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Optimum QoS Classes in Interworking of Next Generation
Networks
Behrouz Khoshnevis and Babak H. Khalaj
Abstract: In this paper, we consider the problem of optimum selection of quality-of-service (QoS) classes in interworking between the
networks in a next-generation-network (NGN) environment. After
introducing the delay-cost and loss-cost characteristics, we discuss
the time-invariant (TI) and time-variant (TV) scenarios. For the
TI case, we show that under nearly lossless transmission condition,
each network can make its own optimization regardless of other
networks. For the TV case, we present sufficient conditions under
which the optimum QoS class of each network can be considered
fixed with respect to time without considerable degradation in the
optimization target. Therefore, under the conditions presented in
this paper, the QoS of a flow in each network can be determined
solely by considering the characteristics of that network and this
QoS class can be held fixed during the flow period.

the flow.
The utility U depends on the delay and loss that the flow has
experienced and should be a decreasing function with respect to
these quantities. We will use the following expression to model
this dependency:
U (L, D) = −αD D − αL L

(1)

where αD > 0 and αL > 0 demonstrate the sensitivity of the
utility function to delay and loss. This linear dependence simplifies the analysis and has been verified, for some specific cases,
by the experimental results of [13], which shows that the quality experienced by the users in an interactive audio application
decreases almost linearly in delay and loss of the flow.
The flow cost C, on the other hand, depends of the flow rate
Index Terms: Delay, interworking, loss, next-generation-network
and the “QoS class” used for the flow. The higher the rate or the
(NGN), quality-of-service (QoS).
QoS class is (the better service), the more cost will be imposed
on the flow. For a flow with QoS class c and data rate of r, the
I. INTRODUCTION
cost will be modeled as C = rc.
The next generation network (NGN) concept has been given
Before describing the problem setup, we will need an explicit
diverse definitions in literature [1]–[5]. From our point of view, definition of the term “QoS class,” denoted by c. The communian NGN environment is a set of not necessarily similar networks cation networks usually classify the data flows to some priority
or domains which need to interwork to send and receive data groups, which are normally referred to as the QoS classes. The
packets between the source-destination pairs which are not lo- flows are categorized into these classes based on their QoS recated in the same network or domain. Means of interworking quirements, e.g., tolerable delay and loss. Normally, there is a
between heterogenous networks in an NGN structure has been direct relation between a QoS class and the price (e.g., $ ) that
bit
a hot research field in literature, however, it is not our major the network imposes on the unit of the traffic, which uses that
concern in this paper. We will assume that these networks are specific QoS class. By considering the one-to-one relation becapable of forwarding data packets to their adjacent networks on tween the QoS classes and the corresponding prices, we refer to
a predetermined flow path. An important problem which arises these prices (per unit traffic) as the “QoS classes”. The probin this scenario is the selection of optimum quality-of-service lem, considered in this paper, is to determine which QoS classes
(QoS) classes for the flow in such networks. This problem has should be used for a single flow, as it passes through a heterogebeen partially mentioned in [6]–[8], where the authors introduce nous set of networks, to maximize to total net benefit. We have
a generic framework for interworking purposes. However, to the made two major assumptions to take the first step in solving this
best of our knowledge, this problem has not been discussed and problem:
formulated in a mathematical framework in earlier works.
• This problem is basically a discrete optimization problem,
The optimization target that we will use in this paper is the
since the QoS classes are of discrete nature. However, we
“net benefit” and is widely used in literature (see [9]–[12] and
will consider a continuous nonnegative variable c as the
references therein). The net benefit X is defined as utility funcQoS class, to reach a continuous optimization problem,
tion U minus the cost C, X = U − C, where the “utility
which will provide closed form expressions and interestfunction” demonstrates the user (source-destination) satisfaction
ing intuitive results. This continuity assumption can also
with the flow transmission quality and the “cost” is the actual
be justified by assuming high QoS granularity in the netcost (per unit time) that the user is paying for transmission of
work, as it is expected from NGNs.
• The QoS constraints of the flow will be relaxed to acquire a
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(a)

