ 2 . Notation diag(a1 , a2 , . . . , aN ) represents a diagonal N × N matrix whose diagonal entries are a1 ,
a2 , . . ., and aN . 0N ×M introduces matrix of size N × M whose
entries are all equal to zero. IN denotes an identity matrix of
size N × N . |a|, ∠a, ȧ and ä stand for the amplitude, phase,
real and imaginary parts of complex scalar a, respectively. The
notation ab represents a modulo b and finds the remainder of
division of a by b. Finally, in this paper, x and x̃ stand for the
transmitted and detected signals, respectively, and notation x is
used for any arbitrary pre-coded signal.

II. P RELIMINARIES
A. System Model
Let us model a space-time coded MIMO system based on
the following assumptions: 1) The wireless channel between
each pair of the transmit and the receive antennas is quasistatic Rayleigh flat fading. 2) The transmitter does not have
the channel state information (CSI) but the receiver has. Now,
let the number of the transmit and the receive antennas be Nt
and Nr , respectively. Then a space-time communication system
that transmits L symbols in T time slots could be presented as
follows:
R = CH + N,

(1)

where H = (hi,j ) ∈ CNt ×Nr is the channel fading matrix in
which hi,j ∼ CN (0, ρ/Nt ) indicates the channel fading coefficient between the ith transmit and the jth receive antennas
and ρ represents the average signal-to-noise ratio (SNR) at
each receive antenna. R = (ri,j ) ∈ CT ×Nr and C = (ci,j ) ∈
CT ×Nt are the respective transmitted and received matrices.
Also, N = (νi,j ) ∈ CT ×Nr stands for the additive noise, where
νi,j ∼ CN (0, 1).
B. Quasi-Orthogonal Space-Time Block Codes
In this subsection, we aim to review the structure of QOSTBCs. These codes have the following form for four transmit
antennas [1]:
⎤
⎡
s1 s2 s3 s4
∗
∗
∗
∗
⎢ −s s1 −s4 s3 ⎥
C4 = ⎣ 2
(2)
⎦,
s3 s4 s1 s2
−s∗4 s∗3 −s∗2 s∗1
where s1 and s2 belong to constellation S; and s3 and s4
come from a rotated constellation ejθ S. As discussed in [1],
the QOSTBC matrix shown in (2) offers the same performance
and decoding complexity as the following STBC:
⎤
⎡
0
0
x1 x2
0
0 ⎥
⎢ −x∗2 x∗1
C4 = ⎣
(3)
⎦,
0
0
x3 x4
0
0 −x∗4 x∗3
where
[x1 ,

x3 ]T = V2 [s1 ,

s3 ]T ,

(4)

[x2 ,

x4 ]T = V2 [s2 ,

s4 ]T ,

(5)


√ 1 ejθ1
and V2 is a Vandermonde matrix, i.e. V2 = 1/ 2
,
1 ejθ2
√
where j = −1. For Nt = 2n transmit antennas, QOSTBC is
constructed as:
⎤
⎡A(x , x )
0
...
0
1

⎢
C2n = ⎢
⎣

2

2×2

02×2
..
.

A(x3 , x4 )
..
.

02×2

02×2

2×2

...
..
.
...

02×2
..
.
A(x2n−1 , x2n )

⎥
⎥, (6)
⎦
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where A(x1 , x2 ) denotes the Alamouti structure:

x1 x2
A(x1 , x2 ) =
,
−x∗2 x∗1

(7)

In (6), the symbols {xi , i = 1, 3, . . . , 2n − 1} and {xi , i =
2, 4, . . . , 2n} are defined as the entries of vectors xodd and
xeven , respectively. These values are obtained by employing
pre-coding unitary matrix V:
Δ

T

xodd = [x1 , x3 , . . . , x2n−1 ]
= V[s1 , s3 , . . . , s2n−1 ]T ,
Δ
xeven = [x2 , x4 , . . . , x2n ]T
= V[s2 , s4 , . . . , s2n ]T ,

(8)
(9)

where s1 , s2 , . . . and s2n belong to constellation S. Although
only QOSTBCs for Nt = 2n transmit antennas were introduced, it is straightforward to construct such codes for any
desired number of transmit antennas [1].
C. Pairwise ML Decoding of QOSTBCs
Let us see how the pairwise ML decoding of QOSTBCs is
viable. Suppose we take Nt = 2n transmit and Nr = m receive
antennas for the sake of simplicity and clarity of exposition.
Clearly, our arguments immediately extend to any number of
transmit antennas. Doing this, we have:
⎡ r ⎤ ⎡ x
x . . .
0 ⎤⎡ h ⎤ ⎡ ν ⎤
1,j

