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Abstract—A novel closed form expression is derived for spatial
Green’s functions of microstrip structures by expanding the
spectral Green’s function into a Gaussian series. This innovative
method is called the Gaussian Green’s function (GGF) method
due to the Gaussian form in the closed form Green’s function
representation. The main advantage of the GGF method lies in
its precision as well as rapid convergence. To demonstrate the
versatility of this method, the current distribution of a microstrip
antenna is achieved via the combination of the method of moments
(MoM) and GGF method. It is shown that this method can be
computationally very efficient with less than 1% error compared
to the numerical integration of the spectral integral. Also, the
results of the GGF method have been compared to the results of
the commercial full-wave software of Agilent ADS.

Index Terms—Gaussian Green’s function method, Green’s func-
tion, microstrip structure.

I. INTRODUCTION

M ICROSTRIP structures are widely utilized in printed
antennas, monolithic microwave integrated circuits

(MMIC’s), and high speed digital circuits. Microwave com-
ponents such as filters, couplers, and power dividers can be
manufactured easily by the microstrip technology while they
are extremely cheaper, lighter, and more compact than tra-
ditional waveguide structures [1]. For instance, the excellent
conformability of microstrip antennas and their low cost have
made them exceptionally ideal for wireless local area network
(WLAN) applications [2].

In the modeling and analysis of microstrip structures es-
pecially on a large scale like printed antenna arrays, whereas
the full-wave methods are not useful, the method of moments
(MoM) [3] is commonly used owing to its efficiency, accuracy
and applicability to various structures [4]–[6]. This method can
be employed successfully to solve the mixed potential integral
equation (MPIE). The important advantage of the MPIE lies
in its weakly singular kernel [7]. The solution of this equation
in the spatial domain usually entails the acquaintance of the
spatial Green’s function. For layered media, the major problem
of the approach is that the matrix approximant to the MPIE
requires repetitive evaluation of the spatial Green’s function. To
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find this function, much attempt should be devoted to the calcu-
lation of Sommerfeld integrals, whose integrand is composed
of the closed form spectral Green’s function and the Hankel or
exponential function as the kernel. This type of representation
of the Green’s function is time-consuming and very expensive
[8]. Therefore, the numerical appraisal of the system matrix is
computationally inefficient.

There are various kinds of method to make the computation
of the matrix elements more efficient. One of the common ap-
proaches is based on the approximation of the spectral Green’s
function by a finite series of properly chosen terms that can be
transformed into the spatial domain leading to a closed form rep-
resentation of the function. The image method is available for
microstrip structures, although it is still time-consuming to some
extent [9]. The complex images (CI) method approximates the
spatial Green’s function utilizing a finite number of images of an
infinitesimal source radiating in a homogenous unbounded area.
The amplitudes and locations of these images can be complex
values [10]–[12]. This semi-analytical method approximates the
spectral Green’s function by a series of complex exponential
functions. This can be acquired by any appropriate method like
the simple Prony method, the least square Prony method or
the generalized pencil of functions (GPOF) method [13], [14].
Then, the spectral Green’s function can be transformed to the
spatial domain utilizing the Sommerfeld identity [8], resulting
in a closed form spatial Green’s function. Nevertheless, there
are some substantial difficulties in actual implementation of the
method. For instance, the CI method has no built-in convergence
measure and its precision can merely be determined a periori by
testing the results with those achieved by the numerical inte-
gration of the Sommerfeld integral [15]. Moreover, the critical
convergence takes place in some cases of the CI method when
the Prony method is used. In other words, the accuracy of the ap-
proximation of the Green’s function is sensitive to the number
of images and utilizing many complex images sometimes leads
to divergence of the results [11], although this problem has been
solved in the newer versions of the CI method [16]. There are
other difficulties in the CI method which have been pointed out
in the literature [10], [17]. Another method is the steepest de-
scent path (SDP) method which has been exploited in the cal-
culation of the layered media Green’s functions [18]. However,
this method is applicable in far field problems, e.g., in the case
of scattering in large distances from the source.