(b)
Fig. 1. Series of networks in a NGN environment: (a) Time-invariant
characteristics and (b) time-variant characteristics.
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In the following sections, we will continue the problem in
two cases of time-invariant (TI) and time-variant (TV) network
characteristics. In Section II, we will present some general assumptions about the network characteristics based on which we
will show that the optimization problem has a solution. Subsequently, we will show that under nearly lossless transmission
condition, each network can make its own optimization without considering the characteristics of other networks. In Section III, we will assume that the network characteristics change
with time. After formulating the optimization problem, we will
present sufficient conditions so that fixed sub-optimum QoS
class can be applied to the whole flow with controlled performance degradation with respect to the optimum time-dependent
QoS class scenario. Finally, Section IV summarizes the results.
II. TI NETWORK CHARACTERISTICS

on the path have different delay-cost and loss-cost characteristics, which will be defined later. A similar setup of Fig. 1 has
also been considered in [12], where the authors allocate different
service levels to a flow, as it passes through the routers in a single network, in order to maximize the net benefit. Our problem
model is different from [12] in two main ways. 1) The problem in Fig. 1, deals with a higher level problem with multiple
heterogenous networks (having different characteristics), while
the routers in [12] belong to a single network and have similar
behaviors. 2) The utility and cost models in [12] are more simplistic. For example, the dependency of the cost on the flow rate
has been ignored.
Getting back to the problem in Fig. 1, the total delay and loss
values for the networks in Fig. 1 will be equal to:
D =

n

i=1

L = 1−

(2)

Di ,
n


(1 − Li )

(3)

i=1

where n > 1 is the number of the networks. D i and Li are
the delay and loss values imposed on the flow by network i and
depend solely on the QoS class c i > 0 chosen for the flow in
network i. The D i −ci and Li −ci dependence will be called
delay-cost and loss-cost characteristics of network i.
For the series of networks in Fig. 1, the total cost will be:
C=

n


ri ci

Throughout this paper, we will assume that the network characteristics of each network 1≤i≤n satisfies the following requirements:
The delay function D i (ci ) and loss function L i (ci ) are nonincreasing, positive, convex with continuous derivative on R + ,
and,

limci →0 Di (ci ) = ∞,
(6)
limci →∞ Di (ci ) = 0,
⎧
⎨ limci →0 Li (ci ) = 1,
limci →∞ Li (ci ) = 0,
⎩
i
limci →0 | ∂L
∂ci | < ∞.

The first assumptions in (6) and (7) are justified by noting that no
connection can be established (i.e., infinite delay and 100% loss)
with the zero QoS class, as no cost has been charged against the
flow. On the other hand, the decreasing property of the characteristics and the asymptotic assumptions for c → ∞ assure that
the delay and the loss will decrease and converge to zero as the
QoS class improves. The final assumption in (7) and the convexity assumptions are crucial in proving that the optimization
problem does have a solution.
Unfortunately, we are not aware of any experimental results
for describing the delay-cost and loss-cost characteristics, and
therefore, we will apply our analytical and simulation results to
some hypothetical examples of such characteristics. A simple
example for delay-cost and loss-cost characteristics satisfying
the above requirements is:

i=0

βi
, βi > 0,
ci + βi
γi
Di (ci ) = , γi > 0
ci
Li (ci ) =

where, ri is the flow entrance rate to network i:
ri = r1

i−1


(1 − Lj )

(4)

j=1

and r1 is initial flow rate. The total net benefit can be formulated
as:
n

X = −αD D − αL L −
ri ci .
(5)
i=1

(7)

(8)
(9)

where βi and γi control the expense of a specific level of service.
The larger these values are, the higher will be the cost to be paid
in order to achieve a fixed level of service. Fig. 2 shows some
examples of this characteristics, where we have used U as a unit
for c.1
1 We

$
in the simulations.
will assume 1 U = 10−9 bit
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Based on the requirements imposed on D i (ci ) and Li (ci ), we
have shown in Appendix I that:
∂Di
∂Li
= lim
= 0,
c
→∞
∂ci
∂ci
i
∂Di
= −∞.
lim
ci →0 ∂ci
lim

ci →∞

(13)
(14)