1
⎢−x∗2

⎢ r2,j ⎥
⎢ . ⎥=⎢
⎣ . ⎦ ⎣
.
r2n,j

1,j

2
x∗1

..
.
0

order to detect the transmitted symbols, the norm
In
m
2
should be minimized among all possible
j=1 rj − Hj x
x’s. Since Uj ’s are unitary matrices, they do not affect the value
of the norm [21], the norm can be rewritten as:
m


Δ

m


yj − Dj x

∗
∗
rj = r1,j , r2,j
, . . . , r2n−1,j , r2n,j

T
∗
∗
, . . . , ν2n−1,j , ν2n,j
vj = ν1,j , ν2,j
⎡

h1,j
⎢ h∗2,j
⎢
⎢
Hj =⎢ ...
⎢
⎣ 0
0

h2,j
−h∗1,j
..
.
0
0

...
...
..
.
...
...

,

(12)

,

(13)

0
0
..
.

0
0
..
.

h2n−1,j
h∗2n,j

h2n,j
−h∗2n−1,j

⎤

⎥
⎥
⎥
⎥. (14)
⎥
⎦

H
D−1
j Hj ,

Dj = diag(α1,j , α2,j , . . . , αn,j ),

(15)

(16)

and
|h2i−1,j |2 + h22i,j ,

(17)

2

+

m


yj

2

, (19)

Δ
Δ
Δ m
2
H
where y = D−1 r, D2 = m
j=1 Dj , and r =
j=1 Hj rj . Since
the above norm contains some terms which are independent of
x, the decoder can minimize y − Dx 2 as an alternative. This
means that the decoder builds a 2n × 1 vector y through combining the received vectors rj , where j = 1, 2, . . . , m and uses
y − Dx 2 to obtain the transmitted vector without undergoing
any error performance degradation and having to employ (18).
Δ
The vector
y can be disassembled as y = Dx + w, where w =

H
T
D−1 m
j=1 Hj vj and w = [w1 , w2 , . . . , w2n ] is composed of
wi ∼ CN (0, 1), since we have:

E{w} = D−1

m




HH
j E{vj } = 02n×1 ,

j=1

⎡
E{wwH } = D−1 ⎣
⎡

m 
m




H

(20)
⎤

⎦ −1
HH
j1 E{vj1 vj2 Hj2 ) D

j1 =1 j2 =1

⎤

m





⎦ D−1 = I2n .
HH
j I2n Hj

(21)

j=1

y−Dx

2

= yeven −Dxeven

2

2

can be decomposed

+ yodd − Dxodd 2 , (22)

Δ 
2
where D2 = m
j=1 Dj , and yeven (yodd ) includes even (odd)
indexed entries of y = [y1 , y2 , . . . , y2n ]T so that:

yodd = [y1 ,

y3 ,
y4 ,

...,

y2n−1 ]T ,

(23)

...,

T

(24)

y2n ] ,

and vectors xeven and xodd express the independent pre-coded
vectors that are given by (8) and (9), respectively. From another
point of view, the decoder can minimize D(z − x) , where
Δ
z = D−2 r, because we have D(z − x) = y − Dx . The
norm D(z − x) 2 can also be decomposed into two norms as
below:
D(z − x)

for i = 1, 2, . . . , n.

− y

j=1

yeven = [y2 ,

where Dj = Dj ⊗ I2 ,

αi,j =

2

Finally, the consequent norm y − Dx
into sum of two norms as follows:

Based on (14), we can define the unitary matrix Uj as:
Uj =

= y − Dx

j=1

(11)

T

2

= D−1 ⎣

where x = [x1 , x2 , . . . , x2n−1 , x2n ]T , and

(18)

where yj is defined as yj = Uj rj . After executing some mathematical operations, the above norm can be expressed as:

where j = 1, 2, . . . , m, and consequently,
rj = Hj x + vj ,

yj − Dj x 2 ,

j=1

1,j

...
0 ⎥⎢ h2,j ⎥ ⎢ ν2,j ⎥
⎢
⎥ ⎢
⎥
.. ⎥
..
⎦⎣ .. ⎦ + ⎣ .. ⎦, (10)
.
.
.
.
. . . x∗2n−1 h2n,j
ν2n,j

..
.
0

167

2

= D(zeven − xeven )

2

+ D(zodd − xodd ) 2 ,
(25)

where zeven (zodd ) includes even (odd) indexed entries of z =
[z1 , z2 , . . . , z2n ]T .
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Based on the stated equations, minimization of y − Dx 2
or D(z − x) 2 can be divided into two independent minimizations which consequently reduces the decoder complexity.
In the next section, we describe a decoding method which
significantly simplifies minimization of the decoupled parts.
Since the minimization procedure for each part is performed
independently using similar decoder structures, indices even
and odd are omitted in yeven , yodd , xeven , xodd , zeven , and
zodd for the sake of simplicity.