One of the well-known mathematical functions is the
Gaussian function. This function identifies the significant
electromagnetic radiation called the Gaussian beam whose
electric field and intensity (irradiance) profiles are associated
with the Gaussian function [19]. The Gaussian beam is a
solution of the paraxial Helmholtz equation. It is also a very
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Fig. 1. An infinitesimal horizontal electric dipole above an open microstrip
substrate.

good approximation for many laser outputs. It is important to
know that the Hankel transform of the Gaussian function is
another Gaussian function. Therefore, the Gaussian function
is a self-dual function [20]. In other words, this function is an
eigenfunction of the Hankel transform operator. These facts are
used to develop a more physical alternative to the CI method.

In this paper, a new closed form representation for the spatial
Green’s function of the microstrip structure is introduced. It is
accomplished by expanding the spectral Green’s function into
a series of Gaussian functions and making the inverse Hankel
transformation to obtain the spatial Green’s function in another
Gaussian series. The method is called the Gaussian Green’s
function (GGF) method owing to the Gaussian form in the new
closed form Green’s function representation [21]. The main
advantage of the GGF method lies in its precision as well as
rapid convergence. If the multilayer media Green’s functions
are achieved in closed form as a summation of a few Gaussian
functions, the MoM matrix entries can be calculated easily
in the analytical form leading to a significant decrease in the
matrix filling time. The result of this method can be valid over
a range of distances, i.e., from nearly to . The
parameters of the Gaussian terms required for the expansion of
the Green’s function can be chosen in conformity with some
simple criteria. Exploiting methods like the Gabor expansion
method [22], the point matching method, or the minimum least
squares method for expanding the spectral Green’s function
into a Gaussian series, one can have an approximation method
with the built-in convergence measure [23], [24]. Furthermore,
the critical convergence does not appear in the GGF method
because the precision of the Green’s function approximation in
this method is not as sensitive to the number of series terms as
it is in the CI-Prony method.

This paper is organized as follows. In Section II, the Green’s
function of an open microstrip structure is considered and the CI
method is briefly explained. Section III elucidates the theory of
the GGF method and derives the simple closed form expression
to find the Green’s function of the open microstrip structure.
The effect of the surface waves and the expansion methods are
also considered in this section. To evaluate the accuracy and
performance of this method, the GGF method in conjunction
with the MoM is employed in Section IV to acquire the current
distribution of a microstrip antenna as a practical example of
microstrip structures. Numerical results are given in this section
and the GGF method is compared to the numerical integration

of the spectral integral. Eventually, conclusion is provided in
Section V.

II. THE GREEN’S FUNCTION OF AN OPEN MICROSTRIP

STRUCTURE

For some electromagnetic problems including microstrip
structures, the Green’s function can be found analytically in a
closed form in the spectral domain and the dyadic and scalar
spatial Green’s function and [15], [25] can be specified
using the Sommerfeld integral in the following form [8]:

(1a)

(1b)

(1c)

In (1), is the second kind Hankel function of zero order,
stands for the -component of spectral vector potential cre-

ated due to an infinitesimal -directed electric dipole, and by the
same token stands for the spectral scalar potential created
owing to one charge of the dipole.

For an infinitesimal horizontal electric dipole located above
an open microstrip substrate, as shown in Fig. 1, these spectral
potentials in the air region can be given by [26]

(2a)

(2b)

where

(3a)

(3b)

(3c)

and indicate the effect of the open microstrip substrate
where and are defined as

(4a)

(4b)

where is the wave number in the air region and and
are the propagation constants along the -direction in the air
and substrate, respectively.