Combining these with (12), we will have:
∂X
< 0,
∂ci
∂X
> 0
lim
ci →0 ∂ci
lim

ci →∞

(15)
(16)

which by considering the continuity of the derivatives, assures
that the system of equations of (11) has a solution in R n+ .
It is evident from (12) that in order to find optimum QoS class
of each network we need to know the status of all networks.
However, in the following we will show that under nearly lossless transmission (NLT) condition, each network can choose its
own optimum QoS class without the knowledge of the characteristics of other networks.
Assuming the NLT condition, we have
n L i  1 for 1 ≤ i ≤ n,
and subsequently r i ≈ r1 and L ≈ i=1 Li . Therefore, from
(5), we will have

(a)

X(c) ≈

n


Xi (ci ) =

i=1

n


(−αD Di − αL Li − r1 ci ).

(17)

i=1

Consequently, the optimum QoS classes can be calculated after
solving the following system of equations
−αL

(b)
Fig. 2. Examples of network characteristics: (a) Loss-cost characteristics and (b) delay-cost characteristics.

The goal is to find optimum QoS classes c ∗i , 1 ≤ i ≤ n, for
which the net benefit is maximized:
c∗ = arg max
{X(c)}
n
c∈R+

(10)

where, by arg max c∈Rn+ {X(c)} we mean the value of the vector
c = [c1 , c2 , · · ·, cn ] which maximizes the net benefit X, defined
in (5). The optimal values of {c i }ni=1 can be obtained by setting
the partial derivatives of X to be equal to zero.
∂X(c)
= 0, ∀ 1 ≤ i ≤ n
∂ci

(11)

which will be of the following form after considering (2)–(5):
n
∂Di
∂Li /∂ci 
αL (1 − L) ∂Li
− αD
+
rj cj − ri = 0,
−
1 − Li ∂ci
∂ci
1 − Li j=i+1

for ci = c∗i and 1 ≤ i ≤ n.

(12)

∂Li
∂Di
− αD
− r1 = 0,
∂ci
∂ci

(18)

for 1 ≤ i ≤ n, which can be easily shown to have a solution
in R+ . Therefore, in order to find the optimum QoS class of
network i, the knowledge of characteristics of other networks is
not required.
To verify this result, we have simulated a scenario with three
networks (n = 3) and varied the loss-cost characteristic of
one of the networks, while keeping all other characteristics
bit ,
fixed. The simulation values have been set to: r 1 = 106 sec
$
$
αD = 0.01 sec
2 , αL = 0.01 sec , β1 = β2 = 0.1 U, and
γ1 = γ2 = γ3 = 0.01 U · sec. Fig. 3 compares the net benefit
achieved by the cooperative optimization in (12) and independent optimization in (18), for different values of β 3 . As expected
from the analysis, for small values of β 3 , these two optimizations perform very close. As β 3 increases, the NLT assumption
is no longer correct, and we observe considerable degradation in
the benefit achieved by independent optimization, compared to
the optimal net benefit.
In the next section, we will generalize the problem to the case
of time-variant network characteristics.
III. TIME-VARIANT NETWORK CHARACTERISTICS
In this section, we will consider the delay-cost and loss-cost
characteristics which change over time. We will use the following assumptions throughout the analysis:
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It is evident that the average delay and also average loss and
cost of network i will depend not only on its own characteristics
but also on the total delay imposed by the preceding networks.
However, as mentioned in assumption 2 (in the beginning of this
section), we will assume that the networks operate under their
normal condition, which means that the average behavior of the
networks can be assumed to be independent of the flow arrival
time. Therefore, the average delay, loss and cost of each network
can be expressed as:

Fig. 3. Comparison of cooperative and independent optimizations for
three networks. All the characteristics are fixed, except the loss-cost
characteristic of the third network, which is controlled by β3 . For the
QoS class unit, we have used: 1 U = 10−9 $/bit.

T

Dav,i =

1
T

Lav,i =

1
T

Cav,i =

ri
T

where
ri = r1

0

T

0

T

0
i−1


Di (ci (t), t)dt,

(22)

Li (ci (t), t)dt,

(23)

ci (t)dt

(24)

(1 − Lav,j ).