Δ

Δ

where μi = |αi xi | and φi = ∠xi [23]. The conditional PDF of
Δ
phase difference δi = φi − θi will be:
fδi |μi (ω) =



1
exp −μ2i sin2 ω
2π
∞

III. P ROPOSED M ETHOD : QOSTBCs
W ITH S IMPLIFIED D ECODER

×

In order to detect the transmitted vector x, one needs to
minimize y − Dx 2 for all possible transmitted vectors x:
x̃ = arg min F(x),

The conditional joint probability distribution function (PDF) of
amplitude and phase of yi = ri ejθi is:


a
fri ,θi |μi ,φi (a, ω) = exp −a2 −μ2i +2aμi cos(ω − φi ) , (27)
π

(26)

x∈X

Δ

where cost function F(x), and set X are defined as F(x) =
Δ
y − Dx 2 and X = {x x = Vs, s ∈ S n }. When the vector
x̃ is detected, the corresponding transmitted symbols s̃ can be
obtained by either referring to a look-up table or using equation
s̃ = VH x̃. It is worth mentioning that the transmitted vector
x = Vs and the detected vector x = Vs̃ will be different if the
decoder ends up with a wrong detection.
Δ
The set X has K = M n members for an M -ary constellation S, and the cost function should be computed for each
member xk ∈ X , k = 0, 1, . . . , K − 1. Among these members,
a specific vector which minimizes the cost function F(x),
is selected as the detected vector x̃. The complexity of the
minimizing procedure is in the order of O(M n ). The proposed
method reduces the complexity of detection by focusing on
the cost function and utilizing its properties as well as those
of some well-known inequalities relations, as will be described
later.
The rest of this section is organized as follows. Section III-A
statistically studies the phases of the transmitted vector x and
the received vector y and in Section III-B, a limited search area
is assigned based on this study. In Section III-C, evaluation of
the cost function and the minimization procedure is made by
defining a new normalized and reordered cost function. The
proposed cost function evaluation needs an approximation of
its minimum which is expressed in Section III-D. Section III-E
introduces the proposed method with respect to notes in
Section III-A to D. Section III-F and G provide an analysis of
the achieved error performance and brief discussion on complexity, respectively. The proposed decoder extension to other
systems is studied in Section III-H and comparison against the
sphere method is detailed in Section III-I.



√
r exp −(r − 2μi cos ω)2 /2 dr.

(28)

0

As a result, δi is concentrated around zero and this concentration will be increased when μi becomes greater. Let’s
assume that entries {αi xi }ni=1 are sorted based on amplitudes
as αp1 xp1 ,αp2 xp2 , . . . , αpn xpn , where μp1 ≥ μp2 ≥ · · · ≥ μpn .
In this case the PDF of δp1 would have more concentration than
that of {δpi }ni=2 and this would assist us to assign a limited
search area for the decoder and significantly reduce its overall
complexity.
In practice, however, the decoder does not know the arrangement or maximum of {μi }ni=1 , but distinguishes arrangement
and maximum of {ri }ni=1 and can preferably use the latter
arrangement. In this case, entries of y are descendantly sorted
based on amplitudes, as rp1 ≥ rp2 ≥ · · · ≥ rpn .
As can be seen in Fig. 1, by means of the above arrangement,
the PDF and the complementary cumulative distribution function (CDF) of phase difference δpi are simulated for 4 and 8
transmit antennas (i.e. n = 2, 4) at ρ = 24 dB. The outcome
confirms that the PDF of δp1 is concentrated more than the
other phase differences {δpi }ni=2 . In addition, Fig. 2 depicts the
complementary CDF of |δpi | which can be expressed as:
F̂|δp | (ω) = Pr {|δpi | > ω} ,
i

(29)

where Pr stands for probability. As a result of creating an adequate and limited search area around θp1 , searching procedure
is only performed among vectors whose p1 th entry phase is
located within the search area. This limited search procedure
leads to a higher error rate compared to that of the ML method
which is obtained by considering the complementary CDF.
After preparing {pi }ni=1 , the decoder should use phase of yp1
as the origin of searching procedure and prepare limited search
area [θp1 − δth , θp1 + δth ]. The phase threshold δth should be
adjusted in a way that allows the search area to decrease as long
as the resultant error rate remains adequately near-ML error
performance.
B. Preparation of Search Area

A. Study on Distribution of Phases of Combined and
Decoupled Vector
The combined and decoupled vector y = Dx + w with entries {yi }ni=1 has CN (Dx, In ) distribution where transmitted
vector x and real valued diagonal matrix of D are given.