The Sommerfeld integral as shown in (1) can not be calcu-
lated analytically in general, except a few special cases. There
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are a great number of articles in the literature covering a very
broad range of numerical methods that have been proposed so
far to overcome this problem [15], [27]. For example, a succes-
sive semi-analytical method is the CI method. To apply the CI
method, a proper exponential function expansion is done in the
spectral domain [11]. This can be acquired by any appropriate
method like the simple Prony method, the least square Prony
method or the generalized pencil of functions (GPOF) method
[13], [14]. Then, the spectral Green’s function is transformed to
the spatial domain using the Sommerfeld identity [8], resulting
in a closed form spatial Green’s function of complex images.
In other words, the total spatial Green’s function is represented
in a finite series of images of an infinitesimal source radiating
in a homogenous unbounded area, when both the amplitudes
and locations of these images can be complex values [12]. This
method has limitations which have been pointed out extensively
in the literature [10], [15], [17].

III. THE GAUSSIAN GREEN’S FUNCTION METHOD

A typical Gaussian function can be described as

(5)

where represents the Gaussian function’s maximum and
is the constant which represents the spreading of the Gaussian
function. It can be shown that for the Gaussian function, the
inverse Hankel transform relation is [20]

(6)

It means that the Gaussian function is a self-dual function,
i.e., the Hankel transform of the Gaussian function is another
Gaussian function. Thus, the Gaussian function is an eigen-
function of the Hankel transform operator.

The Gaussian Green’s function (GGF) method is derived
through the expansion of the spectral Green’s function into a
Gaussian series as an alternative to the exponential series in
the CI method. Consider the dyadic and scalar spectral Green’s
functions and of (2) for example. After extracting the
source terms, they are expanded into series of Gaussian terms,
i.e.,

(7a)

(7b)

when

(8a)

(8b)

Making the inverse Hankel transformation to the spectral
Green’s functions and using (6), then we can attain the dyadic

and scalar spatial Green’s functions and by another
series of Gaussian functions, i.e.,

(9a)

(9b)

(9c)

where the Sommerfeld identity [8] has been applied for the first
exponential term. These closed form expressions are the re-
sults of applying the Gaussian Green’s function (GGF) method
[21]. It is noted that the GGF method is based on the expan-
sion of the spectral Green’s function into a Gaussian series.
The coefficients of (7) can be found exploiting the Gabor ex-
pansion method [22]. One advantage of the Gabor expansion
method is that in this method, completeness is a posteriori. It
also removes any arbitrariness in the preference of coefficients
once the number of Gaussian terms is selected. Nevertheless,
in this method finding the coefficients of the Gaussian series
in (7) generally necessitates a moderately intricate numerical
computation of biorthogonal integrals [23]. The coefficients of
Gaussian series can be found in simpler and more straightfor-
ward approach using the point matching method or the min-
imum least squares method [24]. Thus, the relation between (2)
and (7) can be reduced to a set of linear equations which can be
solved simultaneously utilizing matrix inversion. The choice of
the Gaussian expansion parameters can be carried out according
to some simple criteria. For example, the number of Gaussian
terms may be taken in the range of 7–9 to achieve the accuracy of
1%. The alpha parameters in (7) can be chosen to obtain the least
squares error. In practice, the simple point matching method can
be performed and the coefficients can be adjusted by trial and
error to obtain best results. The coefficients of the Gaussian se-
ries in (7) are dependent on the source and field locations and

. However, in many problems including the calculation of the
current distribution of the microstrip antenna considered in the
succeeding section of this paper, the and are fixed relative
to each other. Thus, only one expansion is necessary to approx-
imate the spatial Green’s function. The -independent formula-
tion of the GGF method is currently under study.