(25)

j=1

1) The networks perform under the NLT condition.
2) The characteristics of the networks do not depend on the
flow arrival time.
It will be explicitly mentioned, when we use each of these assumptions.
The problem model has been shown in Fig. 1(b). The timedependent characteristics of the networks will be denoted by
Di (ci , t) and Li (ci , t) for 1 ≤ i ≤ n. We assume that D i (ci , t)
and Li (ci , t) satisfy the requirements described in the beginning
of Section II, for all t > 0. Consider the (t, t + dt) section of
the flow with QoS class equal to c 1 (t). This QoS class results
in delay D1 (c1 (t), t) and this time-dependent delay will cause
different delays for different sections of the flow. Therefore, the
flow will experience a time dispersion after passing through the
network and will not keep its initial duration and rate. However,
if we assume that:


∂

 D(ci (t), t) <  , ∀ 1 ≤ i ≤ n,
(19)
 ∂t
 n
it can be easily shown that, the difference between the delay
values of any two sections of the flow will be less that T /n
after passing through each of the networks. Therefore, the total
difference between the delay values will be less than T which
can be ignored when compared with the the flow duration, if
  1. Similarly, the variation in the flow rate will be less than
r1  r1 . Therefore, if (19) holds, we can assume that the
flow keeps its initial duration and rate after passing through the
networks.
For every 1 ≤ i ≤ n, the flow will pass through network i
toward next network with an average delay of D av,i , where:
Dav,i =

1
T

Ti +T
Ti

Di (ci (t), t)dt

(20)

where Ti is the flow arrival time at the boundary of network i:
Ti = Ti−1 + Dav,i−1 , ∀ 1 < i ≤ n,
T1 = 0.

(21)

Also the total average delay, loss and cost will be given by:
Dav =

n

i=1

Lav = 1 −
Cav =

n


(26)

Dav,i ,
n


(1 − Lav,i ) ≈

i=1

n


Lav,i ,

(27)

i=1

Cav,i

(28)

i=1

where (27) is based on the NLT assumption. Therefore, the average net benefit will be equal to:
Xav = −αD Dav − αL Lav − Cav
n

1 T
Xi (ci (t), t)dt
≈
T 0
i=1

(29)
(30)

where
Xi (ci (t), t) = −Yi (ci (t), t) − ri ci (t)
≈ −Yi (ci (t), t) − r1 ci (t)

(31)
(32)

where Yi (ci (t), t) holds the terms related to the network characteristics:
Yi (ci (t), t) = αD Di (ci (t), t) + αL Li (ci (t), t).

(33)

The approximation in (32) results from r i ≈ r1 , which is a result
of NLT assumption.
Before proceeding further, we need to introduce the notation
for partial differentiation. For a bivariate function f (x 1 , x2 ) and
1 ≤ i ≤ 2:
∂f (x1 , x2 )
f (i) (x1 , x2 ) =
.
∂xi
In order to maximize the average net benefit in (30), we just
need to maximize X i (ci (t), t). Therefore, the optimum QoS
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class c∗i (t) for each network 1 ≤ i ≤ n, will be the solution
of the following equation:
(1)

Xi (c∗i (t), t) = 0.

(34)

We will apply Theorem 1 to an example to find out how its
conditions may be satisfied in a typical scenario. For this example we will use time-dependent version of the examples in (8)
and (9):
βi (t)
,
ci + βi (t)
γi (t)
Di (ci , t) =
ci

And the corresponding optimum net benefit will be given by:
∗
≈
Xav

n

i=1

1
T

T
0

Xi (c∗i (t), t)dt.