To assign the most proper search area and origins to members
of X , let us specify X as X = {x0 , x1 , . . . , xK−1 }, whose kth
member is xk = [xk,1 , xk,2 , . . . , xk,n ]T for k = 0, 1, . . . , K −1.
The proposed decoder creates limited search area K ⊂ X
by selecting proper members of X and through comparing
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Fig. 1.

PDF of {δpi }n
i=1 at ρ = 24 dB: (a) 4 transmit antennas, (b) 8 transmit antennas.

Fig. 2.

Complementary CDF of {|δpi |}n
i=1 at ρ = 24 dB: (a) 4 transmit antennas, (b) 8 transmit antennas.

phase of yp1 to that of the corresponding entry of members,
which is:
K = {x ∈ X |

|∠xp1 − θp1 | ≤ δth } .

After preparing the sorted sets, search area K could be
constructed by members of Xp1 that satisfy:
ϕqp1 − θp1 ≤ δth .

(30)

Now among members of K, two members with the closest
corresponding phases to that of θp1 are taken as origins. In
order to determine search area K and two origins, the decoder
requires more than K relational operation (> or <). This
complexity can be reduced by sorting members of X based on
the phase of p1 th entry of members. To do this, we construct
sorted sets X1 , X2 ,. . ., and Xn by considering all members of
X and rearranging them according to their phases. For each i =
1, 2, . . . , n, set Xi contains all members of X , i.e. x0 , x1 , . . .
i
}, in the
and xK−1 which are arranged as {xq0i , xq1i , . . . , xqK−1
i
order of their ith entry phases, i.e. we have ϕqki ≤ ϕqk+1
, where
ϕqki is the phase of ith entry of xqki and k = 0, 1, . . . , K − 2.
After sorting and preparing Xi ’s with a complexity order
of O(K log K), the sorted sets are stored in an everlasting
and persistent memory and utilized every time that decoder is
required to detect any received vector.

169

k

(31)

The sorted search area K = {xqa , xqa+1K , . . . , xqb } can be
determined by first obtaining the two boundary members xqa
and xqb . By employing a binary search among members of Xp1 ,
these boundary members are extracted as follows:
a=

arg min
k=0,1,...,K−1

b=

arg min
k=0,1,...,K−1

ϕqp1 − (θp1 − δth ) ,

(32)

ϕqp1 − (θp1 + δth ) .

(33)

k

k

Then, two members of K (e.g. xqo and xqo+1K ), whose
corresponding phases are most similar to θp1 , are selected as
the origins of search area:
o=

arg min
k=0,1,...,K−1

ϕqp1 − θp1 .
k

(34)
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Note that the complexity of these procedures are in the order
of O(log2 K), due to a binary search among sorted members.
Now, the decoding process based on these origins and the
search area K can be explained as follows: First, the cost
functions of these origins are evaluated. Next, two neighbors
of these origins (i.e. xqo−1K and xqo+2K ) are selected and
an inspection is performed to determine the minimum of costs.
Now, the cost functions of the next distant neighbors (i.e.
xqo−kK and xqo+k+1K ) are also sequentially examined until
the cost function of all members of K are inspected.
In the next subsection, we discuss how the evaluation and
minimization of the cost function can be simplified.
C. Evaluation and Minimization of Cost Function
The decoder should minimize F(x) over all candidates of
K and is required to evaluate F(x) for all Kc = 1 + b − aK
members of K:
x̃ = arg min F(x).

plexity, it is important to reorder parts {Ḟi2 (x) + F̈i2 (x)}ni=1 ,
so that most of the candidates are rejected in the initial steps
of evaluation by applying (39). To achieve this goal, F(x)
can be ordered based on the amplitudes of {yi }ni=1 , i.e. p1 ,
p2 , . . ., pn . This type of ordering allows Ḟp1 (x) and F̈p1 (x)
to be included in first step of the cost evaluation which is
tasked to terminate the process quickly with least complexity.
It is important to note that the candidates and origins of search
area K are selected such that they approach yp1 as closely as
possible. Hence, Ḟp1 (x) and F̈p1 (x) for most of x ∈ K, take
small values and so, mostly cannot satisfy the inequalities in
step one. In order to overcome this problem the mentioned order
has to be modified, namely p2 , p3 , . . . , pn , p1 . The ordering
results in Ḟp2 (x) and F̈p2 (x) to move to step one whereby
allowing most of the incorrect candidates to be quickly rejected
and reducing complexity.
Based on the above notes, the cost function G(x) is defined
as follows:

(35)

Δ

G(x) =

x∈K

n




βi Ġi2 (x) + G̈i2 (x) ,

(40)

i=1

The evaluation of the cost functions requires 3nKc real
multiplications which lead to a high computational complexity
at the receiver. In order to reduce this factor, the cost function
can be decomposed as:
F(x) =

n 


Ḟi2 (x)

+

F̈i2 (x)

where
Δ

Ġi (x) = ẋp1+in − żp1+in ,
Δ


,

(36)

G̈i (x) = ẍp1+in − z̈p1+in ,
Δ

βi = αp21+i /αp22 ,

i=1

n

Δ

Δ

where Ḟi (x) = ẏi − αi ẋi and F̈i (x) = ÿi − αi ẍi . Let’s assume the decoder approximates the minimum of the cost function as F̃min . Consequently, based on the above decomposition,
the value of F(x) is greater than F̃min , if one of the following
inequalities are satisfied:
F̃min < Ḟi (x) ,

(37)

F̃min < F̈i (x) ,

(38)

where i = 1, 2, . . . , n. The decoder overrules the candidates
whose Ḟi (x) or F̈i (x) satisfy one of the above inequalities.
Not all candidates are expected to be overruled at the end
of this stage by (37) and (38) and some still remain. For these
remaining candidates, evaluation of each cost function could
be progressively performed in n steps while the following
inequality is inspected throughout the evaluation steps:
F̃min <

l 



Ḟi2 (x) + F̈i2 (x) ,

(39)

i=1

where l = 1, 2, . . . , n. The value of F(x) is greater than F̃min ,
if the above inequality is valid for any of l = 1, 2, . . . , n.
Therefore, the cost function evaluation should be terminated
when (39) is satisfied.
Actually, most of x ∈ K can be simply rejected by using the
inequalities (37) and (38) and the remaining candidates discarded through progressive evaluation. In order to reduce com-

(41)
(42)
(43)

for i = 1, 2, . . . , n. The new cost function G(x) is constructed
by normalizing and reordering the steps of the cost function
F(x) according to the order of {p2 , p3 , . . . , pn , p1 }. As a result,
an approximation of the new cost function minimum is obtained
from G̃min = F̃min /αp22 .
Finally, the cost function evaluation for the kth candidate of
K could be summarized as follows:
1) Set x as the kth member of set
K.
2) Compute Ġ1 (x); if |Ġ1 (x)| > G̃min , go to step 7.
3) Compute G̈1 (x); if |G̈1 (x)| > G̃min , go to step 7.
4) Set G(x) = Ġ12 (x) + G̈12 (x); If G(x) > G̃min , go to
step 7.
5) For i = 2, 3, . . . , n
• Compute Ġi2 (x) and update G(x) = G(x) +
βi Ġi2 (x). If G(x) > G̃min , go to step 7.
• Compute G̈i2 (x) and update G(x) = G(x) +
βi G̈i2 (x). If G(x) > G̃min , go to step 7.
6) If G(x) > G̃min , set G̃min = G(x).
7) Terminate the evaluation of the cost function and wait for
the next candidates.
In the next subsection, we discuss how the value of G̃min is
chosen.
D. Minimum Value Approximation
Before evaluating the cost function associated with the origins, G̃min should be set to an approximate value of the minimum. If this is set too high or assigned as the minimum of
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origins’ cost functions, then some of the candidates cannot satisfy the mentioned inequalities and we will have to go through
a complete computation for several of the cost functions, which
increase the complexity. On the other side, for low values of
G̃min , then most of the candidates are rejected by employing
the first inequalities that belong to Ġ1 and G̈1 thereby reducing
the complexity of evaluation drastically. Also, it is important to
note that, when G̃min is decreased to a value that is lower than
the actual minimum, no candidate is completely evaluated and
therefore no minimum can be obtained. In this case, G̃min must
be increased in order to allow the candidates to be evaluated.
Given the intricacies of computing a suitable value for G̃min ,
a statistical study is required in order to derive a minimum
value. If the receiver can correctly detect the transmitted vector
x, the cost function is minimized with x such that:
Δ