The inverse Hankel transform can be carried out along the
real axis on the complex plane as shown in Fig. 2(a). The
equivalent contour of on the complex plane

is demonstrated in Fig. 2(b). We can
approximate this contour by an oblique line, , illustrated in
Fig. 2(b). It is noticed that the truncation point of the approxima-
tion path, , should be sufficiently selected near to or far
from the origin of the complex plane to afford adequate in-
formation from the spectral Green’s function for the far field or
near field approximation respectively. The corresponding con-
tour of on the complex plane is demonstrated in Fig. 2(a)
which is along a deformed integration contour passing through
the origin and lying in the first and third quadrants of coordi-
nates. Any deformed integration contour can be used while no
more singularity is encountered in the deformation. Owing to
the notable resemblances between the CI and GGF methods, for
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Fig. 2. The integration contours � and � : (a) on the complex � plane and
(b) on the complex � plane.

improvement of the approximation especially in large distances,
some useful techniques such as modification of the integration
contour or extraction of the surface wave poles can be examined
[26].

and can have poles on the real axis of the complex
plane. These poles are attributed to the source of propagating

surface waves. The poles in stand for the surface
waves trapped by the bottom ground plane and the poles in

or epitomize the surface waves
trapped by the dielectric slab [11]. The effect of surface waves
is usually dominant in the far field region and may constitute
a major problem for accuracy of methods based on the Hankel
transform such as the CI or GGF method in large distances.
To overcome this problem, all the surface wave poles can be
extracted from the spectral Green’s function and the spatial
Green’s function can be signified as a summation of two series.
To be more explicit, by extracting all the surface wave poles
from the dyadic and scalar spectral Green’s functions, the
results can be expanded into series of Gaussian functions, i.e.,

(10a)

(10b)

where and are the th surface wave pole and the residue
of at this pole, respectively. Also, and are the th

surface wave pole and the residue of at this pole, respec-
tively. and are given by [26]

(11)

According to the Cauchy’s integral formula [28]

(12)

Substituting (10) in (1) and utilizing (6) and (12), we can have
the closed form dyadic and scalar spatial Green’s functions as

(13a)

(13b)

Thus, the closed form spatial Green’s function can be repre-
sented as the contribution of a spherical wave, a finite number
of Gaussian beams, and a finite number of cylindrical waves.
The surface wave expressions have been taken in [11] and [26]
as a constitutive part of the approximation in all distances from
the source. Nevertheless, we consider them here as a far field ap-
proximation on the air-dielectric interface. It is noticed that non-
real poles that represent the surface waves in a lossy medium
are not extracted since they are damped and disappeared at far
distances. Thus, their contribution can be incorporated in the
Gaussian series. There are other sources of deterioration of the
approximation for large distances, such as artificial branch cuts.
However, as it has been demonstrated in [8] and [29], the con-
tribution of non-physical branch points to the spatial Green’s
function can not be the main source of the problem in the far
field approximation. The reason is that the branch cut contribu-
tion is asymptotically as at the interfaces, while the surface
wave contribution is as . Therefore, the branch cut contri-
bution decays faster than the surface wave contribution and can
be involved in the Gaussian series of (13).

IV. NUMERICAL RESULTS

In this section, a number of numerical examples are presented
to show the efficiency and versatility of the GGF method. At
first, the microstrip antenna of Fig. 3 as a simple but intuitive ex-
ample is considered to display the accuracy of the GGF method.
This patch antenna consists of a rectangular conducting strip
separated from an infinite ground plane by a relatively thick
substrate and is fed at the mid point of the metallization strip.
The relative permittivity of the substrate , the substrate
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Fig. 3. A planar microstrip antenna on an infinite ground plane.

Fig. 4. The amplitude of � �� for the open microstrip structure of Fig. 1
when � � �� � � ���� , and 	 � ���.

thickness cm, the strip length cm, the strip width
cm, the characteristic impedance of the coaxial cable
, and the frequency GHz.