(35)

It should be noted the networks will be able to choose their
optimum QoS classes independently as a result of the NLT condition, however, these QoS classes will depend on time, as it
should be evident from (34). Therefore, the network or domain
administrator needs to monitor the network characteristics continuously in order to solve the equation in (34). This result not
only is subject to practical limitations, but also violates the DiffServ [14] approach which recommends use of a single QoS class
for a flow in a network or domain. Therefore, in the following,
we will look for sufficient conditions under which, it is possible to use a single QoS class for the flow and perform desirably
close to the optimum performance.
Assume that a single QoS of c ∗i (0) is used for the whole flow
in network i. Then, the total average net benefit will be given
by:
n

1 T
◦
Xav
≈
Xi (c∗i (0), t)dt.
(36)
T
0
i=1
In theorem 1, we provide sufficient conditions, to ensure that
◦
∗
Xav
can be close enough to X av
.
Theorem 1: Assume that NLT condition holds and we have
the following for all 1 ≤ i ≤ n:


∂

∗

n  Di (ci (t), t)  1,
(37)
∂t


∂

n  Di (c∗i (0), t)  1.
(38)
∂t
Define:



 Y (2) (c, t) 

 i
Zi (c, t) = 

 Yi (c, t) + r1 c 

(39)

where Yi (c, t) is defined in (33). If
1
,
T
2
Zi (c∗i (0), t) < ,
T

Zi (c∗i (t), t) <

(40)
(41)

for all 1 ≤ i ≤ n and  1  1, 2  1, then we will have:
∗
◦
|Xav
− Xav
|
< 1 + 2 .
◦ |
|Xav

Li (ci , t) =

(42)

The proof of this theorem has been given in Appendix II. The
conditions (37) and (38) assure that the flow keeps its shape and
rate while passing through the networks, as discussed earlier in
this section. The conditions (40) and (41), as will be shown in
the following example, will control how fast network characteristics change during the flow time. Finally, the result (42)
◦
∗
assures the closeness of Xav
and Xav
.

(43)
(44)

where βi (t) and γi (t) are positive bounded functions of 0 ≤ t ≤
T for all 1 ≤ i ≤ n. From (33) we will have:
Yi (ci , t) = αD

γi (t)
βi (t)
fi (t)
≈
+ αL
ci
ci + βi (t)
ci

(45)

where:
fi (t) = αD γi (t) + αL βi (t),

(46)

and the approximation in (45) results from NLT assumption,
ci  βi (t). From (32) and (34) we will have:
c∗i (t) =

fi (t)/r1 .

(47)

Substituting this in (45) and using (39), the condition (40) will
be equivalent to:
  
 fi (t)  21


(48)
 fi (t)  < T .
The sufficient conditions for (48) can be:
  


 βi (t)  21  γi (t)  21

<

<
, 
.
 βi (t) 
T
γi (t) 
T

(49)

Doing similar manipulations for c ∗i (0), it can be shown that the
condition (40) will be equivalent to:



 2
fi (t)


(50)
 fi (t) + fi (0)  < T .
Assuming 2 = 21 and noting that f i (0) is a positive quantity,
(48) can result (50) and (50) will be redundant. Therefore, the
conditions (40) and (41) in Theorem 1 can be satisfied by (48) or
its sufficient conditions (49), which as mentioned before, control
the characteristics variation speed with time.
For condition (37), we will have:




∂

 ∂ γi (t) 

n  Di (c∗i (t), t) = n 
∂t
∂t c∗i (t) 


√  2γi (t)fi (t) − γi (t)fi (t) 
= n r1 



2fi (t) fi (t)
√ 2 |γi (t)| fi (t)+γi (t) |fi (t)|
< n r1
.(51)
2fi (t) fi (t)
Incorporating this with (48) and (49), we will have:


√

∂
3n r1 1 γi (t)
∗


n  Di (ci (t), t) <
∂t
T αD γi (t) + αL βi (t)
<

3n1
T

r1 Γ
αD

(52)
(53)
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where Γ is an upper bound for γ i (t) for all 0 ≤ t ≤ T and
1 ≤ i ≤ n. Therefore, in order to satisfy (37) we need:
3n1
T

r1 Γ
 1.
αD

(54)

Finally, for condition (38), we will have:




√
∂

 ∂ γi (t) 
n r1 γi (t)
∗

=


n  Di (ci (0), t) = n 
∂t
∂t c∗i (0) 
αD γi (0) + αL βi (0)

r1 |γi (t)|
2n1 r1 γi (t)
< n
<
.
αD γi (0)
T
αD γi (0)
(55)
Applying Lemma 1 presented in Appendix II to (49), it can be
shown that, γi (t)/γi (0) < 1 + 21 . Combining this with (55),
we will have:


∂

1
3n1 r1 Γ
r1 Γ
n  Di (c∗i (0), t) < 2n (1 + 21 )
<
∂t
T
αD
T
αD
where the last inequality has been resulted from  1  1. Therefore, (54) will also satisfy condition (41). The following theorem summarizes the presented example.
Theorem 2: Assume that NLT holds and (43) and (44) describe the network characteristics for 1 ≤ i ≤ n. If:
     
 γ (t)   β (t) 
2
max  i  ,  i  <
,
(56)
γi (t)
βi (t)
3T

T αD
  min
,3
(57)
n r1 Γ
where Γ is an upper bound for γ i (t) for all 0 ≤ t ≤ T and
1 ≤ i ≤ n, we will have:
∗
◦
|Xav
− Xav
|
< .
◦ |
|Xav

(58)

According to the lemma presented in Appendix II, the condition (56) will result in:
|βi (t) − βi (0)|
2
< ,
βi (0)
3

where ζ > 0 is such that:
   

 βi (t)   ζ 



 = 2 ,
max
=
0≤t≤T  βi (t) 
βi (T )  3T

and similarly for η and γ i , for a given  value.
bit , α =
The simulation parameters are set to: r 1 = 106 sec
D
$
$
0.01 sec
2 , αL = 0.01 sec , β1 (0) = β2 (0) = β3 (0) = 0.1 U,
and γ1 (0) = γ2 (0) = γ3 (0) = 0.01 U · sec. Fig. 4 compares
the average net benefit resulted from the optimal time-dependent
solutions c∗i (t) in (34) and fixed solutions c ∗i (0). As we expect
from Theorem 2, for small enough values of , the two schemes
show very close performance. 2
Although the result in Theorem 2 is based on specific characteristics of (43) and (44), we believe that it presents a good
insight to the problem and if the general mathematical format
of the delay-cost and loss-cost characteristics are known, they
can be directly applied to Theorem 1 in order to derive similar
results of Theorem 2. One possible application of Theorem 2
can be determining the proper flow fragment sizes. The flow
fragments should be small enough so that the network characteristics do not make considerable change during each fragment
duration and our performance can be kept as close to the optimum performance, as desired.

(59)

and similar expression for γ i (t). Therefore, if  is small enough
to satisfy (57), Theorem 2 states that we can operate over (1 −
)% times the optimal performance provided that the network
characteristics change is limited to ±(2/3)% during the flow
duration.
Fig. 4 shows the simulation result for the time-variant scenario. Three networks with time-dependent characteristics have
been considered. For ease of simulation, we have assumed that
controlling variables β i and γi decrease in a linear fashion during the simulation time 0≤t≤T :
βi (t) = βi (0) − ζt,
γi (t) = γi (0) − ηt

Fig. 4. Comparison of the average net benefits achieved by optimal timedependent solutions c∗i (t) in (34) and fixed solutions c∗i (0).

IV. CONCLUSION
In this paper, we discussed the problem of choosing optimum
QoS classes for a single flow in interworking between a set of
networks or domains, which we referred to as a NGN environment. First, the scenario of TI network characteristics was considered and we concluded that if NLT condition holds, the networks can choose their optimum QoS class without knowing the
status of other networks. Next, the time-variant scenario was
discussed and we presented sufficient conditions under which
a time-independent QoS class can be chosen in each network
while the performance can be kept close enough to optimum
case, where the optimum QoS class depends on time and would
change during flow duration.
2 The curves in Fig. 4 are increasing because as we increase , the corresponding ζ and η increase and the network characteristics improve, i.e., the services
get less expensive. Therefore, the average net benefit will increase with .
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APPENDIX I
In this section, we intend to show that,
∂Di
∂Li
lim
= lim
= 0,
ci →∞ ∂ci
ci →∞ ∂ci
∂Di
= −∞
lim
ci →0 ∂ci
given that L i (ci ) and Di (ci ) satisfy the requirements presented
in the beginning of Section II. Due to similarity of the proof for
i
the above equalities, we will only prove lim ci →∞ ∂L
∂ci = 0. We
will first show that, this limit exists. For this purpose, we will
use the following theorem in analysis.