Gmin = min G(x) = G(x) = w 2 /αp22 ,
x∈X

(44)
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F. Sub-Codeword Error Ratio Analysis
As mentioned in the previous subsections, the decoder splits
each received codeword into even and odd components and
detects these sub-codewords separately. This section presents
some analysis on sub-codeword error ratio (SCER) performance of the proposed method which is defined as error probability of even or odd parts of detected vector. First, we need to
investigate conditional SCER and use the result to determine
an upper bound by applying the given Dx. Next, the upper
bound of average SCER is required which is obtained by taking
average over random vector Dx.
Considering the analysis covered in the previous subsections, the outputs of the ML and the proposed decoder are
the same when |∠yp1 − ∠xp1 | ≤ δth , but significantly different
when |∠yp1 − ∠xp1 | > δth . With the given Dx, the conditional
SCER of the proposed method can be bounded by:
SCERM L ≤ SCERP ≤ SCERM L + Pout ,

where entries of w are i.i.d.complex Gaussian noises with
unit variances and w 2 = ni=1 |wi |2 is the summation of
these noises. Therefore, G̃min is a random variable with Gamma
distribution whose shape and scale parameters are n and 1/αp22 ,
respectively [22]. Based on complementary CDF of Gamma
distribution, say F̂γ (·), the value of G̃min could be chosen so
that F̂γ (G̃min ) drops to the desired amount. The approximate
value can be set as:
G̃min ≈ F̂γ−1 (κ).

(45)

where 0 ≤ κ ≤ 1 and F̂γ−1 (·) is inverse function of F̂γ (·).
Thus, we expect that only about 0.1% of the decoupled and
combined vectors to have larger minimum values than the
assigned G̃min , when κ = 0.001. For these few cases, G̃min must
be doubled consecutively so that at least one candidate satisfies
G(x) ≤ G̃min .
E. Summary of Proposed Method

where SCERM L and SCERP are conditional SCER of the
ML and proposed decoders, respectively. The outside phase
probability Pout is defined as:
Δ

Pout = Pr {|∠yp1 − ∠xp1 | > δth } .

In the next subsections, the proposed method’s performance
and complexity are considered.

(47)

By focusing on error probability of M -PSK [23], (47) could
be approximated by:
√
Pout ≈ 2Q( 2r sin δth ),
(48)
Δ

where r = |yp1 | and Q(·) denotes Q-function:
1
Q(τ ) = √
2π

+∞
exp(−t2 /2) dt.

(49)

τ

On the other hand, the CDF of r = maxi=1,2,...,n ri with
ri = |yi | is computed by:
Fr (γ) = Pr{r ≤ γ} =

Based on what has been discussed in the above subsections,
the following steps summarize our proposed method:
1) Set the initial value of G̃min such that κ = F̂γ (G̃min )
adequately approaches zero.
2) Sort the entries of y based on the amplitudes of its entries
as |yp1 |2 ≥ |yp2 |2 ≥ · · · ≥ |ypn |2 .
3) Search among members of Xp1 to determine search area
K and two origins whose p1 th entries have the most
similarity with respect to ∠yp1 .
4) Evaluate the cost function G(x) for the two origins and
their neighbors as described in Section III-B. This evaluation must continue until all members of search area K
are evaluated.
5) If no vector was found in the previous step, double G̃min
and go to step 4. Otherwise, the vector x that produces
G(x) = G̃min is selected as the detected vector.

(46)

n


Fri (γ),

(50)

i=1

where Fr (·) and Fri (·) stand for CDF of r and ri , respectively.
The amplitude of yi ∼ CN (μi , 1) has the Rician distribution,
hence:
γ
Fri (γ) =

fri (ϑ) dϑ,

(51)

−∞


fri (γ) =

γ exp
0



 
γ 2 − μ2i /2 I0 (μi γ)

γ≥0
γ < 0,

(52)

where I0 (·) is the modified Bessel function of the first kind and
zeroth order:
Δ

I0 (γ) =

1
π

π
exp(γ cos ϑ) dϑ.
0

(53)
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The PDF of r can be worked out by differentiating (50) as:
fr (γ) =

∂Fr (γ)
=
∂γ

n 
n

i=1




fri (γ)Frj (γ) .

(54)

j=1
j=i

Finally, the bounds of average SCER is obtained by taking
the average of (46) over r, therefore we have:
SCERM L ≤ SCERP ≤ SCERM L + P out ,

(55)

where SCERP and SCERM L are the averages of SCER for
the proposed and ML methods, respectively, where
P out

+∞
√
=
2Q( 2γ sin δth )fr (γ)dγ.
Δ

(56)

0

By substituting Q(τ ) ≤ 0.5 exp(−τ 2 /2) into (56), the upper
bound (55) is reformulated as:
SCERP ≤ SCERM L + P  out ,

(57)

where
P

+∞
=
exp(−γ 2 sin2 δth )fr (γ)dγ.
Δ

out

(58)

The above integration should be computed numerically because PDF of r consists of several Bessel functions and cannot
be expressed in a closed-form.
As we have seen above, when the phase threshold δth becomes constant, error ratio analysis is hard. Fortunately, δth can
be changed adaptively, allowing Pout to become a constant ε in
all cases where r > 0. Under this condition, δth should be set
based on (48), as follows:
sin δth

(59)

where Q−1 (·) is the inverse function of Q-function and 0 ≤ ε ≤
1 is a constant value that always makes Pout = ε due to (48) and
(59). In this case, by taking the average of (46) over r, again we
have P out = ε and
SCERM L ≤ SCERP ≤ SCERM L + ε.