The analysis of this structure is customarily performed using
the MoM. This usually requires the acquaintance of the spatial
Green’s function of the structure. Therefore, the computation of
the spatial Green’s function of the open microstrip structure, as
shown in Fig. 1, looks inevitable. In this case, an infinitesimal
horizontal electric dipole is located at while
and . For the sake of brevity, solely is demon-
strated. Fig. 4 roughly shows the dyadic Green’s function
as a function of and . In Fig. 5, this function is approximated
by the GGF method and compared with the results of the numer-
ical integration where . Comparison of the 7-term closed
form Green’s function achieved through the GGF method with
the numerical integration makes obvious that the difference be-
tween these two results can be unobservable with less than 1%
error when compared to the numerical integration. The codes for
the numerical integration and the GGF method have been car-
ried out on a 3.2 GHz personal computer. It is perceived that the
CPU time recorded for the approximation of the Green’s func-
tion utilizing the GGF method can be more than 20 times faster
than the numerical integration.

Fig. 6 demonstrates the current distribution of the microstrip
antenna of Fig. 3 computed by the combination of the MoM and
GGF method which can agree well with the implementation of

Fig. 5. Comparison of the GGF method with the numerical integration: (a) real
and (b) imaginary parts of � �� for the open microstrip structure of Fig. 1
when � � � � �� � � ���� , and 	 � ���.

the MoM through the numerical integration of the spectral inte-
gral. According to the numerical integration of the spectral in-
tegral in conjunction with the MoM, the input impedance of the
antenna can be achieved about

. By combination of the MoM and GGF method, the
method that is presented in this paper, the input impedance can
be accomplished as
that can be in good agreement. Moreover, the antenna of Fig. 3
has been analyzed by the commercial software of Agilent ADS
[30] and the current distribution of the antenna has been com-
pared to the results of the GGF method. The input impedance of
the antenna can be obtained about

. The simulation results are also plotted in Fig. 6.
As a final remark, the microstrip structure of Fig. 1 is consid-

ered to demonstrate the validity of the GGF method in a variety
of frequencies, thicknesses and permittivities. Thus, at the fre-
quencies of GHz, GHz, and GHz
the amplitude of the dyadic Green’s function is acquired via
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Fig. 6. The current distribution on the horizontal axis of the microstrip antenna
of Fig. 3 when � � ��� cm, � � ���� cm, � � � cm, � � ���, and � � ���
GHz obtained from the MoM via the GGF method, MoM via the numerical
integration and the simulation results.

Fig. 7. Comparison of the GGF method with the numerical integration: The
amplitude of � � for the open microstrip structure of Fig. 1 when 	 � 	 �

�
 � � � cm, and � � ��� at � � 	��GHz, � � ���GHz, and � � 
�� GHz.

the GGF method and illustrated in Fig. 7 which can be in good
agreement with the results of the numerical integration where

cm, and . Then, this microstrip
structure is considered in the frequency of GHz but
when the thickness of the substrate has been changed to
cm and also when the permittivity of the substrate has been al-
tered to . The results of the GGF method are com-
pared to the numerical integration in Fig. 8 which can be in good
agreement for all these cases.

V. CONCLUSION

The spectral integral solution for the calculation of spatial
Green’s functions of microstrip structures is typically time-con-
suming and computationally inefficient. This paper introduces
an innovative method to derive a closed form expression for the
Green’s function by expanding the spectral Green’s function

Fig. 8. Comparison of the GGF method with the numerical integration: The
amplitude of � � for the open microstrip structure of Fig. 1 when 	 � 	 �

� and � � ��� GHz for: (a) � � � cm, � � ���, (b) � � �� cm, � � ���,
and (c) � � �� cm, � � ���.

into a series of Gaussian terms. With this method, the numer-
ical integration of the spectral integrals can be avoided entirely,
leading to a considerable decrease of calculating time. The com-
parison of the GGF method with the numerical integration indi-
cates the precision and efficiency of this method. Furthermore,
the combination of the MoM and GGF method is suggested as
an efficient and versatile method for analysis of microstrip struc-
tures. Even though only a printed antenna with one substrate
layer is studied, the method of this paper can be correspond-
ingly applied to the multilayered microstrip structures.
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