To continue the proof, we will need the following lemma which
has also been referred to in Section III.
Lemma 1: For any real function f (t), if, |f  (t)/f (t)| < /T
for all 0 < t < T , and   1, Then,
||f (t)| − |f (0)||
t
< .
|f (0)|
T
By applying Lemma 1 to (61), we will have
1 t
1 t
) |Xi (c∗i (0), 0)| < |Xi (c∗i (t), t)| <(1+ ) |Xi (c∗i (0), 0)| .
T
T
(63)
Also, for (62), we will have
(1−

Theorem 3: If f (x) is a non-decreasing (non-increasing)
2 t
2 t
∗
∗
∗
function on R and is upper (lower) bounded, then lim x→+∞ f (x) (1− T ) |Xi (ci (0), 0)| < |Xi (ci (0), t)| <(1+ T ) |Xi (ci (0), 0)|
exists.
which yields
According to the properties of L i (ci ) mentioned in the begin1
1
ning of Section II, L i (ci ) is non-decreasing (L i (ci ) is convex
|Xi (c∗i (0), t)| < |Xi (c∗i (0), 0)| <
|Xi (c∗i (0), t)| .


t
2
and Li (ci ) > 0) and upper-bounded (L i (ci ) is non-increasing
1+ T
1− T2 t
and Li (ci ) < 0), therefore, according to the above theorem,
(64)
l = limci →∞ Li (ci ) exists and is obviously non-positive. Now Combining (63) and (64) and noting that
assume that l = 0. According to the definition of limits, for any
1 + T1 t
t
given 0 <  < −l, there exists c(), such that:
2 t ≈ 1 + (1 + 2 ) ,
T
1
−
T
l −  < Li (ci ) < l + , ∀ ci > c().
1 − T1 t
t
2 t ≈ 1 − (1 + 2 )
After integrating on the right side of the inequality, we will have:
T
1+ T
Li (ci ) − Li (c()) < (l + )(ci − c()).
By tending ci to positive infinity and by noting that
limci →+∞ Li (ci ) = 0 and l +  < 0, the left side of the inequality will tend to a negative number while the right side will
tend to negative infinity, which is a contradiction. Therefore,
l = limci →∞ Li (ci ) = 0.
APPENDIX II
In this section, we will provide the proof for Theorem 1, presented in Section III of the paper.
Proof: Conditions (37) and (38) are basic assumptions we
have made in order to assure that the flow keeps its duration and
rate while passing through networks.
Starting with (40):
∂
∂c∗ (t)
(1)
(2)
Xi (c∗i (t), t) = Xi (c∗i (t), t) i
+ Xi (c∗i (t), t). (60)
∂t
∂t
From the definition of X i (c, t) = −Yi (c, t)−r1 c in (32), we will
(2)
(2)
have Xi (c, t) = −Yi (c, t). Combining this with (60) and
(2)
(34), we will have, ∂/∂tX i (c∗i (t), t) = −Yi (c∗i (t), t). Simi(2)
larly, it can be shown that, ∂/∂tX i (c∗i (0), t) = −Yi (c∗i (0), t).
Therefore, conditions (40) and (41) in Theorem 2 will be equivalent to:


 ∂ X (c∗ (t), t)  
 ∂t i i

1
(61)

< ,
 Xi (c∗i (t), t) 
T


 ∂ X (c∗ (0), t)  
 ∂t i i

2
(62)

< .
 Xi (c∗i (0), t) 
T

and also by noting the X i (c, t) is generally a negative quantity,
we will have
t
|Xi (c∗i (t), t) − Xi (c∗i (0), t)| < −(1 + 2 ) Xi (c∗i (0), t)
T
< −(1 + 2 )Xi (c∗i (0), t).
After taking integral of both sides and by summation from i = 1
to n and noting the definitions in (35) and (36), the proof will be
complete.
2
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