H. Extension of Proposed Method
The proposed decoder can be employed in any communications system provided the ML decoder can be reduced to the
following form:
y = UDVs + n,

0

1
= √ Q−1 (ε/2) ,
2r

computed as: 15nm + 2n + 3m − 3 real additions, 4n(5m +
1) real multiplications, 3n − 1 real divisions, and 2n + 1 square
roots.
During the second stage, minimizations of the two cost
functions of even and odd parts are separately carried out
in parallel. Over each minimization operation, and given an
adequate G̃min value and sufficiently high SNRs, about one
candidate passes through all the steps of evaluation and the
remaining candidates are discarded following simple
 comparG̃min and
and
ẍ
against
thresholds
ż
±
isons of
ẋ
k,p2
p2
 k,p2
z̈p2 ± G̃min , respectively. So, the second stage requires at
least 3n − 1 additions and 4n multiplications.
In the second stage, pre-coding matrix, modulation type and
threshold δth are the parameters that determine the average
number of comparisons (to evaluate > or <).

(60)

Adjusting the value of ε, changes the trade-off between
complexity and error ratio. If we increase ε, SCERP worsens
while the threshold δth is reduced and complexity improves.
Conversely, the decoding complexity increases and SCERP
value approaches SCERM L when ε is decreased.
G. Complexity Analysis
The proposed method consists of a preparation stage and
a searching stage. During the first stage, the received signals
are combined and decoupled to even and odd vectors. These
vectors are first sorted based on their amplitudes and then the
parameters of their cost functions are computed independently.
The overall numbers of operations for the first stage can be

(61)

where s is vector of transmitted symbols, y denotes equivalent
received vector and n stands for circularly symmetric complex
Gaussian noise vector with unit variance. The matrices U and
D are a unitary matrix and a diagonal matrix, respectively. The
matrix V must be invertible and independent of channel fades
while matrices U and D can be depended on channel fades.
Many coding algorithms such as QOSTBC of (2), [1] or [24]
are available whose decoders can be transformed by (61) into
the basic form of the proposed decoder, namely:
s̃ = arg min UH y − DVs .

(62)

s∈S n

I. Comparison With Sphere Method
The sphere method converts complex form of ML to real
minimization form and decomposes the equivalent real channel
matrix to product of an upper triangular matrix and its transposition by utilizing Cholesky’s factorization. The method sets
equalized received vector as origin and a sphere with a small
initial radius around the origin is assumed. This method attempts to find lattice points which are located within the sphere
by a tree search strategy. Original sphere method can be applied
for constellations with lattice structure such as M -QAM, while
some improved sphere methods with higher complexity have
been proposed which can be employed for constellations like
M -PSK. The sphere method requires some pre-computations as
matrix decomposition and solving two triangular systems. The
complexity of pre-computations is in the order of O(Nt3 Nr )
when size of real equivalent channel matrix has 2Nt Nr rows
and 2Nt columns [25].
The proposed method relies on statistic of noise and resultant
statistic of phases of combined and decoupled received vectors.
The origins and limited regions of search are chosen based
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Sub-codeword error rate of the proposed method, sphere (ML), [16], [17] and [26].

TABLE I
AVERAGE N UMBER OF R EAL F LOATING P OINT O PERATIONS PER B IT FOR P ROPOSED M ETHOD W ITH D IFFERENT M ODULATION S CHEMES AND SNRs

on phase of the strongest entry of the prepared vector. The
proposed scheme is only dependent on statistic of noise and is
independent of structure of constellation. The pre-computations
complexity of our model is in the order of O(Nt Nr ) which is
noticeably lower than that of the sphere method. In addition, it
can be exploited in many other environments as mentioned in
previous subsection.
IV. S IMULATION R ESULTS
With a MIMO system consisting of four transmits and a
receive antennas we investigate error ratio performances and
complexities. For the proposed method, the value of G̃min
is adjusted by means of κ = 0.001, and the threshold δth is
set adaptively by computing (59) and utilizing estimation of
sin−1 (·) as:

ψ/r ψ/r ≤ π/4
δth =
,
(63)
π/4 ψ/r > π/4
where r = maxi=1,2,...,n |yi | and ψ is defined as follows:
1
ψ ≈ √ Q−1 (ε/2) ,
2

(64)

and ε = 0.5SCERM L . These values ensure that there is sufficient error rate whose upper bound is about 1.5SCERM L .
Fig. 3 compares the average SCER performance results
achieved by the proposed method against that of the ML, [17],

[18] and [26] for various modulation schemes. In order to make
proper comparison, optimum rotation angles are selected for
[17], [18] and QOSTBCs of (6), while rotation angles of [26]
are chosen to obtain a reasonable performance. As illustrated
in Fig. 3, results in [16] and [17] with optimum rotation angles
(where for [16], θ = 0.5 arctan 0.5 and for [17], θ = π/4) are
the same as that of ML of QOSTBC (6). Making judgment
based on these responses, it is easy to see that the proposed
model exhibits a sub-optimum behavior.
If we now look at Table I we will see in tabular form the
values for the proposed method’s complexity versus various
modulation techniques. The SNRs in this table are selected such
that bit error rates of about 10−3 , 10−4 and 10−5 are achieved.
The table contains the average number of relational operators
(> or <), and real floating point operations (additions, multiplications, divisions and square roots) per each bit. Here we count
one CPU cycle for each comparison and 4, 7, 13, and 20 CPU
cycles for each floating point addition, multiplication, division,
and the square root operation, respectively, as in [19], [20].
The effect of various G̃min values is depicted in Fig. 4 for
different modulation schemes. As can be seen, the values are
selected according to αp22 , influenced by definition of G(x). The
result indicates that the initial choice of G̃min is an important
factor in determining the level of complexity and that an
appropriate initial choice for moderate and high SNRs can be
made by choosing a value for G̃min between 5/αp22 to 9/2p2 .
To evaluate complexity of the proposed method, we need
to examine the sphere algorithm, QR-decomposition based
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Fig. 4. Relationship between complexity and G̃min : (a) 4-QAM, (b) 16-QAM, and (c) 64-QAM.
TABLE II
C OMPARISONS OF AVERAGE N UMBER OF F LOATING P OINT O PERATIONS FOR D IFFERENT D ECODERS AT ρ = 18 dB

TABLE III
AVERAGE N UMBER OF R EAL F LOATING P OINT O PERATIONS PER B IT FOR D IFFERENT A NTENNA C ONFIGURATIONS AND SNRs

methods (QRDMs) [12]–[16], and other methods [17], [18]
and [26]. The implementation of the sphere scheme requires
some pre-computation stages in order to prepare an equivalent
channel matrix as Heq and to perform some matrix operations
such as Cholesky factorization, linear system solving, etc.
In addition, the QRDMs require a QR-decomposition of an
equivalent channel, so that Heq = QR followed by a matrix
multiplication QH y for pre-computation stage.
Table II tabulates the number of real floating point additions
and multiplications for the proposed and several other methods
at ρ = 18 dB. The methods presented by [14]–[17] and [26]
are applied to their own preferred 4 × 4 QOSTBCs, while
QOSTBC (6) is considered for the proposed, [18] and sphere
methods. Each complex multiplication is counted as two real
additions and four real multiplications and each complex addition is considered as two real additions. Regarding [13], the
number of additions/multiplications for 4-QAM is not included
in the table, but it can be said that the QRDMs require at least
96 additions and 248 multiplications at pre-computation stage.
Evaluation of the results in Tables I and II proves that the
proposed method is superior to all reported algorithms in terms

of trade-off between complexity and performance. In addition,
the numbers of additions/multiplications for pre-computation
stages of the sphere model, [16] and [17] are 156/210, 96/248,
and 144/208, respectively, based on [16], [17], [25], and [27].
This numbers confirm that the overall complexity of the proposed method is even superior to those of the sphere’s and
QRDM’s pre-computation stages.
For a 16-QAM modulation scheme, other MIMO systems
employing various antenna configurations are also considered
and compared against the proposed method using the modified
sphere method. The sphere decoding method is modified by
adopting the combining and decoupling strategy dealt with in
Section II. The modified decoder yields an equivalent channel
Heq = DV at reduced size n × n. Furthermore, the searching
stage of sphere is modified to ensure low complexity. These
measures all improve complexity of the sphere method and
allow it to be a more serious competitor as opposed to the
conventional sphere methods.
Referring to Table III, we can see how the proposed and
modified sphere method adjusts its complexity in response to
variations in antenna configurations for 16-QAM constellation.
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